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Microwave remote sensing of soil moisture, above ground
biomass and freeze-thaw dynamic: Modeling and empirical
approaches

LAURA ANGELONI , DOMENICO DANIELE BLOISI , PAOLO BURGHIGNOLI , DAVIDE
COMITE , DANILO COSTARELLI , MICHELE PICONI* , ANNA RITA SAMBUCINI , ALESSIO
TROIANI , AND ALESSANDRO VENERI

ABSTRACT. Human actions have accelerated changes in global temperature, precipitation patterns, and other crit-
ical Earth systems. Key markers of these changes can be linked to the dynamic of Essential Climate Variables (ECVs)
and related measures, such as Soil Moisture (SM), Above Ground Biomass (AGB), and Freeze-Thaw (FT) Dynamics.
ECVs are crucial for understanding global climate changes, including hydrological and carbon cycles. Moreover, mon-
itoring ECVs helps to validate climate models and inform policy decisions. Monitoring activities can be carried out at a
global scale by using technologies like microwave remote sensing. However, other than proper technological develop-
ments, the study of ECVs requires suitable theoretical retrieval tools, which leads to the solutions of inverse problems.
In this survey, we analyze and summarize the main retrieval techniques available in the literature for SM, AGB, and
FT, performed on data collected with microwave remote sensing sensors. Furthermore, we present the project RETINA
(REmote sensing daTa INversion with multivariate functional modeling for essential climAte variables characterization), recently
funded by the European Union under the Italian National Recovery and Resilience Plan of NextGenerationEU, under
the Italian Ministry of University and Research. The main goal of RETINA, is to create innovative techniques for
analyzing data generated by the interaction of electromagnetic waves with the Earth’s surface, applying theoretical
insights to address real-world challenges.

Keywords: Microwave remote sensing, essential climate variables, probabilistic cellular automata, neural network
operators, Bayesian inversion.

2020 Mathematics Subject Classification: 47A58, 47A63, 47A57, 41A25, 41A05.

1. INTRODUCTION

Human activities such as burning fossil fuels, deforestation, agriculture, and industrial pro-
cesses are responsible for releasing significant amounts of carbon dioxide (CO2), methane
(CH4) and other greenhouse gases, driving the rapid modifications that the Earth’s climate
is experiencing. These actions have caused long-term changes in temperature, precipitation
patterns, and other Earth system dynamics.

Key markers of these changes include variations in Essential Climate Variables (ECVs) such
as Soil Moisture (SM), Above Ground Biomass (AGB), and Freeze-Thaw (FT) Dynamics. SM
dynamics, a crucial part of the global hydrological cycle, are impacted by human-induced cli-
mate changes. These dynamics affect water availability, agricultural productivity, and even
natural disaster patterns (e.g., droughts and floods). Large-scale deforestation reduces the
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FIGURE 1. The official logo of the RETINA project

Earth’s capacity to sequester carbon, directly impacting carbon cycles and exacerbating cli-
mate change. AGB is a critical measure to monitor carbon stocks and understand the effects of
deforestation. Finally, the FT dynamics in polar and boreal regions are influenced by human
activity emissions, accelerating permafrost melting and methane release, both of which have
significant implications for climate change.

A central role to track these changes is played by Earth observation technologies such as
Microwave Remote Sensing (MW RS). The monitoring of variables, like SM, AGB, and FT,
helps to validate climate models, understand the feedback mechanisms between human activ-
ity and environmental responses, and inform policies aimed at mitigating human impacts on
the climate. MW RS utilizes active sensors (e.g., radar) and passive sensors (e.g., radiometers)
for continuous monitoring, irrespective of weather or lighting conditions. Depending on the
platform (i.e., airborne or spacebone), data collection is possible on regional and global scales
[45].

The retrieval techniques in MW RS data are based on theoretical [11], semi-empirical [39],
and empirical [46] models, increasingly enhanced by modern machine learning (ML) tech-
niques using neural networks (NN). Theoretical models leverage classical electrodynamics
theories, such as, e.g., scattering theory from rough surfaces [45], Radiative Transfer Theory
(RTT) [14], Foldy-Distorted Born Approximation (DBA) [40]. Semi-empirical models, such as
the Water Cloud Model (WCM) [10], links microwave signals to soil and vegetation parame-
ters. Empirical models, instead, use direct relationships between observed signals and ECVs,
and are therefore driven by the physical observable characterized by the microwave sensor.
ML is applied to handle complex datasets for more accurate predictions. However, the data
sets required for the training are often very large; therefore, significant effort is needed for data
annotation. In addition, data and ancillary data are often not continuously available due to
acquisition methods, the type of sensor, the spatial and temporal resolution, as well as some
practical conditions (e.g., the satellite orbit and the presence of disturbances like clouds).

Very recently, a new research project that aims to propose new methods for the retrieval of
the ECVs has been funded, mixing both deterministic and nondeterministic procedures. This
endeavour RETINA (see Fig. 1, in which the official logo of the RETINA project is shown),
is funded by the European Union within the framework of the Italian National Recovery and
Resilience Plan (NRRP) of the NextGenerationEU program, under the Italian Ministry of Uni-
versity and Research. RETINA proposes, for the first time, the application of direct and inverse
analytical methods of Approximation Theory based on the theory of the so-called multivari-
ate neural network (NN) operators (see, e.g., [16, 18, 19]) for the modeling and estimation of
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SM, AGB, and FT, using data from space missions. In the context of analytical methods in
Approximation Theory, we can mention the following significant contributions [1]-[4].

The fundamental idea in RETINA is to combine analytic inversion techniques (based on
functional analysis tools, such as series expansions [33]) and Bayesian approaches performed in
conjunction with Monte Carlo methods. The main two (complementary) strategies of RETINA
can be summarized as follows:

(1) Data Modeling with well-known Multivariate NN Operators: Through functional anal-
ysis techniques, theoretical inversion of these operators is achieved, resulting in an ap-
proximate analytical model for the target geophysical variables that is useful for their
estimation. To address potential data disturbances, as well as take into account the
uncertainty of the model, the NN operators will be extended to have the possibility of
representing interval-valued fuzzy sets (IVFS), which allow for the representation of
(uncertain variables) situations that are more coherent with real-world situations.

(2) Bayesian Inversion with Monte Carlo Markov Chain (MCMC): These methods are used
to sample from the posterior distribution, a robust technique for Bayesian inversion.
Through MCMC techniques, Bayesian inversion complemented the NN operator ap-
proach. RETINA targets the introduction of a specific type of Markov Chain, Prob-
abilistic Cellular Automata (PCA), characterized by a parallel updating rule, which is
expected to be particularly effective for retrieving multi-component physical quantities,
such as matrix-formatted data.

To set the state of the art of the retrieval techniques, a part of the RETINA project explores
and summarizes the main algorithms available in the literature, focusing on the retrieval meth-
ods applied to the characterization of the bio-geophysical variables of interest. Providing an
overview of these algorithms is the main motivation for this paper.

The remainder of this paper is organized as follows. Section 2 present a description of exist-
ing approaches for monitoring bio-geophysical variables by using Microwave Remote Sensing.
Section 3 presents a freely accessible dataset of remote sensing data that can be used for train-
ing, testing, and benchmarking retrieval procedures for ECVs. Sections 4, 5, 6 describe recent
techniques for the retrieval of vegetation biomass, freeze-thaw, and soil moisture, respectively.
Section 7 discusses potential future developments of the theory. Finally, conclusions are drawn
in Section 8.

2. MICROWAVE REMOTE SENSING FOR MONITORING BIO-GEOPHYSICAL VARIABLES

MW RS is a powerful tool for monitoring bio-geophysical variables such as SM, AGB, and
FT. This is given by capability to operate under all weather conditions, during day and night,
and by the possibility of penetrating clouds, rain, and vegetation. Although often character-
ized by low spatial resolution (i.e., with respect to optical sensors), MW RS can generally offer
relatively high temporal resolution with revisit time in the order of days, and up to hours in
certain specific conditions (e.g., in the presence of satellite constellations).

Microwave signals are sensitive to the dielectric properties of soil, water, and vegetation, and
are capable of penetrating surface layers (in the order of centimeters, depending on the wave-
length and on the structure of the media), making them suitable for observing both superficial
and shallow phenomena.

Active sensors, including Synthetic Aperture Radar (SAR) systems, emit microwave radia-
tion and collect the reflected or scattered signals. Passive sensors, such as radiometers, measure
naturally emitted thermal radiation. MW radiation wavelengths range from 1 mm to 1 meter
and are divided into different frequency bands (e.g., L-band, C-band, X-band and P-band),
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FIGURE 2. A screenshot of the RETINA dataset web page, available at the fol-
lowing link: https://retina.sites.dmi.unipg.it/dataset.html

which correspond to decreasing wavelength. In MW RS, L-band (15–30 cm wavelength) and
C-band (4–8 cm wavelength) are commonly used thanks to their balance between penetration
depth, spatial resolution, and the technological maturity of the system. Longer wavelengths
(such as L-band or P-band, the latter planned to be used in the future ESA’s Biomass mission
[50]) are preferred for dense vegetation and high-biomass areas, even though they may suffer
signal saturation. On the other hand, shorter wavelengths (e.g., C-band) are effective for less
dense biomass or canopy surface and agricultural observations. Missions like SMAP [25] and
SMOS [35] use both active and passive microwave sensors to monitor SM globally. Moreover,
microwave sensors like AMSR-E [49] and CryoSat [60] were pivotal in polar studies and pro-
vided important data to help tracking sea surface temperatures, sea ice extent, and thickness.

Even though MWRS is a fundamental tool for measuring and monitoring many ECVs, per-
forming these tasks is not straightforward. Among others, the following challenges have to be
addressed: signal saturation that occurs in dense forests or very high biomass regions where
backscatter no longer increases with increasing biomass; spatial resolution that can be im-
proved by combining microwave data with optical, thermal, and in-situ observations for a
more comprehensive understanding of Earth’s systems; difficulty in separating contributions
from soil, vegetation, and atmospheric layers in mixed environments. To overcome these lim-
itations, satellite missions like ESA’s Biomass [50], NISAR [22], and HydroGNSS [58] aim to
improve data resolution, and extend observational capabilities. Moreover, alongside model-
based approaches, AI techniques are increasingly used to analyze complex microwave datasets
to obtain more accurate predictions and insights.

3. RETINA DATASET OF MICROWAVE REMOTE SENSING DATA

One of the main goals of the RETINA project is to release a freely accessible dataset of remote
sensing data that can be used for training, testing, and benchmarking retrieval procedures
for the considered ECVs. All the selected images have been collected in a dedicated open-
access repository available from the RETINA website (see Fig. 2) at the following link: https:
//retina.sites.dmi.unipg.it/dataset.html.

The source of all the images (which can be downloaded for free, as stated in the copyright
section of this paper) is the Sentinel-1 ([43, 56]) satellite constellation, the first of the ESA’s
Copernicus Program. The images are available in GeoTIFF format with VV and VH bands. To
handle these images, it is possible to use any GIS software, such as QGIS or SNAP. Examples
of RS images that can be found in the RETINA dataset are shown in Fig. 3.

https://retina.sites.dmi.unipg.it/dataset.html
https://retina.sites.dmi.unipg.it/dataset.html
https://retina.sites.dmi.unipg.it/dataset.html
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FIGURE 3. Four RS images extracted from the RETINA dataset. On the top
(from left to right): Berlin (Germany) and Granada (Spain) areas. On the bot-
tom: (from left to right): Rome (Italy) and Lisbon (Portugal) areas

To help users of the dataset, a Python script for reading the images is available on the
RETINA website. The script allows the user to clip the pixel intensities between user-chosen
minimum and maximum threshold values to customize how images are displayed.

Fig. 4 shows the functional scheme of the Python script for reading the .tif files in the Official
RETINA Dataset. The input file is processed to produce two new images, one for Band 1
(clipped and normalized) and one for Band 2 (clipped and normalized). In addition to the
Python script, also a MATLAB script is available on the RETINA website.

Below, we provide a short review of the main algorithms available in the literature for each
one of the target ECVs considered in RETINA.

4. VEGETATION BIOMASS RETRIEVAL: AN OVERWIEW

Retrieving vegetation biomass, specifically AGB, is crucial for understanding carbon cycles,
forest dynamics, and the role of vegetation in climate change mitigation. MW RS, particularly
radar systems, has emerged as a key method for estimating AGB due to its ability to penetrate
vegetation layers and provide detailed structural information [30].

Longer Wavelengths (L-band, P-band) penetrate deeper into vegetation, interacting with
trunks and larger branches, making them ideal for high-biomass regions. Shorter Wavelengths
(e.g.,C-band) are sensitive to canopy features like leaves and smaller branches.

Techniques for Biomass Retrieval include:

• Theoretical approaches, such as the Radiative Transfer Theory (RTT) and the Wave
Theory. RTT focuses on the principles of energy conservation and the transfer of en-
ergy through disordered media (i.e., layers of vegetation, see, e.g., [15, 38]). A notable
example is the Michigan Microwave Canopy Scattering model (MIMICS) [57], which
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FIGURE 4. The functional scheme of the Python script for reading the Official
RETINA Dataset

divides the vegetation into crown, trunk, and ground components, and solves the vec-
tor radiative transfer equation (VRTE) iteratively. The Wave Theory, on the other hand,
approximates solutions to Maxwell’s equations to describe scattered electromagnetic
fields. An example of this class is the Distorted Born Approximation (DBA), which
uses electromagnetic wave theories of scattering to simulate how microwaves interact
with vegetation structures. DBA represents the vegetation layer as a random collection
of individual scatterers (see, e.g., [41]). These models are highly accurate but computa-
tionally intensive, also requiring a large collection of input data.

• Semi-empirical, such as the Water Cloud Model (WCM), models are simplified models
that relate the measured radar backscattering coefficient to biomass using empirical
relationships. WCM combines contributions from vegetation and ground backscatter
(see, e.g., [42, 47]). These methods are adjusted for vegetation density and structure



Microwave remote sensing of soil moisture, above ground biomass and freeze-thaw dynamic 63

using parameters like canopy height and attenuation and are often used with regression
techniques to estimate AGB from radar data. As the backscattering coefficient easily
saturates at very high biomass densities, limiting the retrieval of AGB beyond a certain
threshold, interferometric techniques are also often adopted as coherence appears to be
effective to identify forested/nonforested areas and the height of the canopy [8]. The
main observable is the complex degree of coherence (CDC), determining the potential
of two electromagnetic signals to interfere [12], which can be extracted from the data
and compared with models (based on the WCM) accounting for stem volumes, tree
height, and fill-factor, i.e., the fraction of ground covered by trees [53].

