
MODERN
MATHEMATICAL

METHODS

VOLUME IV
ISSUE II

modernmathmeth.com
ISSN: 3023-5294



VOLUME IV ISSUE II August 2026
https://modernmathmeth.com

MODERN MATHEMATICAL

METHODS



Editor-in-Chief

Tuncer Acar
Department of Mathematics, Faculty of Science, Selçuk University, Konya, Türkiye
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Department of Information Security Technology, İzmir Katip Çelebi University, İzmir, Türkiye
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Research Article

On the absence of an exceptional set in the main relation of
Wiman-Valiron theory

ANDRIY BANDURA* , ANASTASIIA MOKHNAL , SVIATOSLAV DUBEI , AND OLEH
SKASKIV

ABSTRACT. The object of investigation is a class of functions analytic in the right half-plane. The half-plane contains
all points whose real part is greater than some fixed a and for all x from the interval (a,+∞) the corresponding
supremum of modulus of the function F inside some vertical strip is finite. There is selected subclass consisting of
those functions, for which the right-hand derivative of the supremum logarithm tends to infinity. For these functions
for which there exists an auxiliary function with some local behavior. The following theorem is proved: If an analytic
function belongs to the described class, then for each positive natural k the k-th order derivative equals k-th order
power of the right-hand derivative of the supremum logarithm for every point.

Keywords: Analytic function, Wiman-Valiron theory, main relation, exceptional set.

2020 Mathematics Subject Classification: 30B50, 11F66.

1. INTRODUCTION

Let f be an entire function of the form

(1.1) f(z) = f0 +

+∞∑
k=1

fkz
k, z ∈ C.

For r > 0, we denote

Mf (r) = max{|f(z)| : |z| = r},

µf (r) = max{|fk|rk : k ≥ 0},

νf (r) = max{k : |fk|rk = µf (r)}
the maximum modulus, maximal term and central index, respectively. The main theorem of the
Wiman-Valiron theory [6, 7, 13, 23] states that for each non-constant entire function f : C → C,
for any point z, |z| = r, such that |f(z)| =Mf (r), we have for given n ∈ N

(1.2) f (n)(z) ∼
(
νf (r)

z

)n
f(z),

as |z| = r → +∞, r /∈ E, where E is some set of finite logarithmic measure (f.l.m.), that is∫
E∩[1,+∞)

d ln r < +∞.
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Let us denote
Kf (r) = r(lnMf (r))

′
+,

where (lnMf (r))
′
+ is the right-hand derivative. From the theorem obtained in [14] for the entire

Dirichlet series, it follows that for each entire function f

Kf (r) ∼ νf (r) (r → +∞, r /∈ E),

where E = E(f) is some set of f.l.m.
Various theorems about analogues of relation (1.2) for an absolutely convergent Dirichlet

series, by additional conditions on its positive monotonically increasing to infinity sequence of
exponents, can be found in [4, 11, 13, 14, 18, 19]. In [11, 13, 14] for the entire Dirichlet series, for
absolutely convergent in a half-plane Dirichlet series in [4, 17, 18, 19]. On the other hand, R.
Gorenflo [5] found a class of entire functions for which an exceptional set is absent in relation
(1.2). He proved the following statement.

Theorem 1.1 ([5]). If f(z) =
+∞∑
n=0

fnz
n, an ≥ 0 (n ≥ 0) is an entire function with perfectly regular

growth, that is

(∃ ϱ ∈ (0,+∞))(∃ σ ∈ (0,+∞)) : lim
r→+∞

lnMf (r)

rϱ
= σ,

then for any fixed A,B > 0, for each n ∈ N, n < B one has

(1.3) f (n)(zeτ ) = (1 + o(1))
(νf (r)
zeτ

)n
eνf (r)τf(z) as r → +∞

for arbitrary τ, |τ | < A/νf (r), and every point z, |z| = r, such that the inequality

|f(z)| ≥ αMf (r),

holds with a given arbitrary α ∈ (0, 1].

Theorem 1.1 at τ = 0 implies that for every entire function with non-negative Taylor coeffi-
cients of perfectly regular growth relation (1.2) holds as r → +∞ at every point z, |z| = r such
that the inequality

|f(z)| ≥ αMf (r)

is true with a given α ∈ (0, 1].
R. R. London [8] obtained this result for a wider class of entire functions satisfying the fol-

lowing conditions: There exists a function ϕ : R+ → R+ := (0,+∞) such that ϕ′ is a positive
and unbounded function, ϕ′′ is a positive and continuous function,

(1.4) (∃ α, β ∈ R+)(∀ x ≥ x0) : α
ϕ′(x)

ϕ(x)
<
ϕ′′(x)

ϕ′(x)
< β

ϕ′(x)

ϕ(x)

and

(1.5) lnMf (r) ∼ ϕ(ln r) (r → +∞).

In this paper, we will prove a slightly different result of this form. We essentially consider the
class of entire functions which are bounded in the left half-planes

Πb := {z ∈ C : Re z < b} for all b ∈ R.

Clearly, this class contains every function

F (z) = f(ez),



On the absence of an exceptional set in the main relation of Wiman-Valiron theory 71

where f is an entire function on the complex plane C. Any absolutely convergent in the whole
complex plane Dirichlet series with a sequence of positive exponents increasing to +∞ repre-
sent the entire function, so it belongs to this class. The partial case of such series is the Riemann
zeta function [9]. Note that a similar statement about the absence of an exceptional set was
earlier proved in the case of validity of the asymptotic relation (Wiman’s type theorem)

M(x, F ) = (1 + o(1))BF (x)

= −(1 + o(1))AF (x)(1.6)

as x→ +∞, where
BF (x) = sup{Re F (z) : Re z = x},

AF (x) = inf{Im F (z) : Re z = x}.
These results were presented in [3] and obtained in the class of entire functions which are
bounded in the every left half-plane Πb. For other results on the conditions under which the re-
lation (1.6) holds as x→ +∞ outside exceptional sets, see, for example, also [17, 20, 22]. In [20],
this result is deduced for entire Dirichlet series with increasing to +∞ of a sequence of positive
exponents. A similar estimate was presented for functions represented by some positive inte-
grals in [21]. In [17], the estimate was considered in the class of absolute convergent Dirichlet
series in the left half-plane {z ∈ C : x = Re z < 0} as x→ −0 without some exceptional set.

2. LEMMAS

Let S(a), −∞ ≤ a ≤ +∞, be a class of functions analytic in Π(a) = {z : a < Re z} which are
bounded in the vertical stripes, i.e.

(∀x ∈ (a,+∞)) : M(x, F ) := sup{|F (t+ iy)| : a < t ≤ x, y ∈ R} < +∞.

By Maximum Modulus Principle the supremum in the vertical stripe is attained at its boundary,
i.e. at the vertical line. Therefore, the boundedness in the vertical stripe is replaced by the
boundedness on vertical line. Moreover, by Maximum Modulus Principle the function

M(x, F ) = sup{|F (x+ iy)| : y ∈ R}

is non-decreasing on (a,+∞), and by Hadamard Three Lines Theorem the function lnM(x, F )
is convex on (a,+∞) (see [15, pp.14-16], [22, p.145, p.266]). Therefore, for all x ∈ (a,+∞) there
exists the non-decreasing right-hand derivative

L(x) = L(x, F )
def
= (lnM(x, F ))′+

at the interval (a,+∞). Let us denote by S∞(a) the class of the functions F ∈ S(a) such that

L(x, F ) → +∞ (x→ +∞).

Similarly as in [3], by S0, we denote the class of functions F ∈ S∞(0) for which there exists a
function δ(·) : R+ → R+ with the following properties

(1) δ(x) ↗ +∞ (0 ≤ x ↑ +∞);

(2) L(x,F )
δ(x) ↗ +∞ (0 ≤ x ↑ +∞);

(3) for all x ≥ x0 with sufficiently large x0 one has

(2.7)
∣∣∣∣L(x± δ(x)

L(x, F )
, F

)
− L(x, F )

∣∣∣∣ ≤ L(x, F )

δ(x)
.
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One should observe that the class S0 is non-empty. Indeed, for every p ∈ N the function

Fp(z) = exp{exp{zp}}

belongs to the class S0. In paper [3], it was essentially proved Lemma 2.1 and also Lemma 2.2
which are formulated below.

Lemma 2.1. If a function δ(·) : R+ → R+ such that
(1) δ(x) ↗ +∞;

(2) L(x,F )
δ(x) ↗ +∞ (0 ≤ x ↑ +∞)

then condition (2.7) and

(2.8)
∣∣∣∣L(x+

δ(x)

L(x, F )
, F

)
− L(x, F )

∣∣∣∣ ≤ L(x, F )

δ(x)
(x ≥ x0)

are equivalent.

Lemma 2.2. Let F ∈ S0. Then, for all x ≥ x0 and every η ∈ C, satisfying

|η| ≤ δ(x)

L(x, F )
,

the asymptotic relation

F (w + η) = (1 + ω(η))F (w)eηL(x,F )

holds, where

|ω(η)| < |η|c(x)L(x, F )
δ(x)

,

c(x) := 1 + e(1 + ε(x)),

and the point w is chosen such that Re w = x and

|F (w)| ≥ M(x, F )

1 + ε(x)

for a given function ε(x) such that ε(x) → +0 (x→ +∞).

We need also the modified Cauchy inequality. The complete proof of the following lemma
can be found in the solution of Problem 236 (see, [10, Part III, Ch. 5, § 2, 236, p.355]).