• ML techniques utilize algorithms like NN and support vector machines to model com-
plex relationships between radar signals and biomass (see [6] for a complete review
on this topic). They can integrate multi-source data (e.g., optical and microwave) to
improve AGB retrieval accuracy.

SM, surface roughness, and vegetation water content can complicate signal interpretation. In
general, retrieval models must account for different vegetation types, structures, and climates
to ensure accuracy.

Current and upcoming radar missions for vegetation biomass studies are: ESA Biomass
Mission (P-band SAR), designed specifically for global forest AGB mapping; NISAR (L- and S-
band SAR), which targets forest structure and biomass dynamics; Sentinel-1 (C-band SAR) that
provides data for biomass monitoring with limited penetration depth; GNSS Reflectometry,
that is a more recent technique using reflected GPS signals (e.g., CYGNSS, TDS-1) to assess the
AGB distribution at global scale ([51]).

5. FREEZE-THAW RETRIEVAL: AN OVERVIEW

FT retrieval focuses on monitoring seasonal transitions in the soil’s thermal state, particu-
larly between frozen and unfrozen conditions. These transitions are critical for understanding
the water cycle, energy balance, and greenhouse gas dynamics, especially in high-latitude re-
gions where permafrost melting can release significant amounts of methane [29, 48].

MW RS has proven particularly well-suited for FT detection due to its high sensitivity to
phase changes of water in soil, as the permittivity of water decreases dramatically between liq-
uid and solid states [45]. Both active and passive MW remote sensing techniques are currently
employed in the field, addressing the problem from different perspectives. SAR and radiome-
ter systems (e.g., Sentinel 1 and SMAP) provide high-resolution spatial data by capturing the
dynamic temporal variations of the corresponding physical observable, which are associated
with seasonal changes in FT states [23, 37]. However, these systems are constrained by lim-
ited temporal resolution, typically on the order of days [13]. Passive MW RS instruments, like
SMAP, measure naturally emitted microwave radiation, wherein the measured power is ex-
pressed in terms of blackbody equivalent radiometric temperature (or radiometer brightness
temperature). Radiometers provide FT-related data with high temporal resolution compared
to radar systems, ∼ 3 days, at the expense of a low spatial resolution [23]. This limitation arises
from the relatively weak electromagnetic signal emitted by the natural media, thus requiring
a vast observation region to detect meaningful signals. Very recently, GNSS Reflectometry
(GNSS-R) has been successfully adopted in the field, addressing the limitations of traditional
active and passive measurement techniques and providing sensible data with both high tem-
poral and spatial resolution ([52]). This method involves detecting signals transmitted by a
constellation of GNSS satellites and scattered off Earth’s surface. Since it exploits signals origi-
nally designed for GPS purposes, it is often referred to as a signal of opportunity technique. In
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this framework, the measured observable is the surface reflectivity for left-hand circularly po-
larized fields, related to the dielectric function, in turn connected to climate variables, through
the Fresnel’s coefficients.

FT retrieval methods include:

• Theoretical models, mostly developed for passive radiometric measurements. This ap-
proach aims to estimate the brightness temperature from the physical properties of the
medium by means of radiative transport theories. A notable example is the Helsinki
University of Technology (HUT) model [44], which solves the scalar radiative transfer
equation for multilayered systems.

• Empirical approaches, wherein thresholding is a commonly adopted method. For ac-
tive measurements, the collected backscattering coefficient is compared with its ref-
erence values for the thaw and freeze state, with the goal of determining the present
water phase [23]. For GNSS systems the same method is adopted wherein the seasonal
threshold algorithm now involves reference reflectivity values and measurements. Ra-
diometric systems also employ a thresholding technique, but in this case, freeze/thaw
discrimination is based on the difference between the vertical and horizontal polariza-
tions of the brightness temperature.

• ML algorithms like Random Forest or NN process large datasets to detect patterns in
FT transitions. These techniques are useful for integrating multi-sensor and auxiliary
data (e.g., temperature and vegetation cover).

Problematics related to FT retrieval can include: vegetation and snow layers can obscure FT
signals; rapid transitions may be missed without frequent observations; factors like soil rough-
ness, composition, and moisture can complicate FT retrieval accuracy. New systems like ESA
Biomass will enhance FT monitoring capabilities.

6. SOIL MOISTURE RETRIEVAL: AN OVERVIEW

SM is a key bio-geophysical variable influencing global water cycles via evapotranspiration
processes, exchange of heat between land and near-surface atmosphere, energy balance, and
biochemical/carbon cycles [55]. Recently, MW RS has emerged as a valuable tool for real-time
SM monitoring due to its sensitivity to the soil-water ratio, which alters both the medium’s
emissivity and the backscattering properties of signals, opening the possibility for active and
passive RS measurements. Key missions and instruments for SM study are: SMAP that com-
bines SAR and radiometer data for global soil moisture monitoring; SMOS that uses passive
L-band radiometer for large-scale SM and salinity observations; Sentinel-1 C-band SAR that
provides high-resolution SM data, especially useful for agricultural applications.

Techniques for SM retrieval include:

• Theoretical models are particularly relevant in radar active measurements. Among
them, the Integral Equation Method (IEM), based on electromagnetic scattering the-
ory, has gained prominence over time and is now the most widely used [26]. As active
measurements are particularly affected by surface roughness conditions, the theory sta-
tistically accounts for the random variations of scattering surfaces, estimating the aver-
age values of scattered power as a function of surface roughness and the soil dielectric
function.

• Semi-empirical models, which are widely preferred due to their effectiveness and rel-
atively simple implementation. For active systems, we distinguish two types of semi-
empirical approaches. The first is based on the experimental calibration of the IEM,
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which corrects deviation of the theory from measurements correcting roughness ef-
fects [9]. The second exploits knowledge of scattering behavior in specific limiting
cases, combined with experimental observations, to create ready-to-use formulas de-
rived through data fitting. The most used frameworks are the Oh and the Dubois mod-
els [24, 54], both directly relating radar backscattering with volimetric soil moisture and
roughness. For passive measurements, semi-empirical models are based on the scalar
radiative transfer equation, solved at zeroth order and adjusted using experimental pa-
rameters to account for surface roughness, the mixing of different polarization compo-
nents, and the influence of vegetation and atmospheric layers [36, 59]. Semi-empirical
models have also been used for GNSS-based SM retrieval, revealing the potential of
this novel technology to provide excellent results even at global scale [7].

• ML and Data Assimilation: ML algorithms analyze complex, multi-sensor datasets to
improve accuracy; data assimilation integrates satellite observations with hydrological
models for comprehensive SM monitoring. For instance, Convolutional Neural Net-
works (CNNs) are useful for processing SAR data [32], as they can extract spatial fea-
tures from radar images, providing enhanced accuracy. More complex NN architecture
can describe spatial features along with also temporal evolution.

Dense vegetation and uneven surfaces can obscure SM signals, so ground-truth data are
often requested to ensure accuracy in various terrains and climates.

7. FUTURE DEVELOPMENTS: NEURAL NETWORK OPERATORS AND BAYESIAN INVERSION

NNs have become highly popular due to their utility across numerous fields, including Ar-
tificial Intelligence (AI), ML, and Approximation Theory (ATh). Within the RETINA project,
NNs will be applied in the context of ATh to develop approximate analytical models and their
inversions for specific ECVs. In relation to the theory of NNs, in [19], the authors explored
the functional properties of the NN operators. This research highlights the potential of these
operators in modeling general two-dimensional structures, such as SAR satellite images ([27])
or, more in general, RS data.

For the sake of completeness, we recall the definition of such operators in both their classical
and Kantorovich form. The multivariate discrete NN operators can be defined as follows:

(7.1) F dn(f, x) :=

∑
k∈Jn

f

(
k

n

)
Ψσ(nx− k)∑

j∈Jn

Ψσ(nx− k)
, x ∈ Qd := [a1, b1]× · · · × [ad, bd],

where the function

(7.2) Ψσ(x) := ϕσ(x1) · ϕσ(x2) · · ·ϕσ(xd), x := (x1, ..., xd) ∈ Rs

is the multivariate (tensor-product) density function defined by means of suitable sigmoidal
function σ : R → R ([20]), the set of indexes

Jn :=
{
k ∈ Zd : ⌊nai⌋ ≤ ki ≤ ⌈nbi⌉

}
and

ϕσ(x) :=
1

2
[σ(x+ 1)− σ(x− 1)] , x ∈ R.

We recall that, by Cybenko’s definition in [20], σ : R → R is called a sigmoidal function if
limx→−∞ σ(x) = 0 and limx→+∞ σ(x) = 1.
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While, the Kantorovich NN operators are:

(7.3) Kd
n(f, x) :=

∑
k∈Jn

[
nd
∫
Rn

k

f (u) du

]
Ψσ(nx− k)∑

j∈Jn

Ψσ(nx− k)
, x ∈ Qd,

where

(7.4) Rnk :=

[
k1
n
,
k1 + 1

n

]
× · · · ×

[
kd
n
,
kd + 1

n

]
are suitable multidimensional rectangles in which we will compute certain mean values of the
considered function f : Qd → R.

We stress that, with respect to the classical (non-deterministic) theory of shallow and deep
NNs, the NN operators are instead widely studied (see. e.g., [16, 17]) mathematical oper-
ators that are suitable to pursue a deterministic modeling approach, and also an enhance-
ment/rescaling one.

The task of inverting the above NN operators will be based on an analytical strategy, such
as the possibility of exploiting Laurent’s series, particularly when working with operators in
Hilbert spaces, or methods of Approximation Theory. To address 2D data affected by measure-
ment errors or other disturbances, interval-valued fuzzy sets (IVFS) have been proposed as a
robust modeling tool (see [5]).

The NN operators approach will be enhanced through the integration of Bayesian inver-
sion, which leverages advanced Monte Carlo Markov Chain (MCMC) techniques. These new
techniques utilize a parallelized transition kernel to enable efficient sampling from the poste-
rior distribution. In the Bayesian framework, the variable to retrieve is treated as a random
variable. With this approach, the retrieval procedure aims to determine the probability distri-
bution of this variable given the observed data (posterior probability distribution). Then, the
outcome of the retrieval procedure is the value that maximizes the posterior probability distri-
bution. A standard way to estimate such probability distribution is to simulate the evolution of
a Markov chain designed so that its stationary distribution is the posterior probability distribu-
tion of the variable to retrieve. Since the empirical distribution of the Markov chain converges
to its stationary distribution, if the chain is run for a sufficiently long time, its empirical dis-
tribution is an estimate of the posterior probability distribution of the variables to retrieve. In
this context, algorithms commonly used to simulate the Markov chain include the Metropolis
algorithm, the Metropolis-Hastings algorithm, and the Gibbs sampler. If the Markov chain has
multi-component states, such as in the case of 2D data, the previous algorithms sample the next
state of the chain from a set of neighbors of the current state differing in only one component.
This strategy is referred to as single-flip dynamics [31]. An alternative to single-flip dynamics
is the use of Probabilistic Cellular Automata (PCA) [28]. In PCA, all components of the state
are updated simultaneously and independently at each step. This approach expands the set of
neighbors to include the entire state space, resulting in higher motility and potentially faster
convergence to equilibrium.

More formally, a PCA, is a Markov chain (Xn)n∈N defined on X = {1, . . . , k}N , where N is
the number of components of the system, and whose transition matrix is such that

(7.5) P{Xn = τ |Xn−1 = σ} =

N∏
i=1

P{(Xn)i = τi|Xn−1 = σ}.



Microwave remote sensing of soil moisture, above ground biomass and freeze-thaw dynamic 67

A transition matrix of this type is obtained by defining a function H : X × X → R of type
H(σ, τ) = −

∑
1≤i≤N hi(σ)τi and transition probabilities as

(7.6) P(σ, τ) =
e−βH(σ,τ)

Zσ
=

∏
1≤i≤N

eβhi(σ)τi

(Zσ)i

where β is a positive parameter called the inverse temperature and Zσ is a normalizing constant
whose knowledge is not known to simulate the evolution of the chain. Then, if h(·) satisfies
certain suitable conditions, the stationary measure of the chain can be proven to be π(σ) =∑

τ P(σ,τ)∑
σ,τ P(σ,τ) [21, 34]. The knowledge of the stationary measure of the chain allows to tune the

algorithm so to favor the sampling of the more useful configurations [21, 34].
PCA’s inherent parallelism offers significant computational advantages, particularly when

leveraging massively parallel processing hardware such as GPUs or TPUs. These processors
enable simultaneous updates of all components at each step, greatly enhancing efficiency.

8. CONCLUSIONS

Climate change is one of the biggest challenges Mankind is called to face. The precise es-
timation and monitoring of the ECVs on a global scale is a fundamental step to describing
and understanding the rapid changes the Earth’s climate is experiencing and, consequently, to
determine the more appropriate actions to mitigate the adverse effects of these changes.

Microwave remote sensing is a cornerstone of modern Earth observation, enabling critical
insights into climate dynamics, environmental monitoring, and resource management at local,
regional, and global scales. This paper highlights advancements in microwave sensing tech-
nologies and their integration with ML to enhance the monitoring of Earth’s bio-geophysical
processes.

Particular emphasis is given to those retrieval techniques that will be exploited to estimate
the target ECVs in the context RETINA project.
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ABSTRACT. In this work, we studied further the univariate symmetrized and perturbed hyperbolic tangent acti-
vated convolution type operators of three kinds. Here, this is done with the method of positive linear operators. Their
new approximation properties are established by the quantitative convergence to the unit operator using the modulus
of continuity. It is also studied the related simultaneous approximation, as well as the iterated approximation.
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1. INTRODUCTION

The author studied extensively the quantitative approximation of positive linear operators
to the unit since 1985, see for example [1]-[3], [8]. He originated from the quantitative weak
convergence of finite positive measures to the unit Dirac measure, having as a method the
geometric moment theory, see [2], and he produced best upper bounds, leading to attained (i.e.
sharp Jackson type inequalities), e.g. see [1], [2]. These studies have been gone to all possible
directions, univariate and multivariate, though in this work, we stay only on the univariate
approach over an infinite domain.

Our convolution operators here have as a kernel the symmetrized and perturbed hyperbolic
tangent activation function, which is used very commonly in the study of neural networks, and
they can be interpreted as positive linear operators. So here our proving methods come from
the theory of positive linear operators. Thus, in Section 2, we discuss about the symmetrized
and perturbed hyperbolic tangent activation function. In Section 3, we describe our activated
convolution type operators and we present their properties, such as differentiation and itera-
tion, along with positive linear operators results to be applied. In Section 4, we derive some
auxiliary results which are estimates to our operators, when applied to polynomial type func-
tions and to be used into our main results. In Section 5, we present our main explicit results
under the lens of positive linear operators theory. We treat also the simultaneous and iter-
ated approximation cases under the same spirit. We are greatly inspired by our earlier works
[4, 5, 7]. Furthermore, general motivation comes from the great works [12] and [13].
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2. ABOUT q-DEFORMED AND λ-PARAMETRIZED HYPERBOLIC TANGENT FUNCTION gq,λ

Here, all this initial background comes from [6, Chapter 18]. We use gq,λ, see (2.1), and
exhibit that it is a sigmoid function and we will present several of its properties related to
the approximation by neural network operators. So, let us consider the hyperbolic tangent
activation function

(2.1) gq,λ (x) :=
eλx − qe−λx

eλx + qe−λx
, λ, q > 0, x ∈ R.

We have that
gq,λ (0) =

1− q

1 + q
.

We notice also that

(2.2) gq,λ (−x) =
e−λx − qeλx

e−λx + qeλx
=

1
q e

−λx − eλx

1
q e

−λx + eλx
= −

(
eλx − 1

q e
−λx

)
eλx + 1

q e
−λx

= −g 1
q ,λ

(x) .

That is

(2.3) gq,λ (−x) = −g 1
q ,λ

(x) , ∀ x ∈ R,

and
g 1

q ,λ
(x) = −gq,λ (−x) ,

hence

(2.4) g′1
q ,λ

(x) = g′q,λ (−x) .

It is

gq,λ (x) =
e2λx − q

e2λx + q
=

1− q

e2lx

1 + q
e2λx

→
(x→+∞)

1,

i.e.

(2.5) gq,λ (+∞) = 1.

Furthermore

gq,λ (x) =
e2λx − q

e2λx + q
→

(x→−∞)

−q
q

= −1,

i.e.

(2.6) gq,λ (−∞) = −1.

We find that

(2.7) g′q,λ (x) =
4qλe2λx

(e2λx + q)
2 > 0,

therefore gq,λ is strictly increasing. Next, we obtain (x ∈ R)

(2.8) g′′q,λ (x) = 8qλ2e2λx

(
q − e2λx

(e2λx + q)
3

)
∈ C (R) .

We observe that
q − e2λx ≷ 0 ⇔ q ≷ e2λx ⇔ ln q ≷ 2λx⇔ x ≶

ln q

2λ
.

So, in case of x < ln q
2λ , we have that gq,λ is strictly concave up, with g′′q,λ

(
ln q
2λ

)
= 0. In case of

x > ln q
2λ , we have that gq,λ is strictly concave down. Clearly, gq,λ is a shifted sigmoid function
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with gq,λ (0) = 1−q
1+q , and gq,λ (−x) = −gq−1,λ (x), (a semi-odd function). By 1 > −1, x+1 > x−1,

we consider the function

(2.9) Mq.λ (x) :=
1

4
(gq,λ (x+ 1)− gq,λ (x− 1)) > 0,

∀x ∈ R; q, λ > 0. Notice that Mq,λ (±∞) = 0, so the x-axis is horizontal asymptote. We have
that

Mq,λ (−x) =
1

4
(gq,λ (−x+ 1)− gq,λ (−x− 1)) =

1

4
(gq,λ (− (x− 1))− gq,λ (− (x+ 1)))

=
1

4

(
−g 1

q ,λ
(x− 1) + g 1

q ,λ
(x+ 1)

)
=

1

4

(
g 1

q ,λ
(x+ 1)− g 1

q ,λ
(x− 1)

)
(2.10)

=M 1
q ,λ

(x) , ∀ x ∈ R.

Thus

(2.11) Mq,λ (−x) =M 1
q ,λ

(x) , ∀ x ∈ R; q, λ > 0,

a deformed symmetry. Next, we have that

(2.12) M ′
q,λ (x) =

1

4

(
g′q,λ (x+ 1)− g′q,λ (x− 1)

)
, ∀ x ∈ R.

Let x < ln q
2λ − 1, then x − 1 < x + 1 < ln q

2λ and g′q,λ (x+ 1) > g′q,λ (x− 1) (by gq,λ being
strictly concave up for x < ln q

2λ ), that is M ′
q,λ (x) > 0. Hence Mq,λ is strictly increasing over(

−∞, ln q
2λ − 1

)
. Let now x− 1 > ln q

2λ , then x+ 1 > x− 1 > ln q
2λ , and g′q,λ (x+ 1) < g′q,λ (x− 1),

that is M ′
q,λ (x) < 0. Therefore Mq,λ is strictly decreasing over

(
ln q
2λ + 1,+∞

)
. Let us next

consider, ln q
2λ − 1 ≤ x ≤ ln q

2λ + 1. We have that

M ′′
q,λ (x) =

1

4

(
g′′q,λ (x+ 1)− g′′q,λ (x− 1)

)
(2.13)

= 2qλ2

[
e2λ(x+1)

(
q − e2λ(x+1)(
e2λ(x+1) + q

)3
)

− e2λ(x−1)

(
q − e2λ(x−1)(
e2λ(x−1) + q

)3
)]

.

By ln q
2λ − 1 ≤ x ⇔ ln q

2λ ≤ x + 1 ⇔ ln q ≤ 2λ (x+ 1) ⇔ q ≤ e2λ(x+1) ⇔ q − e2λ(x+1) ≤ 0. By
x ≤ ln q

2λ + 1 ⇔ x − 1 ≤ ln q
2λ ⇔ 2λ (x− 1) ≤ ln q ⇔ e2λ(x−1) ≤ q ⇔ q − e2λβ(x−1) ≥ 0. Clearly

by (2.13), we get that M ′′
q,λ (x) ≤ 0, for x ∈

[
ln q
2λ − 1, ln q

2λ + 1
]
. More precisely Mq,λ is concave

down over
[
ln q
2λ − 1, ln q

2λ + 1
]
, and strictly concave down over

(
ln q
2λ − 1, ln q

2λ + 1
)
.

Consequently, Mq,λ has a bell-type shape over R. Of course it holds M ′′
q,λ

(
ln q
2λ

)
< 0. At

x = ln q
2λ , we have

(2.14) M ′
q,λ (x) =

1

4

(
g′q,λ (x+ 1)− g′q,λ (x− 1)

)
= qλ

(
e2λ(x+1)(

e2λ(x+1) + q
)2 − e2λ(x−1)(

e2λ(x−1) + q
)2
)
.

Thus

M ′
q,λ

(
ln q

2λ

)
= qλ

 e2λ(
ln q
2λ +1)(

e2λ(
ln q
2λ +1) + q

)2 − e2λ(
ln q
2λ −1)(

e2λ(
ln q
2λ −1) + q

)2

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= λ

(
e2λ
(
e−2λ + 1

)2 − e−2λ
(
e2λ + 1

)2
(e2λ + 1)

2
(e−2λ + 1)

2

)
= 0.(2.15)

That is, ln q
2λ is the only critical number of Mq,λ over R. Hence at x = ln q

2λ , Mq,λ achieves its
global maximum, which is

Mq,λ

(
ln q

2λ

)
=

1

4

[
gq,λ

(
ln q

2λ
+ 1

)
− gq,λ

(
ln q

2λ
− 1

)]
=

1

4

[(
eλ − e−λ

eλ + e−λ

)
−
(
e−λ − eλ

e−λ + eλ

)]
=

1

4

[
2
(
eλ − e−λ

)
eλ + e−λ

]
=

1

2

(
eλ − e−λ

eλ + e−λ

)
=

tanh (λ)

2
.(2.16)

Conclusion 2.1. The maximum value of Mq,λ is

(2.17) Mq,λ

(
ln q

2λ

)
=

tanh (λ)

2
, λ > 0.

We mention the following:

Theorem 2.1 ([6, Ch. 18, p. 458]). We have that

(2.18)
∞∑

i=−∞
Mq,λ (x− i) = 1, ∀ x ∈ R, ∀ λ, q > 0.

Also, it holds the following:

Theorem 2.2 ([6, Ch. 18, p. 459]). It holds

(2.19)
∫ ∞

−∞
Mq,λ (x) dx = 1, λ, q > 0.

So that Mq,λ is a density function on R; λ, q > 0. Similarly, we get that

(2.20)
∫ ∞

−∞
M 1

q ,λ
(x) dx = 1, λ, q > 0,

so that M 1
q ,λ

is a density function. Furthermore, we observe the symmetry

(2.21)
(
Mq,λ +M 1

q ,λ

)
(−x) =

(
Mq,λ +M 1

q ,λ

)
(x) , ∀ x ∈ R.

Furthermore

(2.22) φ =
Mq,λ +M 1

q ,λ

2
> 0

is a new density function over R, i.e. ∫ ∞

−∞
φ (x) dx = 1,

and φ is an even function. Clearly, then

(2.23)
∫ ∞

−∞
φ (nx− u) du = 1, ∀ n ∈ N, x ∈ R.
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3. BASICS

We give the following:

Definition 3.1. Let f ∈ CB (R) (continuous and bounded functions on R), n ∈ N. We define the
following basic activated hyperbolic tangent perturbed convolution type operators

(3.24) An (f) (x) :=

∫ ∞

−∞
f
(u
n

)
φ (nx− u) du, ∀ x ∈ R.

In this work, we examine the quantitative convergence of An to the unit operator. We study
similarly the activated Kantorovich type operators,

A∗
n (f) (x) := n

∫ ∞

−∞

(∫ u+1
n

u
n

f (t) dt

)
φ (nx− u) du

= n

∫ ∞

−∞

(∫ 1
n

0

f
(
t+

u

n

)
dt

)
φ (nx− u) du,(3.25)

where f ∈ CB (R), n ∈ N, x ∈ R, and the activated quadrature operators

(3.26) An (f) (x) :=

∫ ∞

−∞

(
r∑

i=1

wif

(
u

n
+

i

nr

))
φ (nx− u) du,

where wi ≥ 0,
r∑

i=1

wi = 1; f ∈ CB (R), n ∈ N, x ∈ R. An essential property follows:

Theorem 3.3 ([7]). Let 0 < α < 1, n ∈ N : n1−α > 2. Then

(3.27)
∫

{u∈R:|nx−u|≥n1−α}

φ (nx− u) du <

(
q + 1

q

)
e2λ(n1−α−1)

, q, λ > 0.

The first modulus of continuity here is

(3.28) ω1 (f, δ) := sup
x,y∈R,|x−y|≤δ

|f (x)− f (y)| , δ > 0.

We need the following:

Proposition 3.1 ([7]). It holds (k ∈ N)

(3.29)
∫ ∞

−∞
|z|k φ (z) dz ≤

 tanh (λ)
(k + 1)

+

(
q + 1

q

)
e2λk!

(2λ)
k

 <∞.

We make the following:

Remark 3.1. Given f ∈ CB (R), by [7], we obtain that An (f), A∗
n (f), An (f) ∈ CB (R). Clearly,

here An, A∗
n, An are positive linear operators from CB (R) into itself, with the property An (1) =

A∗
n (1) = An (1) = 1, n ∈ N. Let i ∈ N be fixed. Assume that f ∈ C(i) (R), with f (j) ∈ CB (R), for

j = 0, 1, ..., i. We derive from [7] that

(3.30)

(An (f))
(j)

(x) = An

(
f (j)

)
(x) ,

(A∗
n (f))

(j)
(x) = A∗

n

(
f (j)

)
(x) ,

(
An (f)

)(j)
(x) = An

(
f (j)

)
(x) , ∀ x ∈ R,
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for all j = 1, ..., i.

Call Ψn any of the An, A∗
n and An, n ∈ N. We also make the following:

Remark 3.2. Furthermore, it holds

|An (f) (x)| ≤ ∥f∥∞
∫ ∞

−∞
φ (z) dz = ∥f∥∞ ,

i.e.

(3.31) ∥An (f)∥∞ ≤ ∥f∥∞
so An is a bounded positive linear operator. Clearly, it holds

(3.32)
∥∥A2

n (f)
∥∥
∞ = ∥An (An (f))∥∞ ≤ ∥An (f)∥∞ ≤ ∥f∥∞ .

And for k ∈ N we obtain

(3.33)
∥∥Ak

n (f)
∥∥
∞ ≤

∥∥Ak−1
n (f)

∥∥
∞ ≤

∥∥Ak−2
n (f)

∥∥
∞ ≤ ... ≤ ∥f∥∞ ,

so the contraction property valid and Ak
n is a bounded linear operator. Let r ∈ N. We observe that

Ar
nf − f =

(
Ar

nf −Ar−1
n f

)
+
(
Ar−1

n f −Ar−2
n f

)
+
(
Ar−2

n f −Ar−3
n f

)
+ ...+

(
A2

nf −Anf
)
+ (Anf − f) .(3.34)

Then

∥Ar
nf − f∥∞ ≤

∥∥Ar
nf −Ar−1

n f
∥∥
∞ +

∥∥Ar−1
n f −Ar−2

n f
∥∥
∞ +

∥∥Ar−2
n f −Ar−3

n f
∥∥
∞

+ ...+
∥∥A2

nf −Anf
∥∥
∞ + ∥Anf − f∥∞

=
∥∥Ar−1

n (Anf − f)
∥∥
∞ +

∥∥Ar−2
n (Anf − f)

∥∥
∞ + ...+ ∥An (Anf − f)∥∞

+ ∥Anf − f∥∞ ≤ r ∥Anf − f∥∞ .

Therefore

(3.35) ∥Ar
nf − f∥∞ ≤ r ∥Anf − f∥∞ .

Let now m1,m2, ...,mr ∈ N : m1 ≤ m2 ≤ ... ≤ mr, and Ami
as above, then

Amr

(
Amr−1

(...Am2
(Am1

f))
)
− f(3.36)

= ... = Amr

(
Amr−1

(...Am2
)
)
(Am1

f − f) +Amr

(
Amr−1

(...Am3
)
)
(Am2

f − f)

+Amr

(
Amr−1

(...Am4
)
)
(Am3

f − f) + ...+Amr

(
Amr−1

f − f
)
+Amr

f − f.

Consequently it holds, as in [6, Chapter 2],

(3.37)
∥∥Amr

(
Amr−1

(...Am2
(Am1

f))
)
− f

∥∥
∞ ≤

r∑
i=1

∥Ami
f − f∥∞ .

All of (3.31)-(3.37) are also true for A∗
n and An, and n ∈ N.

We need the following Hölder’s type inequality for positive linear operators.

Theorem 3.4 ([9]). Let L be a positive linear operator from C (R) into CB (R), and f, g ∈ C (R),
furthermore let p, q > 1 : 1

p + 1
q = 1. Assume that L ((|f (·)|p)) (s∗), L ((|g (·)|q)) (s∗) > 0 for some

s∗ ∈ R. Then

(3.38) L (|f (·) g (·)|) (s∗) ≤ (L ((|f (·)p|)) (s∗))
1
p (L ((|g (·)q|)) (s∗))

1
q .