Lemma 2.3. Let

f(z) =

+∞∑
n=0

fnz
n

be an analytic function in the disk

DR = {z : |z| < R}, R > 0.

If for all z ∈ DR real part of the function f is upper bounded by some constant M , i.e.

Re f(z) < M,

then for all z ∈ DR one has
|fn|Rn ≤ 2(M − Re f0).
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3. MAIN RESULT

Let us prove the following main result of the present article.

Theorem 3.2. Let F ∈ S0. Then, for each n ∈ N the asymptotic relation

(3.9) F (n)(w) = (1 + o(1))Ln(x, F )F (w) (x→ +∞)

holds for every point w with Rew = x such that the inequality

|F (w)| ≥ M(x, F )

1 + ε(x)

is valid for a given positive function ε(x) with ε(x) → +0 (x→ +∞).

Proof. For proof we will use ideas from [4, 12, 16, 18, 19]. Denote

ψ(x) =
δ(x)

L(x, F )
.

Let a given point w, and x = Rew be such that condition

F (w) ≥ M(x, F )

1 + ε(x)
(x ≥ x0)

is satisfied. Then, for all η ∈ C,

|η| < ψ(x)

c(x)
,

and for all x ≥ x0,

|η|c(x)L(x, F )
δ(x)

< 1,

from Lemma 2.2, we obtain

|F (w + η)| ≥
(
1− |ω(η)|

)
|F (w)eηL(x,F )|

≥
(
1− |η|c(x)L(x, F )

δ(x)

)
|F (w)eηL(x,F )| > 0.

Since the function
F

′
(w + τ)

F (w + τ)

is an analytic function of the variable τ in the open disk{
τ : |τ | < ψ(x)

c(x)

}
for given w, we yield that the following function

f(η) :=

η∫
0

F
′
(w + τ)

F (w + τ)
dτ − ηL(x, F ) with f(0) = 0

is an analytic function in the disc {
η : |η| < ψ(x)

c(x)

}
.

One should observe that

f
′
(0) =

F
′
(w)

F (w)
− L(x, F ).
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Further, let q = q(x) ∈
(
0, ψ(x)c(x)

)
for fixed x, x ≥ x0. Then, for all η with |η| ≤ q we have

Re f(η) = ln

∣∣∣∣∣F (w + η)

F (w)
e−ηL(x,F )

∣∣∣∣∣ = ln |1 + ω(η)|

≤ ln(1 + |ω(η)|) ≤ ln

(
1 +

qc(x)

ψ(x)

)
.

Consider the function f in the disc Dq = {η : |η| ≤ q} with q < ψ(x)
c(x) . We will apply now

Lemma 2.3 and obtain ∣∣∣∣F ′(w)

F (w)
− L(x, F )

∣∣∣∣ = |f ′(0)| = |f1|

≤ 2max{Re f(η) : |η| = q}

≤ 2 ln

(
1 +

qc(x)

ψ(x)

)
≤ 2qc(x)

ψ(x)
.(3.10)

Therefore, for all w, Rew = x such that

F (w) ≥ M(x, F )

1 + ε(x)
(x ≥ x0)

and L(x, F ) → +∞ as x→ +∞, one has∣∣∣∣F ′(w)

F (w)

1

L(x, F )
− 1

∣∣∣∣ ≤ 2c(x)

L(x, F )ψ(x)
=
c(x)

δ(x)
= o(1).(3.11)

Further, applying Lemma 2.3 to the function f at the disc Dq with arbitrary q ∈
(
0, ψ(x)c(x)

)
, for

given arbitrary k ∈ N we obtain
1

k!

∣∣∣f (k)(0)∣∣∣ = |fk| ≤
2

qk
max{Re f(η) : |η| = q}

≤ 2q−k ln(1 + qc(x)/ψ(x))

≤ 2q−k+1 c(x)

ψ(x)
.(3.12)

Continuing further, for all η with |η| ≤ q < ψ(x)
c(x) one has

F (w + η) = F (w) exp{f(η) + ηL(x, F )}

= F (w) exp

{
F ′
A(w)

F (w)
η +

+∞∑
k=2

f (k)(0)

k!
ηk

}
:= F (w)F0(η),(3.13)

where F0(η) is an analytic function of the variable η and F0(0) = 1. We put

(3.14) F0(η) = 1 +

+∞∑
k=1

Fkη
k, |η| ≤ q.

Since for the function
f1(η) := f(η) + ηL(x, F )

we have
f
(k)
1 (η) = f (k)(η) (k ≥ 2),
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so

F0(η) = 1 +

+∞∑
s=1

1

s!

(
F ′(z)

F (z)
η +

+∞∑
k=2

f (k)(0)

k!
ηk

)s

= 1 +

+∞∑
s=1

1

s!

(
+∞∑
k=1

f
(k)
1 (0)

k!
ηk

)s
.(3.15)

Therefore, the Taylor coefficients in (3.14) are formed by sums of the following form

Fk =
∑

∥α∥0=k

Bα (f
′
1(0))

α1 ·
(
f ′′1 (0)

2!

)α2

· . . . ·

(
f
(k)
1 (0)

k!

)αk

with finite quantities of the summands, where α = (α1, . . . , αk) ∈ Zk+ is the multi-index, and
∥α∥0 :=

∑k
j=1 jαj its weight, Bα ∈ R+ is generated by finite sum of positive numbers by

equating coefficients at ηk from (3.14) and (3.15). From the Taylor expansion

F (w + η) =
∑+∞

k=0

F (k)(w)

k!
ηk

and (3.13) it follows that

F (k)(w) = F (w)k!Fk (k ≥ 1).

Hence,

F (k)(w)

F (w)

1

Lk(x, F )
− 1 =

(
F ′(w)

F (w)

1

L(x, F )

)k
− 1 +

∑
∥α∥0=k
α1<k

Bα

k∏
j=1

(
f
(j)
1 (0)

j!

)αj

.(3.16)

Since c(x) = O(1) and δ(x) ↗ +∞ (r → +∞), we have

c(x)

δ(x)
= o(1) (r → +∞).

So, from inequality (3.11), we have∣∣∣∣∣
(
F ′(w)

F (w)

1

L(x, F )

)k
− 1

∣∣∣∣∣ =
∣∣∣∣F ′(w)

F (w)

1

L(x, F )
− 1

∣∣∣∣ k−1∑
j=0

∣∣∣∣F ′(w)

F (w)

1

L(x, F )

∣∣∣∣j

≤ c(x)

δ(x)

k−1∑
j=0

(
1 +

c(x)

δ(x)

)j

=

(
1 +

c(x)

δ(x)

)k
− 1 = o(1)(3.17)

as x→ +∞. We put

q =
1

2

ψ(x)

c(x)
=

1

2

δ(x)

c(x)L(x, F )
.
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Using inequality (3.12), we get

∑
∥α∥0=k
α1<k

Bα

k∏
j=1

(
f
(j)
1 (0)

j!

)αj

≤
∑

∥α∥0=k
α1<k

|Bα|(qL(x, F ))−k
(
2qc(x)

ψ(x)

)∥α∥

=
∑

∥α∥0=k
α1<k

|Bα|
(
2c(x)

δ(x)

)k
= o(1)(3.18)

as x→ +∞. By applying relations (3.17) and (3.18), from equality (3.16) we obtain∣∣∣∣F (k)(w)

F (w)

1

Lk(x, F )
− 1

∣∣∣∣ = o(1)

as x→ +∞. Thus, asymptotic relation (3.9) is proved. □

4. SOME COROLLARIES AND OPEN PROBLEMS

Let f be an entire transcendental function of the form (1.1). Since at x = ln r

L(x, F ) = Kf (r) ↗ +∞ (r → +∞)

for the function F (z) = f(ez), the function F belongs to the class S∞(0). From Theorem 3.2, it
follows the following corollary.

Corollary 4.1. Let f be an entire transcendental function of the form (1.1), and F (z) = f(ez). If
F ∈ S0, then for given n ∈ N and for any point z, |z| = r, such that |f(z)| = Mf (r), the asymptotic
relation

f (n)(z) ∼
(
Kf (r)

z

)n
f(z),

holds as |z| = r → +∞.

The proof of the Corollary 4.1 can be obtained from the proof of Theorem 3.2 using simple
calculations and transformations.

Remark 4.1. The condition F ∈ S0 for the function F (z) = f(ez) can be written as the following
properties: Kf (r) → +∞ (r → +∞) and there exists a function δ(·) : R+ → R+ such that

(1) δ(r) ↗ +∞ (1 ≤ r ↑ +∞);

(2) Kf (r)
δ(r) ↗ +∞ (1 ≤ r ↑ +∞);

(3) for all r ≥ r0 with sufficiently large r0 one has∣∣∣∣Kf

(
r ± δ(r)

Kf (r)

)
−Kf (r)

∣∣∣∣ ≤ Kf (r)

δ(r)
.

Question 4.1. A natural question arises: How are the conditions (1.4), (1.5) and the condition (2.7)
(also (2.8)) related to each other?

Question 4.2. It is well known that in the general class of entire functions it is impossible to obtain a
basic relation (1.2) without exceptional sets. This fact leads to the following question: How much can
the conditions of Gorenflo’s Theorem or Theorem 3.2 be weakened so that the exceptional set is absent?