We also need the following
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Theorem 3.5 ([9]). LetN ∈ N and f, f (N) ∈ CB (R), x ∈ R. Consider Ln a sequence of positive linear
operators from CB (R) into itself, n ∈ N, such that Ln (1) = 1. Assume Ln

(
|· − x|N+1

)
(x) > 0, and

f (i) (x) = 0, for i = 1, ..., N. Then

|Ln (f) (x)− f (x)| ≤ ω1

(
f (N),

((
Ln

(
|· − x|N+1

))
(x)
) 1

N+1

)

×

Ln

(
|· − x|N

)
(x) +

(
Ln

(
|· − x|N+1

)
(x)
) N

N+1

(N + 1)

 < +∞, ∀ n ∈ N.(3.39)

Given that lim
N→+∞

Ln

(
|· − x|N+1

)
(x) = 0, then lim

n→+∞
Ln (f) (x) = f (x) . If N = 1, we derive

|Ln (f) (x)− f (x)| ≤ ω1

(
f ′,
((
Ln

(
(· − x)

2
))

(x)
) 1

2

)

×

Ln (|· − x|) (x) +

(
Ln

(
(· − x)

2
)
(x)
) 1

2

2

 < +∞, ∀ n ∈ N.(3.40)

Given that lim
n→+∞

Ln

(
(· − x)

2
)
(x) = 0, then lim

n→+∞
Ln (f) (x) = f (x) .

Note 3.1. Assuming Ln

(
|· − x|N+1

)
(x) > 0, by Theorem 3.4, for g = 1, and Ln such that Ln (1) =

1, we obtain

(3.41) Ln

(
|· − x|N

)
(x) ≤

(
Ln

(
|· − x|N+1

)
(x)
) N

N+1

.

Proof. In case of N = 1, we derive

(3.42) Ln (|· − x|) (x) ≤
√(

Ln

(
(· − x)

2
)
(x)
)
.

□

We also need the following:

Theorem 3.6 ([11]). Let f ∈ CB (R), x ∈ R. Consider Ln a sequence of positive linear operators from
CB (R) into itself, n ∈ N, such that Ln (1) = 1. Assume that Ln (|· − x|) (x) > 0. Then

(3.43) |Ln (f) (x)− f (x)| ≤ 2ω1 (f, Ln (|· − x|) (x)) , ∀ n ∈ N.

Given that lim
n→+∞

Ln (|· − x|) (x) = 0, and f is also uniformly continuous, we obtain

lim
n→+∞

Ln (f) (x) = f (x).

4. AUXILIARY RESULTS

We have the following result.

Lemma 4.1. Let m ∈ N. Then



Approximation by symmetrized and perturbed hyperbolic tangent activated convolutions as positive linear operators 79

(4.44) 0 < AN (|· − x|m) (x) ≤ 1

nm

 tanh (λ)
(m+ 1)

+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0, as n→ +∞,

∀ x ∈ R. And, it is

(4.45) 0 < ∥AN (|· − x|m) (x)∥∞ ≤ 1

nm

 tanh (λ)
(m+ 1)

+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0,

as n→ +∞.

Proof. We have that (m ∈ N, x ∈ R)

0 < AN (|· − x|m) (x) =

∫ ∞

−∞

∣∣∣u
n
− x
∣∣∣m φ (nx− u) du

=
1

nm

∫ ∞

−∞
|nx− u|m φ (nx− u) du

(z:=nx−u)
=

1

nm

∫ ∞

−∞
|z|m φ (z) dz(4.46)

≤ 1

nm

 tanh (λ)
(m+ 1)

+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0, as n→ +∞.

□

It follows:

Lemma 4.2. Let m ∈ N. Then

(4.47) 0 < A∗
N (|· − x|m) (x) ≤ 2m−1

nm

1 +
 tanh (λ)

(m+ 1)
+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0,

as n→ +∞ and ∀ x ∈ R. And, it is

(4.48) 0 < ∥A∗
N (|· − x|m) (x)∥∞ ≤ 2m−1

nm

1 +
 tanh (λ)

(m+ 1)
+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0,

as n→ +∞.

Proof. We have that (m ∈ N, x ∈ R)

0 < A∗
N (|· − x|m) (x) = n

∫ ∞

−∞

(∫ 1
n

0

∣∣∣t+ u

n
− x
∣∣∣m dt

)
φ (nx− u) du

≤ n

∫ ∞

−∞

(∫ 1
n

0

(
|t|+

∣∣∣u
n
− x
∣∣∣)m dt

)
φ (nx− u) du

≤
∫ ∞

−∞

(
1

n
+
∣∣∣u
n
− x
∣∣∣)m

φ (nx− u) du(4.49)

=
1

nm

∫ ∞

−∞
(1 + |nx− u|)m φ (nx− u) du
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≤ 2m−1

nm

[
1 +

∫ ∞

−∞
|nx− u|m φ (nx− u) du

]
=

2m−1

nm

[
1 +

∫ ∞

−∞
|z|m φ (z) dz

]

≤ 2m−1

nm

1 +
 tanh (λ)

(m+ 1)
+

(
q + 1

q

)
e2λm!

(2λ)
m

→ 0, as n→ +∞,

and it is finite. □

At last, we obtain the following:

Lemma 4.3. Let m ∈ N. Then

(4.50) 0 < AN (|· − x|m) (x) ≤ 2m−1

nm

1 +
 tanh (λ)

(m+ 1)
+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0,

as n→ +∞ and ∀ x ∈ R. And, it is

(4.51) 0 <
∥∥AN (|· − x|m) (x)

∥∥
∞ ≤ 2m−1

nm

1 +
 tanh (λ)

(m+ 1)
+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0,

as n→ +∞.

Proof. We observe that

0 < AN (|· − x|m) (x) =

∫ ∞

−∞

(
r∑

i=1

wi

∣∣∣∣un +
i

nr
− x

∣∣∣∣m
)
φ (nx− u) du

≤
∫ ∞

−∞

(
r∑

i=1

wi

(∣∣∣u
n
− x
∣∣∣+ i

nr

)m
)
φ (nx− u) du(4.52)

≤
∫ ∞

−∞

(
1

n
+
∣∣∣u
n
− x
∣∣∣)m

φ (nx− u) du

=
1

nm

∫ ∞

−∞
(1 + |nx− u|)m φ (nx− u) du.

The proof finishes as in the proof of Lemma 4.2. □

5. MAIN RESULTS

We present the following results.

Theorem 5.7. Let N ∈ N and f, f (N) ∈ CB (R), x ∈ R. Assume f (i) (x) = 0, i = 1, ..., N. Then

|Ψn (f) (x)− f (x)| ≤ ω1

(
f (N),

((
Ψn

(
|· − x|N+1

))
(x)
) 1

N+1

)

×

Ψn

(
|· − x|N

)
(x) +

(
Ψn

(
|· − x|N+1

)
(x)
) N

N+1

(N + 1)

 < +∞, ∀ n ∈ N.(5.53)
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Hence, lim
n→+∞

Ψn (f) (x) = f (x) . If N = 1, we obtain

|Ψn (f) (x)− f (x)| ≤ ω1

(
f ′,
((

Ψn

(
(· − x)

2
))

(x)
) 1

2

)

×

Ψn (|· − x|) (x) +

(
Ψn

(
(· − x)

2
)
(x)
) 1

2

2

 < +∞, ∀ n ∈ N.(5.54)

Again, it holds lim
n→+∞

Ψn (f) (x) = f (x) .

Proof. By Theorem 3.5 and Lemmas 4.1-4.3. □

Theorem 5.8. Let f ∈ CB (R), x ∈ R. Then

(5.55) |Ψn (f) (x)− f (x)| ≤ 2ω1 (f,Ψn (|· − x|) (x)) < +∞, ∀ n ∈ N.

If f is also uniformly continuous, we derive lim
n→+∞

Ψn (f) (x) = f (x) .

Proof. Direct application of Theorem 3.6 and Lemmas 4.1-4.3. □

We make the following:

Remark 5.3. By (3.41), (3.42), we derive that

(5.56) Ψn

(
|· − x|N

)
(x) ≤

(
Ψn

(
|· − x|N+1

)
(x)
) N

N+1

,

and

(5.57) Ψn (|· − x|) (x) ≤
√(

Ψn

(
(· − x)

2
)
(x)
)
, ∀ n ∈ N.

Notation 5.1. Let m,n ∈ N. Denote by

(5.58) ρ1n (m) :=
1

nm

 tanh (λ)
(m+ 1)

+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0, as n→ +∞,

and

(5.59) ρ2n (m) :=
2m−1

nm

1 +
 tanh (λ)

(m+ 1)
+

(
q + 1

q

)
e2λm!

(2λ)
m

 (< +∞) → 0, as n→ +∞.

We give the following explicit results.

Corollary 5.1. Let N ∈ N and f, f (N) ∈ CB (R), x ∈ R. Assume f (i) (x) = 0, i = 1, ..., N. Then

|An (f) (x)− f (x)| ≤ ω1

(
f (N), (ρ1n (N + 1))

1
N+1

)
×

[
ρ1n (N) +

(ρ1n (N + 1))
N

N+1

(N + 1)

]
< +∞, ∀ n ∈ N.(5.60)

Hence lim
n→+∞

An (f) (x) = f (x). If N = 1, we obtain

|An (f) (x)− f (x)| ≤ ω1

(
f ′, (ρ1n (2))

1
2

)
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×

[
ρ1n (1) +

(ρ1n (2))
1
2

2

]
< +∞, ∀ n ∈ N.(5.61)

Again, it holds lim
n→+∞

An (f) (x) = f (x) .

Proof. By Theorem 5.7 and Lemma 4.1, see also (5.58). □

Corollary 5.2. Let N ∈ N and f, f (N) ∈ CB (R), x ∈ R. Assume f (i) (x) = 0, i = 1, ..., N. Then{
|A∗

n (f) (x)− f (x)|∣∣An (f) (x)− f (x)
∣∣ } ≤ ω1

(
f (N), (ρ2n (N + 1))

1
N+1

)
×

[
ρ2n (N) +

(ρ2n (N + 1))
N

N+1

(N + 1)

]
< +∞, ∀ n ∈ N.(5.62)

Hence lim
n→+∞

A∗
n (f) (x) = lim

n→+∞
An (f) (x) = f (x) . If N = 1, we obtain{

|A∗
n (f) (x)− f (x)|∣∣An (f) (x)− f (x)

∣∣ } ≤ ω1

(
f ′, (ρ2n (2))

1
2

)
×

[
ρ2n (1) +

(ρ2n (2))
1
2

2

]
< +∞, ∀ n ∈ N.(5.63)

Again, it holds lim
n→+∞

A∗
n (f) (x) = lim

n→+∞
An (f) (x) = f (x) .

Proof. By Theorem 5.7 and Lemmas 4.2, 4.3, see also (5.59). □

Corollary 5.3. Let f ∈ CB (R) . Then

(5.64) ∥An (f)− f∥∞ ≤ 2ω1 (f, ρ1n (1)) < +∞, ∀ n ∈ N.

If f is also uniformly continuous, we get that lim
n→+∞

An (f) = f , pointwise and uniformly.

Proof. By Theorem 5.8, Lemma 4.1, see also (5.58). □

Corollary 5.4. Let f ∈ CB (R) . Then

(5.65)
{

∥A∗
n (f)− f∥∞∥∥An (f)− f

∥∥
∞

}
≤ 2ω1 (f, ρ2n (1)) < +∞, ∀ n ∈ N.

If f is also uniformly continuous, we obtain that lim
n→+∞

A∗
n (f) = lim

n→+∞
An (f) = f , pointwise and

uniformly.

Proof. By Theorem 5.8, Lemmas 4.2, 4.3 see also (5.59). □

We continue with simultaneous approximations.

Theorem 5.9. Let f (j) ∈ CB (R) , for j = 0, 1, ..., N ∈ N. Then

(5.66)
∥∥∥(An (f))

(j) − f (j)
∥∥∥
∞

≤ 2ω1

(
f (j), ρ1n (1)

)
< +∞, ∀ n ∈ N.

If f (j) is uniformly continuous, we get that lim
n→+∞

(An (f))
(j)

= f (j), pointwise and uniformly.

Proof. By (3.30) and Corollary 5.3. □
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Theorem 5.10. Let f (j) ∈ CB (R) , for j = 0, 1, ..., N ∈ N. Then

(5.67)


∥∥∥(A∗

n (f))
(j) − f (j)

∥∥∥
∞∥∥∥(An (f)

)(j) − f (j)
∥∥∥
∞

 ≤ 2ω1

(
f (j), ρ2n (1)

)
< +∞, ∀ n ∈ N.

If f (j) is uniformly continuous, we obtain that lim
n→+∞

(A∗
n (f))

(j)
= lim

n→+∞

(
An (f)

)(j)
= f (j), point-

wise and uniformly.

Proof. By (3.30) and Corollary 5.4. □

Next, we talk about iterated approximation.

Remark 5.4. Let f ∈ CB (R), r ∈ N. Here Ψn is any of An, A∗
n, An, ∀ n ∈ N. By Remark 3.2, see also

(3.35), we have that

(5.68) ∥Ψr
n (f)− f∥∞ ≤ r ∥Ψn (f)− f∥∞ , ∀ n ∈ N.

Corollary 5.5. Let f ∈ CB (R), r ∈ N. Then

(5.69) ∥Ar
n (f)− f∥∞ ≤ r ∥An (f)− f∥∞ ≤ 2rω1 (f, ρ1n (1)) < +∞, ∀ n ∈ N.

If f is also uniformly continuous, we get that lim
n→+∞

Ar
n (f) = f , pointwise and uniformly. And the

speed of convergence of Ar
n to the unit operator is not worse than of An to the unit.

Proof. By (5.64) and (5.68). □

Corollary 5.6. Let f ∈ CB (R), r ∈ N. Then{ ∥∥A∗r

n (f)− f
∥∥
∞∥∥∥Ar

n (f)− f
∥∥∥
∞

}
≤ r

{
∥A∗

n (f)− f∥∞∥∥An (f)− f
∥∥
∞

}
≤ 2rω1 (f, ρ2n (1)) < +∞, ∀ n ∈ N.(5.70)

If f is also uniformly continuous, we get that lim
n→+∞

A∗r

n (f) = lim
n→+∞

A
r

n (f) = f , pointwise and

uniformly. And the speed of convergence of A∗r

n , A
r

n to the unit operator is not worse than of A∗
n, An to

the unit, respectively.