Question 4.3. What is analog of Theorem 3.2 for analytic functions in a vertical strip?
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Question 4.4. What are analogs of relations

M(x, F ) = (1 + o(1))BF (x) = −(1 + o(1))AF (x) as x→ +∞

and
F (n)(w) = (1 + o(1))Ln(x, F )F (w) (Re w = x→ +∞)

for the class of entire vector-valued functions [1] and for the class of entire slice regular functions of
quaternionic variable [2]?
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More on remoteness functions of exact slow NIM
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ABSTRACT. Given integer n and k such that 0 < k < n and n piles of stones, two players make moves alternately,
reducing by every move exactly k piles from n, by one stone each. The player who must move but cannot is the loser.
We call this game exact slow NIM and denote it NIM1

=(n, k). In recent articles [25, 26, 27, 28], a very simple explicit
rule was suggested choosing a move in each position of this game. Furthermore, in case n = k + 1, it was proven that
each move chosen by this rule reduces the Smith’s remoteness function of the game exactly by one. This result allows
us to compute the remoteness function efficiently, thus, solving the game. In the present article, we apply the same rule
for two new cases: k = 2, n = 4, 5 and show that it still works efficiently: The remoteness function is reduced by one
with almost every move. Exceptions are sparse and have a regular pattern. We suggest simple formulas explaining all
known exceptions and, thus, solve the two considered new families of games too.

Keywords: Remoteness function, Sprague-Grundy function, slow NIM.

2020 Mathematics Subject Classification: 91A05, 91A46, 91A68.

1. INTRODUCTION

We assume that the reader is familiar with basic concepts of impartial game theory (see e.g.,
[1, 2] for an introduction) and also with the recent paper [26], where the Smith remoteness
function of the game NIM1

=(n, k), so-called exact slow NIM, was computed for the case n =
k + 1. Here, we extend this result and cover two more cases: NIM1

=(4, 2) and NIM1
=(5, 2).

1.1. Exact Slow NIM. Game exact slow NIM was introduced in [22] as follows: Given two
integers n and k such that 0 < k ≤ n and n piles containing x1, . . . , xn stones. By one move
it is allowed to reduce any k piles by exactly one stone each. Two players alternate turns.
One who has to move but cannot is the loser in the normal version of the game and s/he
is the winner of its misère version. In [22], this game was denoted NIM1

=(n, k). Here, we
simplify this notation to NIM(n, k), for short. Notice that this game is naturally partitioned
into k independent subgames, since x1 + . . .+ xn mod k is an invariant: It cannot be changed
by a move.

Game NIM(n, k) is trivial if k = 1 or k = n. In the first case it ends after x1 + . . .+ xn moves
and in the second one–after min(x1, . . . , xn) moves. In each case everything depends only on
the parity of the corresponding number and nothing on players’ skills. All other cases are more
complicated.

The game was solved for k = 2 and n ≤ 6. In [24], an explicit formula for the Sprague-
Grundy (SG) function was found for n ≤ 4, for both the normal and misère versions. This
formula allows us to compute the SG function in time linear in n, k and ω(x) =

∑n
i=1 log(|xi|+

1). Then, in [8] the P-positions of the normal version were found for n ≤ 6. For the subgame
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with even x1 + . . . + xn a very simple formula for the P-positions was found, which allows to
verify in linear time if x is a P-position and, if not, to find a move from it to a P-position. The
subgame with odd x1 + . . . + xn is more difficult. Still a (more sophisticated) formula for the
P-positions was found, providing a recognition algorithm linear in time n, k and ω(x).

1.2. Case n = k + 1, the Normal Version. In [26], the normal version was solved in case
n = k + 1 by the following simple rule:

• (o) if all piles are odd, keep a largest one and reduce all other,
• (e) if there exist even piles, keep a smallest one of them and reduce all other.

This rule is well-defined: It defines a unique move x → x′ in each position x1. This rule and the
corresponding moves is called the M-rule and M-moves; the sequence of successive M-moves
is called the M-sequence. Of course, n > 1 is required. If n = 1, then x1 will reach an even
value in at most one M-move and stop. Since this case is trivial, we can assume that n > 1
without any loss of generality.

It is also easily seen that no M-move can result in a position whose all entries are odd. Hence,
for an M-sequence, part (o) of the M-rule can be applied at most once, at the beginning; after
this only part (e) works.

Given a position x = (x1, . . . , xn), assume that both players follow the M-rule and denote by
M(x) the number of moves from x to a terminal position. In [26], it was proven that M = R,
where R is the classical remoteness function introduced by Smith [39]. Thus, M-rule solves the
game moreover, it allows to win as fast as possible in an N-position and to resist as long as
possible in a P-position.

An algorithm computing M = R (and in particular, the P-positions) in time polynomial in
n, k and ω(x) was given in [26]. Let us also note that an explicit formula for the P-positions
is known only for n ≤ 4 and already for n = 3 it is pretty complicated; see [24] and also [26,
Appendix].

1.3. Related Works on NIM. By definition, the present game NIM(n, k) is the exact slow ver-
sion of the famous Moore’s NIMk [34]. In the latter game a player, by one move, reduces
arbitrarily (not necessarily by one stone) at most k piles from n. The case k = 1 corresponds to
the classical NIM whose P-position was found by Bouton [7] for both the normal and misère
versions.

Remark 1.1. Actually, the Sprague-Grundy (SG) values of NIM were also computed in Bouton’s paper,
although were not defined explicitly in general. This was done later by Sprague [41] and Grundy [18]
for arbitrary disjunctive compounds of impartial games; see also [11, 39].

In fact, the concept of a P-position was also introduced by Bouton in [7], but only for the (acyclic)
digraph of NIM, not for all impartial games. In its turn, this is a special case of the concept of a kernel,
which was introduced for arbitrary digraphs by von Neumann and Morgenstern [35]. Also the misère
version was introduced by Bouton in [7], but only for NIM, not for all impartial games. The latter was
done by Grundy and Smith [17]; see also [11, 19, 20, 23, 39].

Moore [34] obtained an elegant explicit formula for the P-positions of NIMk generalizing
the Bouton’s case k = 1. Even more generally, the positions of the SG-values 0 and 1 were
efficiently characterized by Jenkins and Mayberry [30]; see also [4, Section 4]. Also in [30],
the SG function of NIMk was computed explicitly for the case n = k + 1 (in addition to the
case k = 1). In general, no explicit formula, nor even a polynomial algorithm computing the
SG-values (larger than 1) is known. The smallest open case: 2-values for n = 4 and k = 2.

1Obviously, permuting the piles with the same number of stones we keep the game unchanged.
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The remoteness function of NIMk was recently studied in [5] along with some other classical
games: Euclid [9, 10, 16, 19, 20, 31, 32, 33, 37] and Wythoff [43] with some of its generalizations
[6, 13, 14, 15, 16, 21, 33, 36, 38, 40, 42, 44]. Further generalizations of the exact slow NIM were
considered in [25, 26, 27, 28].

Let us also mention the exact (but not slow) game NIM=(n, k) [3, 4] in which, by one move,
exactly k from n piles are reduced, but by an arbitrary number of stones each, rather than by 1.
The SG-function was efficiently computed in [3, 4] for n ≤ 2k. Otherwise, even a polynomial
algorithm looking for the P-positions is not known (unless k = 1, of course). The smallest open
case is n = 5 and k = 2.

2. NEW RESULTS

In this paper, we consider the remoteness function of the exact slow NIM(n, k) for (n, k) =
(4, 2) and (n, k) = (5, 2). We extend the M-rule, introduced in [26] for the case n = k + 1,
to any k such that 1 < k < n. The obtained GM-rule works efficiently for NIM(4, 2) and
NIM(5, 2), that is, it frequently reduces the remoteness function R(x) by 1. The exceptions
are sparse. Moreover, all exceptions found by computer form a regular pattern described by
simple formulas. However, these formulas are not proven.

Let us recall that the remoteness function R(x) has the following properties: The player who
makes a move from x can guarantee a victory in at most R(x) moves whenever R(x) is odd,
that is, x is an N-position, and s/he can guarantee that the play will last at least R(x) moves
if R(x) is even, in this case x is a P-position. In both cases the corresponding optimal move
reduces R(x) by 1.

2.1. GM-Rule for NIM(n, k) and Its Basic Properties. Fix integers n, k such that 0 < k < n,
and consider a nonnegative integer vector x = (x1, . . . , xn). Assume that x is defined up to
a permutation of its entries. Hence, without loss of generality, we will require monotonicity:
x1 ≤ . . . ≤ xn.

Denote by m = m(x) the number of even entries of x. If m ≥ n−k, choose the smallest n−k
of even entries. If m < n− k, choose all m even entries and add arbitrary n− k −m others, for
example the largest ones. Note that in both cases the choice may be not unique, since entries of
x may be equal. In case of such ambiguity we use the following:

Tie-breaking rule: Always choose the rightmost entries, that is, xi with the largest i.
The chosen n− k entries of x will be called pivotal and their indices-pivots.
Given n, k and x, define a discrete dynamical system by the next GM-(n, k)-rule. By one step

transform x to x′ as follows: the n− k pivotal entries of x are not changed, while the remaining
k, non-pivotal, entries are reduced by 1. This transformation x → x′ and the corresponding se-
quence x = x0 → x1 → . . . → xj → . . . will be called GM-(n, k)-move and GM-(n, k)-sequence,
respectively. We will omit the arguments (n, k) whenever their values are unambiguous from
the context and simply write GM-rule, GM-move, and GM-sequence, for short.

By definition, a GM-move x → x′ is unique for any given x. We begin with several simple
properties of a GM-move x → x′.

Observation 2.1. GM-moves respect monotonicity, that is, x′
1 ≤ . . . ≤ x′

n whenever x1 ≤ . . . ≤ xn.

Proof. It follows immediately from the tie-breaking rule. □

Recall that m = m(x) denotes the number of even entries in x.