Proof. By (5.65) and (5.68). □

We finish with more general iterated approximation results.

Remark 5.5. Let f ∈ CB (R), r ∈ N, and m1,m2, ...,mr ∈ N : m1 ≤ m2 ≤ ... ≤ mr. Here Ψmi
is

any of Ami
, A∗

mi
, Ami

. By Remark 3.2, see also (3.37), we have that

(5.71)
∥∥Ψmr

(
Ψmr−1

(...Ψm2
(Ψm1

f))
)
− f

∥∥
∞ ≤

r∑
i=1

∥Ψmi
f − f∥∞ .

Corollary 5.7. Let f ∈ CB (R), r ∈ N, and m1,m2, ...,mr ∈ N : m1 ≤ m2 ≤ ... ≤ mr. Then∥∥Amr

(
Amr−1

(...Am2
(Am1

f))
)
− f

∥∥
∞ ≤

r∑
i=1

∥Ami
f − f∥∞ ≤ 2

(
r∑

i=1

ω1 (f, ρ1mi
(1))

)
≤ 2rω1 (f, ρ1m1

(1)) .

The speed of convergence to the unit operator of the above activated multiply iterated operators is not
worse than the speed of convergence to the unit of Am1

.



84 George A. Anastassiou

Proof. By (5.71), (5.64) and (5.58). □

Corollary 5.8. Let f ∈ CB (R), r ∈ N, and m1,m2, ...,mr ∈ N : m1 ≤ m2 ≤ ... ≤ mr. Then∥∥∥A∗
mr

(
A∗

mr−1

(
...A∗

m2

(
A∗

m1
f
)))

− f
∥∥∥
∞

≤
r∑

i=1

∥∥A∗
mi
f − f

∥∥
∞ ≤ 2

(
r∑

i=1

ω1 (f, ρ2mi (1))

)
≤ 2rω1 (f, ρ2m1 (1)) ,

and ∥∥Amr

(
Amr−1

(
...Am2

(
Am1f

)))
− f

∥∥
∞ ≤

r∑
i=1

∥∥Amif − f
∥∥
∞ ≤ 2

(
r∑

i=1

ω1 (f, ρ2mi (1))

)
≤ 2rω1 (f, ρ2m1 (1)) .

The speed of convergence to the unit operator of the above activated multiply iterated operators is not
worse than the speed of convergence to the unit of A∗

m1
, Am1 , respectively.

Proof. By (5.71), (5.70) and (5.59). □
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equation f (x− y)− f (x) f (y) = d sinx sin y
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ABSTRACT. This paper is concerned with the investigation of the general solution to the following functional equa-
tion:

f (x− y)− f (x) f (y) = d sinx sin y

for all x, y ∈ R, where f : R → R is an unknown function and d ∈ R \ {0} satisfying d < 1. This nonlinear
functional equation establishes an intriguing interplay between multiplicative and additive behaviors of the function
f , perturbed by a bounded trigonometric term. We provide a complete characterization of all real-valued functions
satisfying the equation, under minimal regularity assumptions. In addition, we analyze the Hyers–Ulam stability and
the so-called superstability of the equation in the sense of functional equations, establishing that approximate solutions
under certain bounded perturbations necessarily converge to exact solutions.

Keywords: Functional equations, stability, trigonometric identity.
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1. INTRODUCTION

Functional equations constitute an important branch of mathematics. The theory of func-
tional equations is typically divided into two main areas. The first concerns the determination
of exact solutions to a given functional equation, while the second focuses on the study of
the stability of functional equations. The concept of stability arises from the following classi-
cal question: Under what conditions does a function that approximately satisfies a functional
equation ρ necessarily remain close to an exact solution of ρ? If the problem admits a solution,
we say that the equation ρ is stable.

The aforementioned question has given rise to various stability concepts, among which
Ulam [1] formulated the first notable problem in 1940 in the context of group homomorphisms.
Formally, Ulam’s problem can be stated as follows: Let G1 be a group and let G2 be a metric
group with a metric d. Given ε > 0, does there exist a δ > 0 such that if a function h : G1 → G2

satisfies the inequality
d (h (xy) , h (x)h (y)) < δ

for all x, y ∈ G1, then there is a homomorphism H : G1 → G2 with

d (h (x) , H (x)) < ε

for all x ∈ G1?
In 1941, Hyers [2] provided a partial solution to Ulam’s problem for the additive Cauchy

functional equation in Banach spaces, stated as follows:
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Theorem 1.1 ([2]). Let E1 and E2 be two Banach space and suppose that the mapping f : E1 → E2

satisfies the inequality

∥f (x+ y)− f (x)− f (y)∥ ≤ δ

for all x, y ∈ E1, where δ > 0. Then there is a unique additive mapping T : E1 → E2 satisfying

∥f (x)− T (x)∥ ≤ δ

for all x ∈ E1.

The stability result of Hyers [2] was subsequently refined by Aoki [3], who established the
case involving the existence of a unique additive Cauchy mapping. Building upon this foun-
dation, Rassias [4] significantly broadened Hyers’ theorem by introducing the concept of an
unbounded Cauchy difference endowed with a p-order norm for 0 < p < 1. In turn, the Ras-
sias theorem was further generalized by Gajda [5] for the case p > 1, and by Rassias [6] for the
case p < 1.

Over the past several decades, considerable effort has been devoted to investigating solu-
tions and stability phenomena for a wide range of functional equations. Among these contri-
butions, Butler [7] in 2003 posed the following intriguing problem concerning the solution of a
specific functional equation: prove that, for d < −1, there exist exactly two functions f : R → R
satisfying

(1.1) f (x+ y)− f (x) f (y) = d sinx sin y

for all x, y ∈ R. This problem was subsequently resolved by Rassias [8] in 2004, who proved
that the general solution is given by

f(x) = ±c sinx+ cosx

for all x ∈ R, where c =
√
−d− 1. More recently, Jung et al. [9] have obtained notable results

on the superstability and stability of the functional equation (1.1).
Motivated by the aforementioned perspective, this work introduces a new functional equa-

tion, closely related to (1.1), given by

(1.2) f (x− y)− f (x) f (y) = d sinx sin y

for all x, y ∈ R, where f : R → R is an unknown function and d is a nonzero real constant
with d < 1. The general solution of (1.2) is derived in the next section, followed by a detailed
analysis of its superstability and stability properties in Section 3.

2. GENERAL SOLUTIONS OF FUNCTIONAL EQUATION (1.2)

In this section, we establish the complete characterization of the solutions to the functional
equation (1.2), as formalized in the theorem below.

Theorem 2.2. Let d be a nonzero constant with d < 1. The functional equation (1.2) has exactly two
solutions in the class of functions f : R → R. More precisely, if a function f : R → R is a solution of
functional equation (1.2), then f has one of the forms

f (x) = c sinx+ cosx and f (x) = −c sinx+ cosx,

where c =
√
1− d.
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Proof. It follows from (1.2) that

df (x) sin y sin z + d sinx sin (y − z)− d sin z sin (y − x)− df (z) sin y sinx

= f (x) [ f (y − z)− f (y) f (z) ] + [ f (x− y + z)− f (x) f (y − z) ]

− [ f (z − y + x)− f (z) f (y − x) ]− f (z) [ f (y − x)− f (y) f (x) ]

= 0(2.3)

for all x, y, z ∈ R. If we set y = z =
π

2
in the above equality, then

df (x)− d sin
(π
2
− x

)
− df

(π
2

)
sinx = 0

df (x)− d cos (x)− df
(π
2

)
sinx = 0

f (x)− f
(π
2

)
sinx− cosx = 0(2.4)

for all x ∈ R. Substituting 0 for x in (2.4) yields f (0) = 1. If we put x = y = π
2 in (1.2), then we

obtain

(2.5)
[
f
(π
2

)]2
= 1− d

and hence

(2.6) f
(π
2

)
= c or f

(π
2

)
= −c,

where c :=
√
1− d. Consequently, by (2.4), we have

(2.7) f (x) = c sinx+ cosx or f (x) = −c sinx+ cosx

for all x ∈ R, where each expression satisfies (1.2). □

3. STABILITY AND SUPERSTABILITY RESULTS FOR (1.2)

First, we prove a theorem concerning the superstability of the functional equation

f (x− y) = f (x) f (y)

for all x, y ∈ R, where f : R → C is an unknown function.

Theorem 3.3. Let an arbitrary constant ε > 0 be fixed. If a function f : R → C satisfies the inequality

(3.8) |f (x− y)− f (x) f (y)| ≤ ε

for all x, y ∈ R, then either for each x ∈ R, |f (x)| ≤ 1+
√
1+4ε
2 or |f (−x)| ≤ 1+

√
1+4ε
2 or f (x− y) =

f (x) f (y) for all x, y ∈ R.

Proof. If we set δ := 1+
√

1+4ε
2 , then δ2 − δ = ε and δ > 1. Suppose that there exists an a ∈ R

such that |f (a)| > δ and |f (−a)| > δ, say |f (a)| = δ + p and |f (−a)| = δ + q for some p, q > 0.
It follows from (3.8) that

|f (2a)| = |f (a) f (−a)− f (a) f (−a) + f (2a)|
≥ |f (a) f (−a)| − |f (a) f (−a)− f (2a)|
≥ (δ + p) (δ + q)− ε

= δ + (p+ q) δ + pq

> δ + (p+ q) .

By using the same process, we get |f (−2a)| > δ + (p+ q).
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Now, we will show that

(3.9) |f (2na)| > δ + 2n−1 (p+ q) and |f (−2na)| > δ + 2n−1 (p+ q)

for all n ∈ N. To claim the above fact by using mathematical induction, we suppose that (3.9)
holds for some n ∈ N. From (3.8), we get∣∣f (

2n+1a
)∣∣ = ∣∣f (2na) f (−2na)− f (2na) f (−2na) + f

(
2n+1a

)∣∣
≥ |f (2na) f (−2na)| − ε

>
(
δ + 2n−1 (p+ q)

)2 − (
δ2 − δ

)
> δ + 2n (p+ q) .

Similarly, we get ∣∣f (
−2n+1a

)∣∣ > δ + 2n (p+ q) .

Hence, (3.9) is established for all n ∈ N via mathematical induction. For every x, y, z ∈ R, it
follows from (3.8) that

|f (z − x+ y)− f (z) f (x− y)| ≤ ε

and
|f (y − x+ z)− f (y) f (x− z)| ≤ ε.

This yields that
|f (z) f (x− y)− f (y) f (x− z)| ≤ 2ε

for all x, y, z ∈ R. Hence,

|f (z) f (x− y)− f (x) f (y) f (z)| ≤ |f (z) f (x− y)− f (y) f (x− z)|
+ |f (y) f (x− z)− f (x) f (y) f (z)|
≤ 2ε+ |f (y)| ε,

that is,
|f (x− y)− f (x) f (y)| |f (z)| ≤ 2ε+ |f (y)| ε

for all x, y, z ∈ R. In particular,

(3.10) |f (x− y)− f (x) f (y)| ≤ 2ε+ |f (y)| ε
|f (2na)|

for all x, y ∈ R and any n ∈ N. Letting n → ∞ in (3.10) and considering (3.9), we conclude that
f (x− y) = f (x) f (y) for all x, y ∈ R. □

From the above result, we obtain the following theorem.

Theorem 3.4. Let d be a nonzero constant with d < 1 and ε be a real constant with 0 < ε < |d|. If a
function f : R → R satisfies the following inequality

(3.11) |f (x− y)− f (x) f (y)− d sinx sin y| ≤ ε

for all x, y ∈ R, then for each x ∈ R, we have

(3.12) |f (x)| ≤
1 +

√
1 + 8 |d|
2

or |f (−x)| ≤
1 +

√
1 + 8 |d|
2

.
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Proof. As 0 < ε < |d|, it follows from (3.11) that

|f (x− y)− f (x) f (y)| ≤ 2 |d|

for all x, y ∈ R. According to Theorem 3.3, f (x− y) = f (x) f (y) for all x, y ∈ R or (3.12) holds.
If (3.12) does not hold, then it would follow from (3.11) that |d sinx sin y| ≤ ε for all x, y ∈ R,
which is contrary to our hypothesis, ε < |d|. Therefore, for each x ∈ R, we get

|f (x)| ≤
1 +

√
1 + 8 |d|
2

or |f (−x)| ≤
1 +

√
1 + 8 |d|
2

.

□

Next, we shall prove the stability of Equation (1.2). We start with the following lemma.

Lemma 3.1. Let d be a nonzero constant with d < 1 and ε be a real constant with 0 < ε < |d|. If a
function f : R → R satisfies the inequality (3.11) for all x, y ∈ R, then f is bounded.