Observation 2.2. GM-moves respect inequality n − k ≤ m(x), that is, n − k ≤ m(x′) whenever
n− k ≤ m(x).
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Proof. Let a move x → x′ de-pivot i ∈ [n] = {1, . . . , n}, that is, i is a pivot of x but not of x′.
Then, xi is even and x′

i = xi, since i is a pivot of x. In contrast, i is not a pivot of x′. Hence,
by the tie-breaking rule, there exist n − k pivots of x′ each of which is either smaller than i,
or larger than i, but its pivotal value equals xi = x′

i. Thus, i may stop to be a pivot, after a
GM-move x → x′, only if a replacing pivot appears in x′. □

Observation 2.3. For an arbitrary x0, in the corresponding (unique) GM-sequence x0 → x1 → . . . →
xj → . . . inequality n− k ≤ m(xj) holds for any j ≥ 1.

Proof. Suppose that n − k > m = m(x0). By definition, m even pivotal entries of xj are not
changed, while n − k − m odd pivotal entries are reduced by 1, by the (unique) GM-move.
Clearly, in one GM-move each of these n− k−m entries becomes even. Then, by the GM-rule,
it becomes a pivot. Moreover, it remains in this status in xj until n − k ≥ m(xj). Thus, the
set of even pivots is expanding until their number reaches n − k, which happens just in one
GM-move. After this even pivots may be replaced, but still, by Observation 2.2, their number
remains n − k. In other words, the difference m(xj) − (n − k) in one GM-move becomes and
then remains non-negative. □

Yet, it may decrease after the GM-move xj → xj+1 for some j, because some pivots of xj

may disappear after this move, if m(xj) ≥ n − k. Also, we will assume that m(x) ≥ n − k
holds, that is, all pivotal entries are even. By Observation 2.2 this property always holds after
a GM-move. However, we do not know when this GM-move is optimal.

2.2. Exact Slow NIM(4, 2). Our computations show that for this game a GM-move reduces the
remoteness value R(x) by 1 (provided m(x) ≥ n− k = 2) except the following cases:

x = (x1, x2, x3, x4) = (2a1 + 1, 2a2, 2a3, 2(a3 + a2 − a1)+),

where 0 ≤ a1 < a2 ≤ a3. Here, y+ means any integer number not smaller than y. Note that
m(x) ≥ n − k = 2. Furthermore, R(x) = 2(a3 + a2) − 1 is always odd. In other words, only
winning positions may be exceptional. In these exceptional positions the entries x1 and x4 are
not changed by a (unique) move reducing R(x) by 1, while the GM-move x → x′ has pivots 2
and 3.

For the GM-move we have R(x′) = R(x)+1, whenever x4 > 2(a3+a2−a1). This means that
the GM-move is still optimal but it delays the fastest winning by 2 moves. If x4 = 2(a3+a2−a1)
then R(x′) = R(x), which means that the GM-move is losing in a winning position.

2.3. Exact Slow NIM(5, 2). Our computations show that for this game a GM-move reduces the
remoteness value R(x) by 1 (provided m(x) ≥ n− k = 3) except for the following cases:

x = (x1, x2, x3, x4, x5) = (2a1, 2a2 + 1, 2a3, 2a4, 2(a4 + a3 − a2 + a1)+),

where 0 ≤ a1 ≤ a2 < a3 ≤ a4. Note that m(x) ≥ n − k = 3. Furthermore, R(x) = 2(a4 + a3 +
a1) − 1 is always odd. In other words, only winning positions may be exceptional. In these
exceptional positions the entries x1, x2, and x5 are not changed by a (unique) move reducing
R(x) by 1, while the GM-move x → x′ has pivots 1, 3 and 4.

For the GM-move we have R(x′) = R(x) + 1, whenever x5 > 2(a4 + a3 − a2 + a1). This
means that the GM-move is still optimal but it delays the fastest winning by 2 moves. If x5 =
2(a4 + a3 − a2 + a1) then R(x′) = R(x), which means that the GM-move is losing in a winning
position.
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deflation applied to Toeplitz sinc matrices: A new approach for
the computation of eigenvalues and eigenvectors
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ABSTRACT. A new robust method for the computation of the eigenvalues and eigenvectors of real symmetric sinc
n×n-matrices A(t) = A(t, n) with t in 0 < t < 1 is developed. If the eigenvalues µj(t) = µj(A(t)) = µj(A(t, n)), j =

1, . . . , n are arranged in descending order, one has µ1(t) → n (t → 0) and µj(t) → 0 (t → 0), j = 2, . . . , n. The
new approach consists in computing only a limited number iq of the eigenvalues and to set the remaining very small
eigenvalues equal to zero, of which the corresponding eigenvectors are reconstructed via the Gram-Schmidt process.
This opens the way for conceiving a new method for the computation of the eigenvalues and associated eigenvectors
of severely ill-conditioned real symmetric Toeplitz sinc matrices that delivers good results.

Keywords: Condition number, eigenvalues and eigenvectors, method of deflation, power method, Toeplitz sinc matrix.
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1. INTRODUCTION

The purpose of this introduction is to deal with the following questions:

Question 1. Why is this paper written?

Question 2. What is its relation to other literature on the subject?

Question 3. What is new in this paper, and perhaps what makes it unique?

Question 4. What is its content?

These questions are interrelated, and the answers are partly interwoven. Problems arise in
the computation of eigenvalues and associated eigenvectors of Toeplitz sinc n × n-matrices
A(t) = A(t, n) that are ubiquitous in digital signal processing. These are made up of the entries
s(0) := 1 and s(jt) := sin(jπt)/(jπt), j = 1, . . . , n − 1 and are investigated for 0 < t < 1. The
eigenvalues µj(t) = µj(A(t)) = µj(A(t, n)), j = 1, . . . , n are positive and are assumed to be
arranged in descending order. Since µ1(t) → n (t → 0) and µj(t) → 0 (t → 0), j = 2, . . . , n, see
[4], for the condition number κ2(t), one obtains κ2(t) = µ1(t)/µn(t) → ∞ (t → 0). This leads to
numerical problems in the determination of eigenvalues and associated eigenvectors for small
values of t since on a computer the set of real numbers R is replaced by machine numbers with
only a restricted number of digital places.

Special Toeplitz matrices, namely those that commute with tridiagonal matrices were dis-
cussed by Grünbaum in [1]. However, apart from its credentials, it has some shortcomings.
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For example, in [8], the authors proved that the tridiagonal matrices used there have distinct
eigenvalues whereas Grünbaum had to assume this. A weak point of this paper is also that
it does not present numerical results. In [4], we discussed also the paper of Hertz [2] titled
“Simple Bounds on the Extreme Eigenvalues of Toeplitz Matrices”, and we concluded that the
obtained results have merits, but have only limited applicability.

This paper is written in order to do without the restriction in [1] that the Toeplitz sinc matrix
should commute with a tridiagonal matrix, and we choose a totally different approach to deter-
mine the eigenvalues and associated eigenvectors of a Toeplitz sinc n×n-matrix A(t) = A(t, n).

This new approach starts from the following observation. Since µj(t) → 0 (t → 0), j =
2, . . . , n, for small values of t in 0 < t < 1 we determine an index iq such that µj(t) is less
than a prescribed value for j = iq + 1, . . . , n and set µj(t) = 0, j = iq + 1, . . . , n. In other
words, we replace the eigenvalues µj(t), j = 1, . . . , n by µj(t), j = 1, . . . , iq and µj(t) = 0, j =
iq + 1, . . . , n. Then, the eigenvalues µj(t), j = 1, . . . , iq and associated eigenvectors can be
determined without difficulty by the power method combined with the method of deflation,
and for the eigenvalues µj(t) = 0, j = iq+1, . . . , n, many systems of orthonormal eigenvectors
can easily be given where we choose a very simple one. Application of the Gram-Schmidt
orthonormalization process to the eigenvectors corresponding to the eigenvalues µj(t), j =
1, . . . , iq and µj(t) = 0, j = iq + 1, . . . , n delivers for the whole set of eigenvalues µj(t), j =
1, . . . , iq, iq + 1, . . . , n and the associated eigenvectors wj(t), j = 1, . . . , iq, iq + 1, . . . , n good
approximations.

The important point is that we avoid-for small values of t in 0 < t < 1-the difficulty caused
by µj(t) → 0 (t → 0), j = 2, . . . , n by selecting a limited number iq of eigenvalues that are
computed whereas simple eigenvectors for the other eigenvalues µj(t) = 0, j = iq + 1, . . . , n
can easily be given. This idea seems to be unique, so far. This was also the reason why we
commented only shortly on other methods for the computation of eigenvalues and associated
eigenvectors of Toeplitz sinc matrices.

Next, we come to the content of this paper; it is organized as follows. In Section 2, Linear-
Algebra Tools are collected consisting in material on Projections and Invariance of Vector Spaces
under Linear Transformations in Subsection 2.1, Real Symmetric Matrices in Subsection 2.2,
Gram-Schmidt Orthonormalization in Subsection 2.3, and Toeplitz Sinc Matrices in Subsection
2.4. These results are known, but the presentation is much more detailed than can be found
in literature. In Section 3, the Power Method for a Real Symmetric Matrix with Non-Negative
Eigenvalues is described which is used to compute its largest positive eigenvalue. In Section
4, the Method of Deflation is discussed. In combination with the power method, it allows one
to determine all eigenvalues of a positive definite matrix. In Section 5, the obtained results are
applied to Toeplitz sinc matrices A(t, n) for t = 0.1 with n = 5 in Subsection 5.1, with n = 10 in
Subsection 5.2, and with n = 15 in Subsection 5.3, and Subsection 5.4 contains a scrutiny of the
computed eigenvectors. Finally, in Section 6, conclusions are drawn.