Proof. If we replace x, y by z and y − x in (3.11) respectively, then we have

(3.13) |f (z − y + x)− f (z) f (y − x)− d sin z sin (y − x)| ≤ ε

for all x, y, z ∈ R. If we replace y by y − z in (3.11), then we get

(3.14) |f (x− y + z)− f (x) f (y − z)− d sinx sin (y − z)| ≤ ε

for all x, y, z ∈ R. Using (3.13) and (3.14), we obtain

|f (x) f (y − z)− f (z) f (y − x) + d sinx sin (y − z)− d sin z sin (y − x)|
= |[f (z − y + x)− f (z) f (y − x)− d sin z sin (y − x)]

− [f (x− y + z)− f (x) f (y − z)− d sinx sin (y − z)]|
= |f (z − y + x)− f (z) f (y − x)− d sin z sin (y − x)|
+ |f (x− y + z)− f (x) f (y − z)− d sinx sin (y − z)|
≤ 2ε(3.15)

for all x, y, z ∈ R. It follows from (3.15) that

|f (x) [f (y − z)− f (y) f (z)− d sin y sin z] + f (x) f (y) f (z) + df (x) sin y sin z

− f (z) [f (y − x)− f (x) f (y)− d sinx sin y]− f (x) f (y) f (z)− df (z) sinx sin y

+d sinx sin (y − z)− d sin z sin (y − x)|
= |f (x) f (y − z)− f (z) f (y − x) + d sinx sin (y − z)− d sin z sin (y − x)|
≤ 2ε(3.16)
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for all x, y, z ∈ R. Hence, in view of (3.11) and (3.16), we can now get

|df (x) sin y sin z + d sinx sin (y − z)− df (z) sinx sin y − d sin z sin (y − x)|
= |f (x) [f (y − z)− f (y) f (z)− d sin y sin z] + f (x) f (y) f (z) + df (x) sin y sin z

− [f (y − x)− f (x) f (y)− d sinx sin y] f (z)− f (x) f (y) f (z)− df (z) sinx sin y

+ d sinx sin (y − z)− d sin z sin (y − x)− f (x) [f (y − z)− f (y) f (z)− d sin y sin z]

+ [f (y − x)− f (x) f (y)− d sinx sin y] f (z)|
≤ |f (x) [f (y − z)− f (y) f (z)− d sin y sin z] + f (x) f (y) f (z) + df (x) sin y sin z

− [f (y − x)− f (x) f (y)− d sinx sin y] f (z)− f (x) f (y) f (z)− df (z) sinx sin y

+d sinx sin (y − z)− d sin z sin (y − x)|+ |f (x)| |[f (y − z)− f (y) f (z)− d sin y sin z]|
+ |[f (y − x)− f (x) f (y)− d sinx sin y]| |f (z)|
≤ |f (x) f (y − z)− f (z) f (y − x) + d sinx sin (y − z)− d sin z sin (y − x)|+ |f (x)| ε+ |f (z)| ε
= |[f (x− y + z)− f (z) f (y − x)− d sin z sin (y − x)]

− [f (x− y + z)− f (x) f (y − z)− d sinx sin (y − z)]|
+ |f (x)| ε+ |f (z)| ε
≤ 2ε+ |f (x)| ε+ |f (z)| ε
≤ (2 + |f (x)|+ |f (z)|) ε

for all x, y, z ∈ R. If we set y = z = π
2 in the above inequality, then

(3.17)
∣∣∣df (x)− df

(π
2

)
sinx− d cosx

∣∣∣ ≤ (
2 + |f (x)|+

∣∣∣f (π
2

)∣∣∣) ε

for all x ∈ R.
Next, we assume that f is unbounded. Then there exists a sequence {xn} ⊆ R such that

f (xn) ̸= 0 for every n ∈ N and |f (xn)| → ∞ as n → ∞. Replacing x by {xn} in (3.17),
and dividing both sides of the resulting inequality by |f (xn)|, and then let n close to infinity,
we obtain |d| ≤ ε which is contrary to our hypothesis, say ε < |d|. Therefore, f must be
bounded. □

Theorem 3.5. Let d be a nonzero constant with d < 1 and ε be a real constant with 0 < ε < |d|. If a
function f : R → R satisfies the inequality (3.11) for all x, y ∈ R, then∣∣∣f (x)− f

(π
2

)
sinx− cosx

∣∣∣ ≤ 2 (1 +Mf )

|d|
ε

for all x ∈ R, where Mf := supx∈R |f (x)|.

Proof. It follows from Lemma 3.1 that f is bounded, and hence, Mf := supx∈R |f (x)| has to be
finite. From the proof of Lemma 3.1, we obtain (3.17) holds. It follows from (3.17) that

(3.18)
∣∣∣f (x)− f

(π
2

)
sinx− cosx

∣∣∣ ≤ 2 (1 +Mf )

|d|
ε

for all x ∈ R. □

Remark 3.1. Based on Theorems 2.2 and 3.4, it has been established that the newly proposed functional
equation (1.2) is stable.
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4. CONCLUSION

To summarize, this paper has determined the general solution f : R → R of the functional
equation

f (x− y)− f (x) f (y) = d sinx sin y

for all x, y ∈ R, where d is a nonzero constant with d < 1. The solution is given by

f (x) = c sinx+ cosx or f (x) = −c sinx+ cosx,

where c =
√

1− d . In addition, the stability of this functional equation has been examined
through a theorem addressing its superstability. Specifically, it has been established that for
a nonzero constant d with d < 1 and a real constant ε satisfying 0 < ε < |d|, if a function
f : R → R fulfills the functional inequality

|f (x− y)− f (x) f (y)− d sinx sin y| ≤ ε

for all x, y ∈ R, then for each x ∈ R, we have

|f (x)| ≤
1 +

√
1 + 8 |d|
2

or |f (−x)| ≤
1 +

√
1 + 8 |d|
2

,

and the following estimate holds

| f(x)− f
(π
2

)
sinx− cosx | ≤ 2 (1 +Mf )

|d|
ε,

where Mf := supx∈R |f(x)|.
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1. INTRODUCTION

This paper studies the existence of normalized solutions for the following fractional Schrödinger
equations

ı
∂φ

∂t
= (−∆)sφ+ µV (x)φ− µ

ψ(x) + φ2

1 + ψ(x) + φ2
φ, in RN,(1.1)

where (−∆)s is the fractional Laplacian, φ = φ(t, x), s ∈ (0.25, 1), 2s < N < 4s, µ > 0, λ ∈ R
is a parameter, the potential function V : RN → [0,+∞) is continuous and bounded. The
function ψ is bounded in RN . A solution of the problem (1.1) is called a standing wave solution
if it has the form φ(t, x) = ℓiλt. Indeed, u is a time-independent and real-valued function that
satisfies the following fractional Schrödinger equation:

(1.2) (−∆)su+ µV (x)u+ λu = µ
ψ(x) + u2

1 + ψ(x) + u2
u, in RN,

is defined by

(−∆)su(x) = C(N, s)P.V.

∫
RN

u(x)− u(y)

|x− y|N+2s
dy,

here, the symbol P.V. is the Cauchy principal value and C(N, s) is a constant that depends
on N and s. For more information, please see [19] and the reference therein. (−∆)s originates
from applied scientific fields such as obstacle problems, phase transition phenomena, fractional
quantum mechanics, and Markov processes (see [10, 19, 20, 21]). We are examining the feasi-
bility of solving the constraint minimization problem described as below:

Ia = inf
u∈S(a)

E(u),
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where a is a positive constant and

(1.3) S(a) = {u ∈W : ∥u∥22 =

∫
RN

|u|2dx = a2}.

Moreover, the weighted fractional Sobolev space W is defined as

(1.4) W = {u ∈ Hs(RN ) :

∫
RN

µV (x)|u|2dx < +∞},

with norm

(1.5) ∥u∥W =

(∫
R2N

|(−∆)
s
2u|2dx+

∫
RN

µV (x)|u|2dx
) 1

2

.

We will study the energy functional E :W → R, which is defined by

(1.6) E(u) =
1

2

∫
R2N

|(−∆)
s
2u|2dx+ 1

2

∫
RN

µV (x)|u|2dx− µ

2

∫
RN

[
u2 − ln

(
1 +

u2

1 + ψ(x)

)]
dx.

In addition, the fractional Sobolev space Hs(RN ) is given by:

(1.7) Hs(RN ) = {u ∈ L2(RN ) :

∫
R2N

|(−∆)
s
2u|2dx =

∫
R2N

|u(x)− u(y)|2

|x− y|N+2s
dxdy <∞},

with norm

(1.8) ∥u∥Hs =

(∫
RN

|u|2dx+

∫
R2N

|(−∆)
s
2u|2dx

) 1
2

.

In recent years, the following fractional Schrödinger equation has been studied by many schol-
ars:

(−∆)su+ µu+ λV (x)u = h(u), in RN.(1.9)

When h(u) = |u|p−2u, Laskin [11] obtained a couple of normalized solution by using a fiber
map and concentration-compactness principle. Zuo [25] obtained minimization of the energy
functional associated with the problem (1.9). When h(u) = u log u2, Alves [1, 2] employed
minimization techniques and used the Lusternik-Schnirelmann category to prove existence of
multiple normalized solutions. The solution to the problem (1.9) can be studied from two as-
pects. On the one hand, one can choose the fixed frequency µ ∈ R and studied the existence
of nontrivial solution of problem (1.9). On the other hand, taking µ as unknown, then we
can look to prescribed L2-norm solutions. A large number of people have conducted compre-
hensive studies utilizing variational and topological methods, see [5, 6, 12] and the references
therein. As we all know, some previous works have explored this aspect, although they did
not incorporate a potential term, see [3, 13, 17, 23].

We want to point out that the nonlinearity f(x, u) = µ ψ(x)+u2

1+ψ(x)+u2u for µ > 0 is usually called
saturable nonlinear term, which is used to describe photo refractive media [8]. Lin [14] firstly
studied normalized solution for the Schrödinger equation with saturable nonlinearity. Later,
Lin [15] used a convexity argument to expand the result when g(x) becomes nonzero. Very
recently, Sun [22] used variational methods to prove the existence of normalized solutions for
a kind of quasilinear Schrödinger equations.

Inspired by the above paper, our objective is to expand the current findings to the frac-
tional Schrödinger equations and investigate the existence of normalized solutions of fractional
Schrödinger equations with a saturable nonlinear term µ ψ(x)+u2

1+ψ(x)+u2u and an external potential
V . However, due to the presence of the saturable nonlinear term and the potential function,
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we have to face several difficulties, such as the scaling result of the energy functional E(·) and
the strong convergence of the minimizing sequence in the weighted fractional Sobolev space
W . In view of this, it is necessary to introduce some inequality and new ideas.

In order to present our main result, we require the following assumptions on V (x) and ψ(x).
(V1) There exists a positive constant C0 > 0 such that the following measure of the set Ω is

finite, where

(1.10) Ω = {x ∈ RN : V (x) < C0}.

(V2) V ∈ L∞(R).
(Ψ1) The function ψ(x) is radially symmetric with −1 < ψ1 ≤ ψ(|x|) ≤ ψ2 for x ∈ RN , where

ψ1, ψ2 are two constants.
In conclusion, we will now present our primary result.

Theorem 1.1. Assume that the condition (V1), (V2) and (Ψ1) holds, and let 2s < N < 4s, p ∈
(2,min{ N

N−2s , 2 + 4s
N }). Then, for each a > 0, there exist a sufficiently large positive µ∗ > 0 and

Υ = Υ(µ∗, a) > 0 such that Ia < 0 for all µ > µ∗ satisfying µ∥V ∥∞ < Υ. Moreover, the infimum Ia
is attained by a function u ∈ S(a), which is a normalized solution of (1.1) with λ = λa as a Lagrange
multiplier.

2. AUXILIARY LEMMAS AND PROOF OF THEOREM 1.1

In this section, we give out some auxiliary lemmas, and then we give the proof of Theorem
1.1.

Lemma 2.1 ([16], Lemma 2.2). For each 2 < p ≤ min{4, 2∗} (2∗ = ∞ if N = 1, 2; 2∗ = 2N
N−2 if

N ≥ 3), there exists a positive constant

Ap =


1
2 , if p = 4;

p
p−2
2 (4−p)

4−p
2

2p , if 2 < p ≤ min{4, 2∗} and p ̸= 4,

such that

(2.11) t2 − ln(1 +
t2

1 + ψ(x)
) ≤ ψ(x)

1 + ψ(x)
t2 +

Ap

(1 + ψ(x))
p
2

tp for all ≥ 0.

Lemma 2.2 ([9], Fractional Gagliardo-Nirenberg Inequality). For each p ∈ (2, 2N
N−2s ), there exists

a constant C(s,N, p), such that

(2.12)
∫
RN

|u|pdx ≤ C(s,N, p)(

∫
RN

|u|2dx)
p
2−

N(p−2)
4s (

∫
R2N

|(−∆)
s
2u|2dx)

N(p−2)
4s .

Lemma 2.3. Assuming that condition (Ψ1) is satisfied, it can be concluded that the energy functional
E(u) is both coercive and bounded from below on S(a) for all a > 0.

Proof. For any u ∈ S(c), observe that condition (Ψ1) guarantees 1 + ψ(x) ≥ 1 + ψ1(x) > 0 for
all x ∈ RN , this make the logarithmic term well defined. And controlling the range of the ψ(x)
make the function 1

1+ψ(x) bounded. It follow from Lemmas 2.1 and 2.2 that

E(u) =
1

2

∫
R2N

|(−∆)
s
2u|2dx+

1

2

∫
RN

µV (x)|u|2dx− µ

2

∫
RN

[
u2 − ln

(
1 +

u2

1 + ψ(x)

)]
dx

≥ 1

2

∫
R2N

|(−∆)
s
2u|2dx− C(s,N, p,Ap)

µ

2

∫
R2N

|(−∆)
s
2u|

N(p−2)
4s dx− µa2

2
.
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Since p ∈ (2, 2 + 4s
N ), we infer that 0 < N(p−2)

4s < 1. We can therefore conclude that the energy
functional E(u) is coercive and bounded from below on S(a). We complete the proof. □

Even if it is not explicitly stated, in the following series of lemmas we always make the
assumption that (un)n∈N ⊂ S(a) is a minimizing sequence for Ia.

Lemma 2.4. The sequence (un)n∈N is bounded in W .

Proof. It can be deduced from the definition of a minimizing sequence that

(2.13) Ia = lim
n→∞

E(un).

According to Lemma 2.3, it is established that (
∫
R2N |(−∆)

s
2un|2)n∈N is a bounded sequence for

Ia. As a result, the sequence (
∫
RN µV (x)|un|2dx)n∈N is also bounded. In a word, (un)n∈N is a

bounded sequence in W . This concludes the proof. □

Lemma 2.5. Assuming that conditions (V1) and (V2) are satisfied, then for any µ2 > µ > 0 there
exists Υ = Υ(µ2, a) > 0 such that Ia < 0 if λ∥V ∥∞ < Υ.

Proof. Let (un) ⊂ S(a) be a minimizing sequence for Ia = inf
u∈S(a)

E(u). Then (un) is bounded

on S(a) by Lemma 2.3. It is evident that the embedding W (RN ) ↪→ Lh(RN ) is compact for any
h ∈ [2, 2∗s] (see Wang et al. [4]). Since there exists u ∈ H such that un ⇀ u weakly in W (RN ),
un ⇀ u strongly in Lh(RN ). According to the Lagrange multipliers rule, there exists λn ∈ RN
such that

(2.14) (−∆)sun + µV (x)un + λnun = µ
ψ(x) + u2n

1 + ψ(x) + u2n
un, in RN.

In particular, we have

λna
2 = −1

2

∫
R2N

|(−∆)
s
2un|2dx− 1

2

∫
RN

µV (x)|un|2dx+

∫
RN

µ
ψ(x) + u2n

1 + ψ(x) + u2n
u2ndx+ o(1)

≤
∫
RN

µ
ψ(x) + u2n

1 + ψ(x) + u2n
u2ndx+ o(1) < µa+ o(1),

which implies that {λn} is bounded, thus allows us to use Bolzano-Weierstrass to extract a
convergent subsequence of λn, then restrict all further analysis to this subsequence. And then
we make the assumption that λnr → λ as n→ ∞.