The style of the paper is expository in order to address a large readership. Only cited litera-
ture is given in the References.

2. COLLECTION OF LINEAR-ALGEBRA TOOLS

This section collects those tools from Linear Algebra that play an important role in this paper.
It is organized in subsections and contains, for instance, material on projections and invariance
properties of linear transformations, on eigenvalues and eigenvectors of real symmetric ma-
trices, on the Gram-Schmidt orthonormalization process as well as on Toeplitz sinc matrices.
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The underlying vector spaces over the field F = R resp. F = C are supposed to be finite di-
mensional, and the operators (also termed mappings or transformations) are represented by
matrices.

2.1. Projections and Invariance of Vector Spaces under Linear Operators. The first subsec-
tion is taken from [3, Chapter I, §3, Sections 3. and 4., pp.20-23] with many verbatim passages.

In a (finite-dimensional) vector space, the projection operator is introduced. It is idempotent
and is associated with the notions complementary space or the direct sum of subspaces. Fur-
ther, linear operators that map a subspace into itself are considered. One says that they let the
corresponding subspace invariant or that the subspace is invariant under the linear operators.
(i) Projections
Let M , N be complementary subspaces in the vector space X ; by this, we mean that

X = M ⊕N,

i.e., each u ∈ X can be uniquely expressed in the form u = u′ + u′′ with u′ ∈ M and u′′ ∈ N ,
see [3, Chapter I, §3, Section 4.]. We also say that X is the direct sum of M and N . The element
u′ is called the projection of u on M along N . If v = v′ + v′′ in the same sense, αu+ β v has the
projection αu′ + β v′ on M along N . If we set u′ = P u, it follows that P is a linear operator
on X to itself. P is called projection operator (or simply projection) on M along N . We have
P u = u if and only if u ∈ M and Pu = 0 if and only if u ∈ N . The range of P is M and the null
space of P is N . Since P u ∈ M , we have P (Pu) = Pu, that is, P is idempotent:

P 2 = P.

Conversely, any idempotent operator P is a projection. In fact, set M = R(P ), where R(P )
is the range of P and N = R(Q) = R(I − Q). Then, u′ ∈ M implies that u′ = Pu for some
u ∈ X and therefore Pu′ = P 2u = Pu = u′. Similarly, u′′ ∈ N implies Pu′′ = 0. Hence,
u ∈ M ∩ N = {0}. Each u ∈ X has the expression u = u′ + u′′ with u′ = Pu ∈ M and
u′′ = (I − P )u ∈ N . This shows that P is the projection on M along N .
(ii) Invariance of Vector Spaces under Linear Operators
This part is taken from [3, Chapter I, §3, Section 5.]. A subspace M of a vector space X is said
to be invariant under a linear operator T ∈ L(X) if TM ⊂ M . In this case, T induces a linear
operator TM on M to M defined by TMu = Tu for u ∈ M . If there are two invariant subspaces
M, N ⊂ X such that X = M ⊕N , T is said to be decomposed (or reduced) by the pair M,N .

2.2. Real Symmetric Matrices. In this subsection, we investigate the eigenvalues and associ-
ated eigenvectors of real symmetric n × n-matrices B in the space of n-tuples H = Rn×n en-
dowed with the scalar product (·, ·) = (·, ·)2. We shall see that there is a basis of real orthonor-
mal eigenvectors wj , j = 1, . . . , n associated with the eigenvalues λj = λj(B), j = 1, . . . , n
and standard eigenvector expansions for u and Bu with arbitrary u ∈ H . In the special case
when λj ̸= 0, j = 1, . . . ,m with m < n, we derive what can be called displayed eigenvector
expansions for u and Bu with arbitrary u ∈ H . For Mm := [w1, . . . , wm], one can show that
BMm ⊂ Mm and that B is invertible on Mm.
(i) Eigenvalues and Eigenvectors
We have the following theorem.

Theorem 2.1 (Real eigenvalues and real eigenvectors of real symmetric mappings). Let the ma-
trix B = (bjk)j,k=1,...,n be a real symmetric mapping in the space of n-tuples H = Rn endowed with the
scalar product (·, ·) = (·, ·)2. Then, the eigenvalues λ1, . . . , λn of B are real, and there is a corresponding
orthonormal system of real eigenvectors w1, . . . , wn with

Bwj = λjwj , (wj , wk) = δjk, j, k = 1, . . . , n.
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Proof. First, we consider B in the space of n-tuples Fn = Cn. Then, the proof follows from
[5, (15), p.91], where the eigenvectors can be elements of Cn. Now, wj = Rewj + iImwj =

w
(r)
j + iw

(i)
j , j = 1, . . . , n with w

(r)
j = Rewj and w

(i)
j = Imwj , j = 1, . . . , n. Since wj ̸= 0,

one has w
(r)
j ̸= 0 or w

(i)
j ̸= 0 for j = 1, . . . , n. If one replaces wj ∈ Cn by w

(r)
j if w(r)

j ̸= 0

or wj ∈ Cn by w
(i)
j if w(i)

j ̸= 0 for j = 1, . . . , n, one obtains, after normalization, real normed
eigenvectors wj , j = 1, . . . , n. They are orthonormal or can be made orthonormal. To see this,
consider two eigenvalues λk ̸= λl. Then, λk(wk, wl) = (λkwk, wl) = (Bwk, wl) = (wk, Bwl) =
(wk, λlwl) = λl(wk, wl) leading to (λk − λl)(wk, wl) = 0 or (wk, wl) = 0. For λk = λl, the
Gram-Schmidt procedure delivers orthonormal, real eigenvectors wk, wl. □

We mention that we have included the proof of Theorem 2.1 since the last case is usually not
treated explicitly, at least not in engineering literature. From Theorem 2.1, we get the following
theorem.

Theorem 2.2 (Standard eigenvector expansions). Let the matrix B = (bjk)j,k=1,...,n be a real sym-
metric mapping in the space of n-tuples H = Rn endowed with the scalar product (·, ·) = (·, ·)2. Let
λ1, . . . , λn be the real eigenvalues of B, and let w1, . . . , wn be a corresponding orthonormal system of
real eigenvectors so that

Bwj = λjwj , (wj , wk) = δjk, j, k = 1, . . . , n.

Then, the following eigenvector expansions hold:

u =

n∑
j=1

(u,wj)wj , u ∈ H,

Bu =

n∑
j=1

λj(u,wj)wj , u ∈ H.

Proof. The proof follows immediately from Theorem 2.1. □

(ii) Special Case When λj = 0 for j = m+ 1, . . . , n
Let m ∈ N with 1 ≤ m < n. Then, we consider the special case

λj ̸= 0, j = 1, . . . ,m, λj = 0, j = m+ 1, . . . , n.

Set
Mm = [w1, . . . , wm], M0 = [wm+1, . . . , wn].

Then,
H = Mm ⊕M0

with
M0 = M⊥

m.

This situation leads to the subsequent corollary.

Corollary 2.1 (Displayed eigenvector expansions in special case). In the above special case, the
following eigenvector expansions for u and Bu are valid:

u =

m∑
j=1

(u,wj)wj + P0u, u ∈ H
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where P0 : H 7→ N(B) is the projection of H on the null space N(B) and where P0 is defined by

P0u =

n∑
j=m+1

(u,wj)wj , u ∈ H.

Further,

Bu =

m∑
j=1

λj(u,wj)wj , u ∈ H.

Proof. We show that P0 : H 7→ N(B) and that it is a projection. First,

B(P0u) =B

 n∑
j=m+1

(u,wj)wj

 =

n∑
j=m+1

(u,wj)Bwj

=

n∑
j=m+1

(u,wj)0wj = 0, u ∈ H

so that B : H 7→ N(B). Further, u′ := P0u is uniquely determined by the representation of P0u
and is therefore a projection according to Subsection 2.1. Next, we have

Bu =B

 m∑
j=1

(u,wj)wj +

n∑
j=m+1

(u,wj)wj


=

m∑
j=1

(u,wj)Bwj +

n∑
j=m+1

(u,wj)Bwj

=

m∑
j=1

(u,wj)λjwj +

n∑
j=m+1

(u,wj)0wj

=

m∑
j=1

(u,wj)λjwj , u ∈ H.

□

By the way,
• we have M0 = M⊥

m and thus H = Mm ⊕M0 = Mm ⊕M⊥
m,

• the standard eigenvector expansions in Theorem 2.2 remain valid, of course, but are
less precise,

• the displayed eigenvector expansions for u and Bu in Corollary 2.1 were inspired by
the first vector expansion in [6, Satz 7.3, p.34] as well as the first vector expansion in [6,
Satz 7.2, p.32], as the case may be.

(iii) Invertibility of the Operator B on Mm

We have BMm ⊂ Mm, that is, Mm is invariant under the linear operator B. This leads to the
following theorem.

Theorem 2.3 (Eigenvector expansion of B−1 on Mm). In the above special case, the n × n-matrix
B restricted to Mm is invertible and has the eigenvector expansion

B−1u =

m∑
j=1

1

λj
(u,wj)wj , u ∈ Mm.
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Proof. To prove this, let u ∈ Mm. Then,

u =

m∑
j=1

(u,wj)wj =

m∑
j=1

λj(u,wj)
1

λj
wj

=

m∑
j=1

λj(u,wj)B
−1wj = B−1

 m∑
j=1

λj(u,wj)wj


=B−1(Bu) = (B−1B)u, u ∈ Mm

so that B has a left inverse on Mm. Similarly,

u =

m∑
j=1

(u,wj)wj =

m∑
j=1

1

λj
(u,wj)λjwj

=

m∑
j=1

1

λj
(u,wj)Bwj = B

 m∑
j=1

1

λj
(u,wj)wj


=B(B−1u) = (BB−1)u, u ∈ Mm

so that B has a right inverse on Mm. On the whole, we have proven that B has an inverse on
Mm that commutes with B. □

We mention that in the case m = n, one has Mm = H . Then, it follows that B is invertible
on H .

2.3. Gram-Schmidt Orthonormalization. We have the following theorem.

Theorem 2.4 (Gram-Schmidt orthonormalization process). Let E be a vector space over the field
F = R or F = C endowed with the scalar product (·, ·). Further, let u1, . . . , um be a system of linearly
independent vectors in E. Then, from the formulae

v1 = u1, w1 = 1
∥v1∥v1

vj = uj −
j−1∑
k=1

(u,wk)wk, wj =
1

∥vj∥vj , j = 2, . . . ,m

an orthogonal system v1, . . . , vm and an orthonormal system w1, . . . , wm are obtained and are such that

Mj = [u1, . . . , uj ] = [v1, . . . , vj ] = [w1, . . . , wj ], j = 1, . . . ,m.

Proof. See [5, Section 7.1(3), p.111]. □

2.4. Toeplitz Sinc Matrices. In this subsection, we collect the important properties of Toeplitz
sinc matrices obtained in [4] and [7]. They serve, in Section 4, to test whether the power method
combined with the method of deflation are appropriate in computing the eigenvalues and as-
sociated eigenvectors with a given precision. Many verbatim passages in this subsection are
taken from [4].
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A Toeplitz sinc matrix A(t) = An(t) = A(t, n) is defined as

(2.1) A(t) = A(t, n) =


s(0) s(t) s(2 t) · · · s((n− 2) t) s((n− 1) t)
s(t) s(0) s(t) · · · s((n− 3) t) s((n− 2) t)
s(2 t) s(t) s(0) · · · s((n− 3) t)

...
s((n− 1) t) s((n− 2) t) · · · s(t) s(0)


where 0 < t < 1 and s(0) = 1 as well as s(t) = sinc(t) = sin(πt)/(πt). From [7, Theorem 2.2], it
follows that this matrix is positive definite by setting there t1 = 0, ti = (i−1) t, i = 2, . . . , n and
taking into account that s(−t) = s(t) for 0 < t < 1. As t gets smaller, the condition number of
this matrix deteriorates quickly. As a rule, this leads to numerical problems, for instance, when
one wants to compute the eigenvalues and associated eigenvectors. For the above Toeplitz sinc
matrix, we state the following theorem.

Theorem 2.5. Let the matrix A(t) = An(t) = A(t, n) in (2.1) be given. Further, let the eigenvalues
µj(t) = µj(A(t)) = µj(An(t)), j = 1, . . . , n be arranged according to

(2.2) µ1(t) ≥ µ2(t) ≥ · · · ≥ µn(t).

Then, the limits

(2.3) A := lim
t→0

A(t)

as well as

(2.4) µj = µj(A) := lim
t→0

µj(t) = lim
t→0

µj(A(t)), j = 1, . . . , n

exist and

(2.5) A = An = lim
t→0

A(t) = lim
t→0

An(t) =



1 1 1 · · · 1 1
1 1 1 · · · 1 1
1 1 1 · · · 1 1

...
1 1 1 · · · 1 1


.

Further, the limits in (2.4) are eigenvalues of A, and with appropriate enumeration of the eigenvalues
µj := µj(A), j = 1, . . . , n, one has

(2.6) lim
t→0

µ1(A(t)) = lim
t→0

µ1(An(t)) = µ1(A) = µ1 = n,

(2.7) lim
t→0

µj(A(t)) = lim
t→0

µj(An(t)) = µj(A) = µj = 0, j = 2, . . . , n.

Proof. See [4, Theorem 2.1]. □

We continue with comments on these results. For the special limits limt→ 0 s(t) and limt→ 1 s(t),
one obtains

lim
t→ 0

s(t) = lim
t→ 0

sin(πt)

πt
= 1 and lim

t→ 1
s(t) = lim

t→ 1

sin(πt)

πt
= 0.

Further, the limit of the condition number κ2(t) = µ1(t)/µn(t) is given by

lim
t→ 0

κ2(t) = ∞
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which indicates that problems might arise in numerical computations involving Toeplitz sinc
matrices for small values of t in 0 < t < 1. But, we have seen in Theorem 2.5 that the eigen-
values of the limit matrix A = limt→ 0 A(t) = limt→ 0 An(t) are given by µ1(A) = n and
µj(A) = 0, j = 2, . . . , n.

Moreover, a set of eigenvectors u1, . . . , un of A is given by

U = [u1 |u2, . . . , un] =



1 1 0 · · · 0 0
1 −1 1 · · · 0 0
1 0 −1 · · · 0 0
1 0 0 · · · 0 0

...
1 0 0 · · · 1 0
1 0 0 · · · −1 1
1 0 0 · · · 0 −1


with the property rank(U) = n as well as

(u1, u1) = n, (u1, uj) = 0, j = 2, . . . , n,

see [4, Section 8, for n = 5] where we used the corresponding normed vectors, instead. Here,
u1 is eigenvector associated with the largest eigenvalue µ1 = µ1(A) = n, and uj , j = 2, . . . , n
are eigenvectors associated with the eigenvalues µj = µj(A) = 0, j = 2, . . . , n. Starting from
these eigenvectors, applying the Gram-Schmidt process to u1, . . . , un, orthonormal eigenvec-
tors w1, . . . , wn with [w1, . . . , wn] = [u1, . . . , un] can be found. This will be exploited in Section
5.

3. POWER METHOD FOR REAL SYMMETRIC MATRICES WITH NON-NEGATIVE EIGENVALUES

This section discusses the power method for symmetric real n × n-matrices B with non-
negative eigenvalues λj , j = 1, . . . , n arranged in descending order. Since this method deter-
mines the largest positive eigenvalue, it is clear that among the eigenvalues must be at least a
positive one. Otherwise, all eigenvalues were equal to zero, a particular case that is not further
investigated in this paper since it does not seem to have interesting applications.

In the following, we give a detailed account of the convergence of the power method ex-
hibiting that - under mild conditions - it computes the largest positive eigenvalue and a corre-
sponding normed eigenvector.

All other positive eigenvalues and associated orthonormal eigenvectors can be obtained by
the power method when it is combined with the method of deflation, the last one being de-
scribed in the next section. We take over most passages from [5, Subsection 10.1.1] on the power
method for symmetric matrices B ∈ Rn×n with non-negative eigenvalues λj , j = 1, . . . , n ar-
ranged according to

(3.8) λ1 ≥ λ2 ≥ . . . λn ≥ 0.

However, the presentation is much more elaborate. The power method or von Mises method
considers, first, for an arbitrarily chosen, but fixed initial vector u(0) ̸= 0 in Fn = Rn, the
corresponding sequence of iterated vectors

u(ı+1) = Bu(ı), ı = 0, 1, 2, . . . .
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Using the orthonormal basis of eigenvectors of B, one can express, with u(0) = u, these iterated
vectors as

(3.9) u(ı) = Bıu =

n∑
k=1

λı
k(u,wk)wk, ı = 0, 1, 2, . . . .

If the initial vector u = u(0) satisfies the hypothesis

u(1) = Bu(0) ̸= 0 or equivalently ∥u(1)∥2 = ∥Bu∥2 =

n∑
k=1

λ2
k|(u,wk)|2 > 0,

then there is a natural number m such that

(3.10) λm(u,wm) ̸= 0, λk(u,wk) = 0, k < m.

In the expression (3.9) for u(ı), we assume that λ = λm is the largest positive eigenvalue that
occurs, and for sufficiently large values of ı the terms in λk = λ dominate the other terms with
λk < λ as far as these occur in the summation. Accordingly, we split up the sum in (3.9), and
writing

(3.11) λ = λm > 0, z =

n∑
k=m
λk=λ

(u,wk)wk, r(ı) =

n∑
k=m
λk<λ

(
λk

λ

)ı

(u,wk)wk,

we can express the iterated vectors u(ı) as

(3.12) u(ı) = λı(z + r(ı)), ı = 1, 2, . . . .

From the representation in (3.11), we see that the vector z is orthogonal to r(ı), and so the
relation

(3.13) ∥u(ı)∥ = λı(∥z∥2 + ∥r(ı)∥2) 1
2 , ı = 1, 2, . . .

holds. The vector z is a linear combination of the orthonormal eigenvectors of B for the eigen-
value λ = λm, and by condition (3.10), z ̸= 0, and so z is an eigenvector corresponding to the
eigenvalue λ, i.e.,

Az = λz, z ̸= 0.

Let λ′ be the largest positive eigenvalue of B with λ′ = λk < λm = λ for k = m + 1, . . . , n if
there is such a one, and otherwise let λ′ = 0. Then, the vectors r(ı) in (3.11) converge to zero
according to the estimate

(3.14) 0 ≤ q =
λ′

λ
< 1, ∥r(ı)∥ ≤ qı∥r(0)∥ → 0 (ı → ∞).