For a fixed u ∈ S(a), we choose a constant µ1 > 0 such that for µ > µ1,

(2.15)
1

2

∫
R2N

|(−∆)
s
2u|2dx+

1

2

∫
RN

µV (x)|u|2dx− µ

2

∫
RN

[u2 − ln(1 +
u2

1 + ψ(x)
)]dx < 0,

which implies that Ia < 0. Furthermore, there exists µ2 ≥ µ1 > 0 such that

(2.16)
1

2

∫
R2N

|(−∆)
s
2u|2dx− µ2

2

∫
RN

[u2 − ln(1 +
u2

1 + ψ(x)
)]dx = Bµ2 < 0,

hence, fixed the number Υ =
−Bµ2

a2 and in light of the assumption λ∥V ∥∞ < Υ, we infer that
E(un) < 0, which implies that Ia < 0. Consequently, we complete the proof. □

Lemma 2.6. Assuming that condition (V2) is satisfied, then for any a > 0, there exist Υ(a) > 0 and
η > 0 such that

lim inf
n→∞

∫
RN

|un|pdx ≥ η if µ∥V∥∞ < Υ.(2.17)
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Proof. From Lemma 2.5, it is easy to find Υ(a) > 0 and η > 0 such that Ia < −η if µ∥V ∥∞ < Υ.
Now, since(un) ⊂ S(a) is a minimizing sequence for Ia, then we have

Ia + o(1) =E(un)

=
1

2

∫
R2N

|(−∆)
s
2un|2dx+

1

2

∫
RN

µV (x)|un|2dx

−
∫
RN

µψ(x)

2(1 + ψ(x))
|un|2dx−

∫
RN

µAp

2(1 + ψ(x))
p
2

|un|pdx.

Furthermore, we obtain that

(2.18) −η + o(1) ≥ −µa
2

2
−
∫
RN

µAp

2(1 + ψ(x))
p
2

|un|pdx.

Hence (2.17) holds. We complete the proof. □

In the following lemma, we establish a quantitative relationship between the two ordered
values of a and the corresponding values of Ia.

Lemma 2.7. Assuming that condition (V2) is satisfied and if 0 < a1 < a2 is achieved, then Ia2

a22
<

Ia1

a21
.

Proof. To prove this lemma, we borrow the ideas form Lv and Li [18]. Let ξ > 1 such that
a2 = ξa1, and let (un) ⊂ S(a1) be a minimizing sequence with respect to Ia1 , that is

(2.19) E(un) → Ia1 , as n → ∞.

Setting vn = ξun, we have that (vn) ⊂ S(a2), and so

(2.20) Ia2 ≤ E(vn) = ξ2E(un)−
µξ2

2

∫
RN

ln(1 +
u2n

1 + ψ(x)
)dx+

µ

2

∫
RN

ln(1 +
(ξun)

2

1 + ψ(x)
)dx.

Letting n→ ∞, it follows from ξ > 1 that

(2.21)
µ

2

∫
RN

ln(1 +
(ξun)

2

1 + ψ(x)
)dx− µξ2

2

∫
RN

ln(1 +
u2n

1 + ψ(x)
)dx < 0,

which implies that

(2.22) Ia2 ≤ ξ2E(un)−
µξ2

2

∫
RN

ln(1 +
u2n

1 + ψ(x)
)dx+

µ

2

∫
RN

ln(1 +
(ξun)

2

1 + ψ(x)
)dx < ξ2E(un),

that is

(2.23) Ia2a
2
1 < Ia1a

2
2.

The proof is completed. □

Lemma 2.8. Assuming that condition (V2) is satisfied and if un ⇀ u in W , un(x) → u(x) a.e. in RN
and u ̸= 0, then u ∈ S(a), E(u) = Ia and un → u in W .

Proof. We note that if ∥u∥2 = m ̸= a, in light of Fatou’s lemma and the assumption u ̸= 0, then
we get that m ∈ (0, a). From the continuity of embedding W ↪→ Lh(RN ) for any h ∈ [2, 2∗s] and
two kinds of Brézis-Lieb lemmas in [7, 24], we get that∫

R2N

|(−∆)
s
2un|2dx =

∫
R2N

|(−∆)
s
2 (un − u)|2dx+

∫
R2N

|(−∆)
s
2u|2dx+ o(1),∫

RN

|un|2dx =

∫
RN

|un − u|2dx+

∫
RN

|u|2dx+ o(1).(2.24)
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Let vn = un − u, ∥vn∥2 = rn and assume that ∥vn∥2 → r, by (2.14), we infer that a2 = m2 + r2

and rn ∈ (0, a) for sufficiently big n, which implies that

Ia + o(1) = E(un)

= E(vn) + E(u) + o(1)

≥ Irn + Im + o(1)

≥ r2n
a2
Ia + Im + o(1).

Letting n→ ∞, we can derive the inequality

(2.25) Ia ≥ r2

a2
Ia + Im.

Using the fact that m ∈ (0, a) and Lemma 2.7 in the above inequality, we can infer that

(2.26) Ia >
r2

a2
Ia +

m2

a2
Ia = Ia.

This inequality presents a contradiction. Therefore ∥u∥2 = a, namely, u ∈ S(a). It can be
deduced from the premises ∥un∥2 = ∥u∥2 = a and un ⇀ u in L2(RN ) (since W ↪→ L2(RN )
is a continuous embedding) that un → u in L2(RN ). Furthermore, the combination of this
deduction with the interpolation inequality allows us to conclude that un → u in Lp(RN ). In
addition, since

∫
R2N |(−∆)

s
2un|2dx +

∫
RN µV (x)|un|2dx is convex and continuous in W , it can

be inferred that it is a weak lower semicontinuous, namely
(2.27)

lim inf
n→+∞

(

∫
R2N

|(−∆)
s
2un|2dx+

∫
RN

µV (x)|un|2dx) ≥
∫
R2N

|(−∆)
s
2u|2dx+

∫
RN

µV (x)|u|2dx.

According to Ia = lim
n→∞

E(un), we infer that Ia ≥ E(u), reuse the definition of Ia and u ∈ S(a),

we get that Ia = E(u), and hence

(2.28) lim
n→∞

E(un) = E(u).

Finally, based on the convergence un → u in L2(RN ) and un → u in Lp(RN ), we can get that
un → u in W . Thus, we have successfully completed the proof. □

Lemma 2.9. Let p ∈ [1, N
N−2 ]. Assuming that conditions (V1) and (V2) are satisfied, and let R > 0

and µ∗ > 0 are given, for any µ > µ∗, we could get

lim sup
n→+∞

∫
Bc

R(0)

|un|p ≤
η

2
,

where BcR(0) = {x ∈ RN : |x| > R}, a > 0 is as given in Lemma 2.5.

Proof. We now prove this lemma by a contradiction. We borrow the ideas from Bartsch and
Wang [4], for R > 0, we consider two sets

(2.29) Φ(R) := {x ∈ RN : |x| > R, V (x) ≥ C0} and Θ(R) := {x ∈ RN : |x| > R, V (x) < C0}.
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Let C > 0 represent a constant with a variable value that may change from line to line. By
Lemma 2.4, we know that ∥un∥2W ≤ C for all n ∈ N, hence we get that∫

Φ(R)

u2ndx ≤ 1

µC0 + 1

∫
RN

(µV (x) + 1)u2ndx

≤ 1

µC0 + 1

( ∫
RN

(µV (x) + 1)u2n +

∫
R2N

|(−∆)
s
2un|2

)
dx

=
1

µC0 + 1
∥un∥2W

≤ C

µC0 + 1
.(2.30)

Clearly, the term on the right-hand side of the above inequality can be arbitrarily small when
µ > µ∗ (large enough). According to the Hölder inequality, the continuous embeddingHs(RN ) ↪→
L2p(RN ) for any p ∈ [1, N

N−2 ] (see ([19], Theorem 6.5)) and condition (V1), we obtain

∫
Θ(R)

u2ndx ≤

(∫
Θ(R)

|un|2pdx

) 1
p
(∫

Θ(R)

dx

) 1
q

≤
(∫

RN

|un|2pdx
) 1

p

(∫
Θ(R)

dx

) 1
q

= C∥un∥2Hs |Θ(R)|
1
q

≤ C|Θ(R)|
1
q .(2.31)

With the help of condition (V1), the term on the right-hand side of the above inequality can also
be arbitrarily small if R is sufficiently large since |Θ(R)| → 0 as R → +∞, where 1

p + 1
q = 1. It

follows from Lemma 2.2 that∫
Bc

R(0)

|un|pdx ≤ C(s,N, p)

(∫
Bc

R(0)

|un|2dx

) p
2−

N(p−2)
4s

(∫
Bc

R(0)

|(−∆)
s
2un|2dx

)N(p−2)
4s

≤ C(s,N, p)C
N(p−2)

4s ∥un∥
N(p−2)

4s

W

(∫
Φ(R)

u2ndx+

∫
Θ(R)

u2ndx

) p
2−

N(p−2)
4s

≤ C

(∫
Φ(R)

u2ndx+

∫
Θ(R)

u2ndx

) p
2−

N(p−2)
4s

.(2.32)

To sum up, we prove the lemma. □

Lemma 2.10. Assuming the conditions (V1) and (V2) are satisfied, and let µ∗∗ > 0 is given, for any
µ > µ∗∗ the sequence (un)n∈N admits a nontrivial weak limit u in W .

Proof. By Lemma 2.4, it is know that there exists u ∈ W and a subsequence of (un)n∈N, which
is still denoted as itself, such that

(2.33) un ⇀ u in W,un(x) → u(x) a.e. in RN .

Now, employing the method of argument by contradiction, we make the assumption that u = 0
for some µ > µ∗ as given in Lemma 2.9. Because the compactness of the embedding over the
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bounded domain, we have un → 0 in Lp(BR(0)) for any R > 0. In light of Lemmas 2.6 and 2.9,
we have

η ≤ lim inf
n→+∞

∫
RN

|un|pdx

= lim inf
n→+∞

∫
Bc

R(0)

|un|pdx

≤ lim sup
n→+∞

∫
Bc

R(0)

|un|pdx

≤ η

2
,(2.34)

this inequality presents a contradiction. Therefore, we can conclude that there exists µ∗ ≤ µ∗∗

such that u is nontrivial for any µ > µ∗∗. □

In the end, we present the proof of our main result.

Proof of Theorem 1.1. By Lemmas 2.4 and 2.10, we know that there exists a minimizing sequence
(un)n∈N ⊂ S(a) for Ia, which is bounded in W and its weak limit u is nontrivial. According to
the Lemma 2.8, we have that u ∈ S(a), E(u) = Ia and un → u inW . Then, we use the Lagrange
multiplier method, there exists λa ∈ R solving the equation

E′(u) + λaJ
′(u) = 0 in W∗,(2.35)

where W ∗ is the dual space of W and J :W → R is defined by

(2.36) J(u) = ∥u∥2, u ∈W.

By (2.13), we deduce that

(2.37) (−∆)su+ λau+ µV (x)u− µ
ψ(x) + u2

1 + ψ(x) + u2
u = 0 in RN.

We complete the proof of Theorem 1.1. □
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Critical issues with the Pearson’s chi-square test

VLADIMIR GURVICH AND MARIYA NAUMOVA*

ABSTRACT. Pearson’s chi-square tests are among the most commonly applied statistical tools across a wide range
of scientific disciplines, including medicine, engineering, biology, sociology, marketing and business. However, its
usage in some areas is not correct. For example, the chi-square test for homogeneity of proportions (that is, comparing
proportions across groups in a contingency table) is frequently used to verify if the rows of a given nonnegative
m × n (contingency) matrix A are proportional. The null hypothesis H0: “m rows are proportional” (for the whole
population) is rejected with confidence level 1−α if and only if χ2

stat > χ2
crit, where the first term is given by Pearson’s

formula, while the second one depends only on m,n, and α, but not on the entries of A.
It is immediate to notice that the Pearson’s formula is not invariant. More precisely, whenever we multiply all

entries of A by a constant c, the value χ2
stat(A) is multiplied by c, too, χ2

stat(cA) = cχ2
stat(A). Thus, if all rows of

A are exactly proportional then χ2
stat(cA) = cχ2

stat(A) = 0 for any c and any α. Otherwise, χ2
stat(cA) becomes

arbitrary large or small, as positive c is increasing or decreasing. Hence, at any fixed significance level α, the null
hypothesis H0 will be rejected with confidence 1−α, when c is sufficiently large and not rejected when c is sufficiently
small. Yet, obviously, the rows of cA should be proportional or not for all c simultaneously. For this reason, Pearson’s
test certainly cannot be applied to “physical data”, which are obtained by measurements. Indeed, in this case matrix
A depends on the unit of measurement. The test can be applied only to categorical data and even then some further
limitations are required, which we consider in this paper.

Keywords: Pearson chi-square test, difference between two proportions, goodness of fit, contingency tables.

2020 Mathematics Subject Classification: 62-00, 62-07XX, 62P10, 62P20, 62P25.

1. INTRODUCTION

The chi-square test for proportionality determines whether there is a statistically significant
difference between the proportions of a certain outcome in two independent groups.

The original chi-square test, commonly referred to as Pearson’s chi-square, originated from
Karl Pearson’s papers in the late 1800 - early 1900s [11, 12, 13, 14]. It is used both as a “goodness
of fit test” - where data are classified along a single dimension - and as a test for contingency
tables, where classification occurs across two or more dimensions. A historical overview of
the development of the test is provided in [2, 15]. Pearson suggested but did not provide a
proof that the test statistic follows the chi-square distribution [2]. The correction regarding the
number of degrees of freedom was addressed in Fisher’s papers published in 1922 and 1924
[5, 6].

Currently, the chi-square test is extensively utilized across a broad spectrum of research
disciplines in analyzing categorical data. Its applications span fields such as social sciences,
biomedical research, economics, education, and marketing, where it is employed to assess as-
sociations between variables and evaluate the goodness of fit of observed data to expected
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distributions. This widespread adoption underscores its substantial role in empirical research
and statistical inference. According to [1], the chi-square test has seen more use than any other
statistical test beside possibly Student’s t-test. However, despite its widespread application,
multiple authors (see for ex., [2, 7, 9, 10]) mention that the chi-square test presents several
methodological limitations, such as (not theoretically proven) lower and upper bounds on the
sample size, the assumption that the data are derived from independent observations, etc.

In this paper, we demonstrate an extreme sensitivity of the test to the sample sizes and data
representation. Specifically, we show that if the given contingency matrix is multiplied by a
constant c, the test statistic is multiplied by c as well. The results of the test can therefore be
easily manipulated (to reject or not reject H0).

Remark 1.1. Similar problems were recently detected for the analysis of variance (ANOVA) and the
Tukey-Kramer test. Tukey-Kramer’s formula (see (4) in [8]) of the critical range for groups of observa-
tions i and j depends not only on these two groups but also on all other groups. This contradicts common
sense, since these other groups may be not related to groups i and j at all, and immediately leads to some
logical contradictions in ANOVA with more than two groups of observations; see [8] for definitions and
more details.

2. PEARSON CHI-SQUARE TEST FOR HOMOGENEITY OF PROPORTIONS

All three omnibus tests in the Pearson family - goodness of fit, independence, and homo-
geneity of proportions - share basically the same underlying formula for the test statistic. We
will concentrate on the homogeneity test.

Consider a scenario in which T outcomes of multinomial trials are classified according to
two distinct criteria, into one of the same m categories, in one of n groups. The outcomes can
be presented in a two-way contingency table with m rows and n columns, as shown in Table
1. For example, in [4], a population-based case-control study of prostatic cancer in Alberta

Group 1 Group 2 · · · Group j · · · Group n Row Total

Category 1 O11 O12 · · · O1j · · · O1n O1·
Category 2 O21 O22 · · · O2j · · · O2n O2·
...

...
...

...
...

...
Category i Oi1 Oi2 · · · Oij · · · Oin Oi·
...

...
...

...
...

...
Category m Om1 Om2 · · · Omj · · · Omn Om·

Column Total O·1 O·2 · · · O·j · · · O·n T

TABLE 1. General structure of an m × n contingency table. Here, Oij denotes
the observed (absolute) frequency in cell (i, j), Oi·, O·j denote the marginal
totals for row i and column j respectively, and T is the grand total.

uses the contingency table related to 376 newly diagnosed prostatic cancer patients and 620
controls, group-matched based on their ethnicity (see Table 2). Let Oij denote the observed
(absolute) frequency in the cell corresponding to row i and column j, for i = 1, 2, . . . ,m and
j = 1, 2, . . . , n.
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Cases Controls Row Total

British 200 279 479
French 16 20 36
German 55 93 148
Ukrainian 31 79 110
Others 74 149 223

Column Total 376 620 996

TABLE 2. The contingency table for a population-based case-control study of
prostatic cancer in Alberta, with 376 newly diagnosed prostatic cancer patients
and 620 controls of different ethnicities [4].

Let

Ri =

n∑
j=1

Oij , i ∈ {1, 2, ...,m} (row sum for population i),

Cj =

m∑
i=1

Oij , j ∈ {1, 2, ..., n} (column sum for category j),

T =

m∑
i=1

n∑
j=1

Oij . (total sample size).

The null hypothesis is:

H0 : π1j = π2j = · · · = πmj , ∀j ∈ {1, . . . , n},

where πij ∈ [0, 1] denotes the proportion of individuals in group i falling into category j, and∑n
j=1 πij = 1 for each i. Under H0, the expected frequency Eij in cell (i, j) is given by:

Eij =
Ri · Cj

N
, ∀i = 1, . . . ,m; j = 1, . . . , n.

Define the test statistic:

(2.1) χ2
stat =

m∑
i=1

n∑
j=1

(Oij − Eij)
2

Eij
.

Under the test assumptions (see Section 3), the test statistic χ2
stat approximately follows a chi-

square distribution with (m − 1)(n − 1) degrees of freedom under H0. Let α ∈ (0, 1) be the
significance level. Then the decision rule is:

Reject H0 if χ2
stat > χ2

1−α,(m−1)(n−1),

where χ2
1−α,(m−1)(n−1) is the (1−α)-quantile of the chi-square distribution with (m− 1)(n− 1)

degrees of freedom.

3. ASSUMPTIONS OF THE CHI-SQUARE TEST

While the mathematical formulation of the chi-square test statistic is relatively simple - com-
paring observed frequencies with expected frequencies under a specified null hypothesis- the
validity of the test’s conclusions rests on a set of non-trivial assumptions. These assumptions
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pertain to the way the data are generated, the structure of the contingency table, and the the-
oretical conditions under which the chi-square distribution serves as a valid approximation to
the true sampling distribution of the test statistic. Specifically, the assumptions of the test are
as follows [10]:

(i) Random Sampling: The data must be drawn via random sampling.
(ii) Categorical Data: The variables involved must be categorical. The full set of m × n cells

represents all possible combinations of category levels, and each observation must belong
to exactly one cell.

(iii) Expected Frequency Condition: The expected frequency in each cell should be suffi-
ciently large to ensure the validity of the chi-square approximation. Specifically, it is
recommended that for each cell (i, j),

Eij ≥ 51, ∀ i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}.

(iv) Independence of Observations: Each observation must contribute to exactly one cell,
and observations must be independent. That is,

Cov(Oij , Okl) = 0 for all (i, j) ̸= (k, l).

(v) Fixed Margins (if applicable): For the test of homogeneity or independence, it is often
assumed that either the row totals, the column totals, or both are fixed by the sampling
design or conditioning.

4. ONLY INVARIANT TESTS CAN VERIFY PROPORTIONALITY

Obviously, χ2
stat(cA) = cχ2

stat(A) for all real c ≥ 0. The null hypothesis H0 stated in Section 2
is rejected for any fixed significance level α, if and only if χ2

stat(A) > χ2
crit(A), where χ2

crit(A) =
χ2
1−α,(m−1)(n−1) is the (1−α)-quantile of the chi-square distribution with (m−1)(n−1) degrees

of freedom, which depends only on m,n, and α, but not on the entries of A.

Observation 4.1. The following five statements are equivalent:

(a) the rows of A are exactly proportional;
(b) the columns of A are exactly proportional;
(c) Oij = Eij for all i = 1, . . . ,m and j = 1, . . . , n;
(d) χ2

stat(A) = 0;
(e) χ2

stat(cA) = 0 for all real positive c.

Furthermore, if statements (a - e) fail, then χ2
stat(A) > 0 and for any fixed significance level

α, the null hypothesis H0 will be rejected for cA with confidence 1− α, if c is sufficiently large,
and it will not be rejected if c is sufficiently small.

Proof. It is enough to notice that in the numerator and denominator of (2.1) are, respectively, a
quadratic and linear functions of the entries of A. Hence, χ2

stat(cA) = cχ2
stat(A). □

Yet, obviously, the result of testing proportionality of the rows of cA should not linearly
depend on c.

1In some sources, Eij ≥ 10 [2], but neither requirement seems to be mathematically justified.
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5. EXAMPLES

Example 5.1. We consider the following 2× 2 contingency table:

Group 1 Group 2 Row Total
Category A 1 1 2
Category B 1 11 12

Column Total 2 12 14

We test the null hypothesis that the proportions of outcomes are the same across the two groups. The
expected value for each cell under the null hypothesis are

E11 =
2 · 2
14

=
4

14
=

2

7
, E12 =

2 · 12
14

=
24

14
=

12

7
,

E21 =
12 · 2
14

=
24

14
=

12

7
, E22 =

12 · 12
14

=
144

14
=

72

7
,

and the chi-square statistic is found to be

χ2
stat =

(1− 2
7 )

2

2
7

+
(1− 12

7 )2

12
7

+
(1− 12

7 )2

12
7

+
(11− 72

7 )2

72
7

=
25

7

(
1

2
+

1

6
+

1

72

)
=

175

72
.

With 1 degree of freedom, and using the critical value from the chi-square distribution table at signifi-
cance level α = 0.05, which is approximately 3.841, we have that

χ2
stat ≈ 2.43 < 3.841.

Thus, we fail to reject the null hypothesis. There is not enough evidence to suggest a significant difference
in proportions between the two groups. Let’s modify the original table by multiplying each entry by 2:

Group 1 Group 2 Row Total
Category A 2 2 4
Category B 2 22 24

Column Total 4 24 28

Performing the same operations, we find the expected counts under the null hypothesis:

E11 =
4 · 4
28

=
16

28
=

4

7
, E12 =

4 · 24
28

=
96

28
=

24

7
,

E21 =
24 · 4
28

=
96

28
=

24

7
, E22 =

24 · 24
28

=
576

28
=

144

7
.

Then the chi-square statistic is computed as

χ2
stat =

(2− 4
7 )

2

4
7

+
(2− 24

7 )2

24
7

+
(2− 24

7 )2

24
7

+
(22− 144

7 )2

144
7

=
100

7

(
1

4
+

1

12
+

1

144

)
=

175

36
.

Comparing this value to the critical value χ2
0.05,1 = 3.841, we see that

χ2
stat ≈ 4.86 > 3.841,

and reject the null hypothesis. There is sufficient evidence to suggest that the proportions differ between
the two groups.

Vectors (1, 1) and (1, 11) do not look proportional at all. So it seems a bit strange that we
cannot reject proportionality, for the population, with confidence 95%, based on such a sample.

Some researchers (see, for ex. [2, 3, 7]) recommend to apply the Pearson’s test only to sam-
ples with “large enough” entries. In particular, the expected frequencies in each cell should
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generally be at least ten, or in some sources, no less than 5 (both numbers seem to be arbitrar-
ily chosen) [2], or otherwise, the test can result in inaccurate p-values and reduced statistical
power. Indeed, doubling the values in the first sample, we obtain the second one, with row
vectors (2, 2) and (2, 22), which already enables us to reject proportionality with confidence
95%. However, one should note that with very large samples, even trivial associations may
yield statistically significant results, potentially leading to overinterpretation.

These restrictions are ambiguous and do not solve the problem in general, since, as we al-
ready mentioned, χ2

stat(cA) ≡ cχ2
stat(A).

Example 5.2. We illustrate the test for the following 2× 2 contingency table:

Group A Group B Row Total
Category 1 22 18 40
Category 2 18 22 40

Column Total 40 40 80

Under the null hypothesis of homogeneity, expected counts for all cells are

Eij =
40 · 40
80

= 20, i, j ∈ {1, 2}.

The chi-square statistic:

χ2
stat =

(22− 20)2

20
+

(18− 20)2

20
+

(18− 20)2

20
+

(22− 20)2

20
=

4

5
= 0.8.

Since 0.8 < 3.841, we do not reject the null hypothesis. There is no significant difference in proportions
between the groups.

If we modify the original contingency table by multiplying all elements by 1,000 (for example, assum-
ing that the elements of the matrix represent the actual number of cases, while before they represented
the number of cases in thousands). This yields the following scaled observed frequencies:

Group A Group B Row Total
Category 1 22000 18000 40000
Category 2 18000 22000 40000

Column Total 40000 40000 80000

Under the null hypothesis of homogeneity, all expected counts are

Eij =
40000 · 40000

80000
= 20000, i, j ∈ {1, 2},

and the chi-square statistic:

χ2
stat =

(22000− 20000)2

20000
+

(18000− 20000)2

20000
+

(18000− 20000)2

20000
+

(22000− 20000)2

20000
= 800.

Note that the new χ2
stat is 1, 000 times greater than the original one. Comparing χ2

stat to the critical
value (800 > 3.841), we reject the null hypothesis. There is a significant difference in proportions
between the groups.

In this example, the null hypothesis H0 claims that all entries of the population are equal. For the first
(small) sample, deviations ±2 can appear with probability > 5%, so we cannot reject H0 with confidence
95%. Yet, the second sample is 1,000 times larger, so deviations ±2, 000 have chances < 5%, so we reject
H0 with confidence 95%. It is known that the standard deviation of entries in cA is proportional to

√
c,

rather than to c. And still, the value of c must be limited, even for the categorical data.
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Example 5.3. In this case, we work with the following 3×4 contingency matrix of observed frequencies:

Group 1 Group 2 Group 3 Group 4 Row Total
Category A 98 86 79 71 334
Category B 78 82 88 51 299
Category C 75 62 82 77 296

Column Total 251 230 249 199 929

The matrix of the expected frequencies is given by

E =

90.3 82.7 89.5 71.6
80.9 73.9 80.2 64.1
79.9 73.3 79.2 63.4

 ,

and the chi-square statistic is found to be χ2
stat ≈ 11.475.

For the given 3× 4 contingency matrix, the number of degrees of freedom is (3− 1)(4− 1) = 6. So,
the p-value is about 0.07 and for α = 0.05 we don’t reject the null hypothesis. In this case, the critical
value is 12.59. It is easy to verify that multiplying all entries, for example, by 2 yields the doubled test
statistic (χ2

stat ≈ 22.95) and the much lower p-value (≈ 0.0008).

Example 5.4. We now provide a construction of a matrix for which a proportionality test could be
designed. Suppose that we want to analyze the joint probabilistic distribution of two random variables
taking m and n distinct values, say, X = (x1, . . . , xm) and Y = (y1, . . . , yn). Our goal is to estimate
the two corresponding probabilistic distributions (p1, . . . , pm) and (q1, . . . , qn) and decide if X and
Y are independent. A given sample consists of T trials, each of which gives us the values of X and
Y , simultaneously. Let Zij be the number of trials realizing xi and yj . Then, zij = Zij/T are the
corresponding observed frequencies. Set pi =

∑n
j=1 zij , qj =

∑m
i=1 zij , and treat them as the observed

frequencies for X and Y , respectively. By the above definitions, we have
m∑
i=1

pi =

n∑
j=1

qj =

m∑
i=1

n∑
j=1

zij = 1.

We define the expected frequencies by setting zeij = piqj .

Although the last example is also a case of verifying proportionality, it is special. Since the
sum of all entries equals 1, multiplication of all observed frequencies zij by a constant c ̸= 1 is
impossible. More generally, the chi-square test will work when the sum of all entries must be
constant, or almost constant.

6. CONCLUSIONS

The Pearson chi-square test is one of the most widely used tools for analyzing categorical
data, particularly in contingency tables. As demonstrated through both theoretical formulation
and numerical examples, even under its common assumptions, including sufficiently large ex-
pected cell frequencies and the independence of observations, the test is extremely sensitive to
the input data, and its inaccurate application can lead to misleading conclusions. The inter-
pretation of the results must therefore be approached with caution, as the heuristic nature of
the test may introduce critical biases. Consequently, findings should be considered exploratory
rather than definitive.

The Pearson’s chi-square test cannot be applied for verifying proportionality for general
contingency matrices. We show that the chi-square statistic increases linearly when the entire
contingency table is multiplied by a constant factor, reflecting the proportional scaling of ob-
served and expected frequencies. However, the test is applicable in cases where the total sum
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of entries is a constant, or almost constant, for example, for testing the independence of two
probabilistic distributions, given a sample of pairwise frequencies.

Pearson’s test certainly cannot be applied to “physical data”, which are obtained by mea-
surements. Indeed, in this case, matrix A depends on the units of measurement. For example,
A is replaced by 3, 600A, when we switch from hours to seconds. The test can be applied only
to categorical data and even then further limitations are required; some of them are considered
in this paper.

One could modify formula (2.1) making it invariant with respect to multiplication of A by a
constant, for example, by squaring all denominators in (2.1) or by dividing all entries of A by
their sum or maximum. However, then the distribution χ2

crit should be modified accordingly.
Both above modifications deserve a separate consideration.
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