As a result of these considerations, we therefore have the convergence of the normalized iter-
ated vectors

v(ı) =
u(ı)

∥u(ı)∥
=

z + r(ı)

∥z + r(ı)∥
→ z

∥z∥
= w (ı → ∞),

i.e., convergence to the normalized eigenvector w = z/∥z∥ of B corresponding to the eigen-
value λ. We determine the corresponding approximations to the eigenvalue by means of the
Rayleigh quotients of B in the form

ϱ(u(ı)) =
(Bu(ı), u(ı))

∥u(ı)∥2
= (Bv(ı), v(ı)) = ϱ(v(ı)), ı = 0, 1, 2, . . . ,

and we continue with a two-sided estimate on (Bu(ı), u(ı)) contained in the following lemma.
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Lemma 3.1 (Two-sided estimate on (Bu(ı), u(ı))). From the representation

u(ı) = Bıu =

n∑
k=1

λı
k(u,wk)wk, ı = 0, 1, 2, . . . ,

we obtain the two-sided estimate

λ2ı+1∥z∥2 ≤ (Bu(ı), u(ı)) ≤
n∑

k=1

λ2ı+1
k |(u,wk)|2 ≤ λ ∥u(ı)∥2, ı = 0, 1, 2, . . . .

Proof. One has

Bu(ı) = B[λı(z + r(ı)) ] = λı[Bz +Br(ı) ] = λı[λz +Br(ı) ] = λı+1z + λıBr(ı),

where z ⊥ Br(ı), ı = 0, 1, 2, . . . due to the representation (3.11). Herewith, we can express the
iterated vectors u(ı) as

u(ı) = λı(z + r(ı)), ı = 0, 1, 2, . . .

leading to

(Bu(ı), u(ı)) =(λı+1z + λıBr(ı), λı(z + r(ı)))

=λ2ı+1(z, z) + λ2ı+1 (z, r(ı))︸ ︷︷ ︸
=0

+λ2ı (Br(ı), z)︸ ︷︷ ︸
=0

+λ2ı (Br(ı), r(ı))︸ ︷︷ ︸
≥0

≥λ2ı+1∥z∥2, ı = 0, 1, 2, . . .

so that we have the lower estimate

λ2ı+1∥z∥2 ≤ (Bu(ı), u(ı)), ı = 0, 1, 2, . . . .

Further,

Bu(ı) = BBıu =

n∑
k=1

λı
k(u,wk)Bwk =

n∑
k=1

λı+1
k (u,wk)wk, ı = 0, 1, 2, . . .

so that with λk ≤ λ,

(Bu(ı), u(ı)) =

n∑
k=1

λ2ı+1
k |(u,wk)|2 ≤ λ

n∑
k=1

λ2ı
k |(u,wk)|2 = λ ∥u(ı)∥2, ı = 0, 1, 2, . . . .

Thus we get, indeed, the upper bound

(Bu(ı), u(ı)) =

n∑
k=1

λ2ı+1
k |(u,wk)|2 ≤ λ ∥u(ı)∥2, ı = 0, 1, 2, . . . .

□

From the upper bound in Lemma 3.1, we see that

0 ≤ λ− (Bu(ı), u(ı))

∥u(ı)∥2
= λ− ϱ(u(ı)) = λ− ϱ(v(ı)), ı = 0, 1, 2, . . . ,

i.e.,
0 ≤ λ− ϱ(v(ı)), ı = 0, 1, 2, . . . .

In the next lemma, we estimate the right-hand side further from above.
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Lemma 3.2 (Estimate from above on 0 ≤ λ − ϱ(v(ı)), ı = 0, 1, 2, . . . ). For 0 ≤ λ − ϱ(v(ı)), ı =
0, 1, 2, . . . , we obtain the upper estimate

(3.15) 0 ≤ λ− ϱ(v(ı)) ≤ λ q2ı
∥r(0)∥2

∥z∥2
, ı = 0, 1, 2, . . . .

Proof. We depart from the expression for (Bu(ı), u(ı))/∥u(ı)∥2 yielding with u(ı) = λı(z + r(ı)),

(Bu(ı), u(ı))

∥u(ı)∥2
=
(B[λı(z + r(ı)) ], λı[z + r(ı)])

(λı(z + r(ı)), λı(z + r(ı)))
=

(B(z + r(ı)), z + r(ı))

(z + r(ı), z + r(ı))

=
(λ z +Br(ı), z + r(ı))

(z + r(ı), z + r(ı))
, ı = 0, 1, 2, . . . .

Now, z ⊥ r(ı) leading to

(z + r(ı), z + r(ı)) = ∥z + r(ı)∥2 = ∥z∥2 + ∥r(ı)∥2 ≥ ∥z∥2

and
(λz +Br(ı), z + r(ı)) = λ ∥z∥2 + (Br(ı), r(ı)).

Hereby,
(Bu(ı), u(ı))

∥u(ı)∥2
=

λ ∥z∥2 + (Br(ı), r(ı))

∥z∥2 + ∥r(ı)∥2
.

This yields

0 ≤λ− ϱ(v(ı)) = λ− ϱ(u(ı)) = λ− (Bu(ı), u(ı))

∥u(ı)∥2
= λ− λ ∥z∥2 + (Br(ı), r(ı))

∥z∥2 + ∥r(ı)∥2

=
λ [ ∥z∥2 + ∥r(ı)∥2 ]− [λ ∥z∥2 + (Br(ı), r(ı)) ]

∥z∥2 + ∥r(ı)∥2
=

λ ∥r(ı)∥2 − (Br(ı), r(ı))

∥z∥2 + ∥r(ı)∥2

≤ λ ∥r(ı)∥2

∥z∥2 + ∥r(ı)∥2
≤ λ

∥r(ı)∥2

∥z∥2
≤ λ q2ı

∥r(0)∥2

∥z∥2
, ı = 0, 1, 2, . . . .

□

Accordingly, in the power method or the von Mises method, for initial vectors u(0) such that
u(1) = Bu(0) ̸= 0, we determine the sequence of corresponding normalized iterated vectors.
These are calculated from the recurrence relation

v(0) =
u(0)

∥u(0)∥
and

(3.16) v(ı+1) =
1

∥Bv(ı)∥
Bv(ı), ı = 0, 1, 2, . . .

that follows immediately from the equation

v(ı+1) =
u(ı+1)

∥u(ı+1)∥
=

Bu(ı)

∥Bu(ı)∥
=

Bv(ı)

∥Bv(ı)∥
, ı = 0, 1, 2, . . .

The denominators ∥Bv(ı)∥ are always non-zero due to (3.13) and z ̸= 0. From the convergence
of the normalized iterated vectors to the eigenvector z/∥z∥ of B corresponding to the eigen-
value λ > 0, we get the convergence

∥Bv(ı)∥ → λ (ı → ∞)
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since ∥Bw∥ = |λ| ∥w∥ = λ, and so the numbers ∥Bv(ı)∥ also determine approximations to the
eigenvalue λ. From these derivations, we have the following theorem.

Theorem 3.6 (Convergence theorem with a priori error estimates). Let the matrix B = (bjk) ∈
Rn×n be symmetric with non-negative eigenvalues, H = Rn be endowed with the ordinary scalar
product (·, ·) = (·, ·)2, the eigenvalues λj , j = 1, . . . , n be arranged according to

λ1 ≥ λ2 ≥ . . . ,≥ λn ≥ 0,

and let the associated mutually orthonormal eigenvectors be

w1, w2, . . . , wn.

Then, for every initial vector u = u(0) such that Bu(0) ̸= 0, the corresponding sequence (3.16) of
iterated vectors v(ı) converges to the eigenvector w = z/∥z∥ of B corresponding to the largest eigenvalue
λ = λm > 0 satisfying the condition (3.10). The following a priori error estimate holds:

(3.17) ∥v(ı) − w∥ ≤ γqı, ı = 0, 1, 2, . . .

where 0 ≤ q ≤ λ′

λ
< 1 and γ = ∥r(0)∥/∥z∥. The sequence of corresponding Rayleigh quotients ϱ(v(ı))

converges to the eigenvalue λ with the a priori error estimate

(3.18) 0 ≤ 1

λ
(λ− ϱ(v(ı)) ≤ γ2 q2ı, ı = 0, 1, 2, . . . .

Proof. The relation (3.17) is obtained as follows. We have

∥v(ı) − w∥2 = 2− 1

∥z∥
[(v(ı), z) + (z, v(ı))] = 2− 2

∥z∥
(v(ı), z) ı = 0, 1, 2, . . . .

Now, since z ⊥ r(ı),

(v(ı), z) =
(u(ı), z)

∥u(ı)∥
=

(z + r(ı), z)

∥z + r(ı)∥
=

∥z∥2

∥z + r(ı)∥
, ı = 0, 1, 2, . . . .

This leads to

∥v(ı) − w∥2 =2− 2

∥z∥
∥z∥2

∥z + r(ı)∥
= 2− 2 ∥z∥

∥z + r(ı)∥
=

2 ∥z + r(ı)∥ − 2 ∥z∥
∥z + r(ı)∥

≤ 2

∥z∥
(∥z + r(ı)∥ − ∥z∥) = 2

∥z∥
∥z + r(ı)∥2 − ∥z∥2

∥z + r(ı)∥+ ∥z∥
≤ 2

∥z∥
∥r(ı)∥2

2 ∥z∥

for ı = 0, 1, 2, . . . . Hence, by means of (3.14), the a priori inequality follows

∥v(ı) − w∥2 ≤ ∥r(ı)∥2

∥z∥2
≤ q2 ı ∥r(0)∥2

∥z∥2
, ı = 0, 1, 2, . . . .

This delivers (3.17). The estimate (3.18) follows directly from (3.15). □

Since ∥v(ı)∥ = 1, the squares of the eigenvalue approximations ∥Bv(ı)∥ are the Rayleigh
quotients of the matrix B2,

∥Bv(ı)∥2 = (Bv(ı), Bv(ı)) = (B2v(ı), v(ı)) =
(B2v(ı), v(ı))

∥v(ı)∥2
, ı = 0, 1, 2, . . . .
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Here, it is of interest that these eigenvalue approximations form a monotone sequence as may
be seen from this expression by using the Schwarz inequality

(3.19)
∥Bv(ı)∥ =

∥Bv(ı)∥2

∥Bv(ı)∥
=

(Bv(ı), Bv(ı))

∥Bv(ı)∥
=

(B2v(ı), v(ı))

∥Bv(ı)∥
=

(Bv(ı+1), v(ı))

∥v(ı+1)∥
=(Bv(ı+1), v(ı)) ≤ ∥Bv(ı+1)∥, ı = 0, 1, 2, . . . .

In Section 5, we apply the power method to positive definite matrices B so that λ1 ≥ λ2 ≥
· · · ≥ λn > 0. Additionally, we choose u(0) = u such that (u,w1) ̸= 0 in (3.10) so that λm = λ1.
The further eigenvalues λj > 0, j = 2, . . . , n are determined by the power method combined
with the method of deflation. The last one is discussed in the next section.

4. METHOD OF DEFLATION

Let B ∈ Rn×n be a positive definite matrix with the eigenvalues λ1, λ2, . . . , λn arranged such
that λ1 ≥ λ2 ≥ · · · ≥ λn > 0, and let w1, w2, . . . , wn be an associated orthonormal system of
real eigenvectors.

Most important in the method of deflation is the use of projection operators Pj ∈ Rn×n, j =
1, . . . , n in the vector space H = Rn endowed with the ordinary scalar product (·, ·) = (·, ·)2.
For this, we depart from the eigenvector expansions

u =

n∑
j=1

(u,wj)wj , u ∈ H,

Bu =

n∑
j=1

λj(u,wj)wj , u ∈ H.

Next, we rewrite the expressions (u,wj)wj , j = 1, . . . , n in the form (u,wj)wj = Pju, j =
1, . . . , n so that

u =

n∑
j=1

Pju, u ∈ H,

Bu =

n∑
j=1

λjPju, u ∈ H,

and use the obtained projection operators (i.e. n×n- projection matrices) Pj ∈ Rn×n to construct
from B = B0 and with the obtained projections Pj the deflated matrices Bj = Bj−1−λjPj , j =
1, 2, . . . , n where it will be shown that Bj has the eigenvalues λk > 0, k = j + 1, . . . , n and
λk = 0, k = 1, . . . , j. Now, the details follow.

Let B = (Bjk) ∈ Rn×n be a positive definite matrix with eigenvalues λj > 0, j = 1, . . . , n in
descending order and associated orthonormal eigenvectors that can be chosen real as we know
from Theorem 2.1. Further, we have the above eigenvector expansions

u =

n∑
j=1

(u,wj)wj , u ∈ H,

Bu =

n∑
j=1

λj(u,wj)wj , u ∈ H.
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Next, let wT
j be the transpose corresponding to the column vector wj for j = 1, . . . , n. Herewith,

we rewrite (u,wj)wj in the form

(u,wj)wj = (wT
j u)wj = wj(w

T
j u) = (wjw

T
j )u, u ∈ H

for j = 1, . . . , n. The matrices

Pj = wjw
T
j ∈ Rn×n, j = 1, . . . , n

are projection operators with the property

PjPk = δjkPk, j, k = 1, . . . , n.

Further, we have

u =

n∑
j=1

(u,wj)wj =

n∑
j=1

(Pju) = (

n∑
j=1

Pj)u, u ∈ H

or

I =

n∑
j=1

Pj

as well as

Bu =

n∑
j=1

λj(u,wj)wj =

n∑
j=1

λj(Pju) = (

n∑
j=1

λjPj)u, u ∈ H

or

B =

n∑
j=1

λjPj .

This expression is the starting point for the method of deflation which we take essentially from
[5, Section 10.1.2, last paragraph on p. 185]. But, we restrict ourselves to the ordinary scalar
product (·, ·) = (·, ·)2 as opposed to the weighted scalar product (u, v) = (Cu, v)2, u, v ∈ Rn

with positive definite C ∈ Rn×n applied there.
The derivation of the method of deflation is as follows: We rewrite the projection expansion

of B in the form

B − λ1P1 =

n∑
j=2

Pj .

With the deflated matrix B1 = B − λ1P1, we obtain

B1 =

n∑
j=2

Pj .

Then, we get
B1w1 = (B − λ1P1)w1 = Bw1 − λ1w1 = 0.

This means that the deflated matrix B1 has the eigenvalues λj > 0, j = 2, . . . , n, λ1 = 0.
Further, for the null space N(B1), we obtain N(B1) = [w1]. In the next step, we form the
deflated matrix B2 defined by

B2 =

n∑
j=3

λjPj =

n∑
j=2

λjPj − λ2P2 = B1 − λ2P2.
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Then,

B2wk =

n∑
j=3

λjPjwk = λjδjkwk, j, k = 1, . . . , n

which means that the deflated matrix B2 has the eigenvalues λj > 0, j = 3, . . . , n, λ1 = 0, λ2 =
0. Further, for the null space N(B2), we obtain N(B2) = [w1, w2].

Generalizing this process, we determine the deflated matrix Bm defined by

Bm =

n∑
j=m+1

λjPj =

n∑
j=m

λjPj − λmPm = Bm−1 − λmPm.

Then,

Bmwk =

n∑
j=m+1

λjPjwk = λjδjkwk, j, k = 1, . . . , n

which means that the deflated matrix Bm has the eigenvalues λj > 0, j = m + 1, . . . , n, λ1 =
0, . . . , λm = 0. Further, for the null space N(Bm), we obtain N(Bm) = [w1, . . . , wm]. For
m = n − 1, Bm = Bn−1 has the eigenvalues λn > 0, λ1 = 0, . . . , λn−1 = 0. Further, N(Bm) =
Bn−1 = [w1, . . . , wn−1].

In the special case m = n, all eigenvalues of Bn are equal to zero. Further, N(Bn) =
[w1, . . . , wn] = H = Rn.

5. APPLICATION TO TOEPLITZ SINC MATRICES FOR t = 0.1

In Section 2, we considered symmetric matrices B ∈ Rn×n with non-negative eigenvalues
and an associated set of orthonormal eigenvectors. In Section 3, we studied symmetric matrices
B ∈ Rn×n with positive eigenvalues, i.e., real positive definite matrices.

In this section, we choose for B ∈ Rn×n even more special matrices, namely Toeplitz sinc
matrices An(t) = A(t, n) that are real, positive definite and depend on the time variable t in
0 < t < 1 as well as on n ∈ N with n ≥ 2.

As we shall see later, the power method combined with the method of deflation will de-
liver the eigenvalues and associated eigenvectors, but not in descending order. However, in a
subsequent step, the eigenvalues are sorted such that

λ1 ≥ λ2 ≥ · · · ≥ λn > 0,

i.e., in the desired descending order. At this point, we mention that the eigenvalues λj > 0, j =
1, . . . , n determined by the applied numerical procedure turn out to be all distinct, that is, one
obtains

λ1 > λ2 > · · · > λn > 0

for t = 0.1 and n = 5, n = 10, n = 15 where we used as numerical procedure the power
method combined with the method of deflation as well as for comparison reasons the Matlab
program eig.m.

Further, we note that the eigenvalues and corresponding eigenvectors will be computed
with a prescribed precision. Those eigenvalues in descending order that meet the prescribed
precision criterion are denoted by λj , j = 1, . . . , iq , and the associated eigenvectors are also
exact in the above sense. The inexact eigenvalues λj , j = iq + 1, . . . , n are replaced by λj =
0, j = iq + 1, . . . , n, and associated eigenvectors can easily be provided.

By the prescribed precision, we mean that the computational results are exact in the 5 digits
of the Matlab format shortE given by x.xxxxe−006. To obtain this, we form the quotient vector
q of the Matlab floating-point relative accuracy eps = 2.2204e − 016 and of the eigenvalue
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vector λ (in Matlab: q = eps./λ) whose components are sorted in descending order and are
computed by the power method combined with the method of deflation. Then, we determine
the index iq as the number of the components q(j) of q, such that q(j − 1) < 0.5e − 0.006 and
q(j) > 0.5e− 0.006 for j = 2, . . . , n.

As a consequence, iq is determined such that λj , j = 1, . . . , iq in the Matlab format shortE
x.xxxxe−006 with its 5 significant digits x (1 digit before the decimal point and 4 digits after the
decimal point) are exact to the 5 displayed digits whereas the eigenvalues λj , j = iq + 1, . . . , n
are less than λiq and can thus be set equal to zero.

In order to verify this result, we compute the eigenvalues and eigenvectors also by the Mat-
lab program eig.m. Thereby, we obtain identical results in the 5 significant digits for the first
iq eigenvalues λ1 > λ2 > · · · > λiq and the components of the associated eigenvectors which
confirms that the index iq in correctly determined. The computations are restricted to Toeplitz
sinc matrices A(t, n) with t = 0.1 and n = 5, n = 10, n = 15. But, it should pose no problem
to carry out corresponding computations for other pairs (t, n). When in an applied Matlab
program the input argument tol is required, we have chosen tol = eps.

Note that in Subsection 2.2, we have assumed that λj = 0, j = m+ 1, . . . , n, whereas in this
section we set λj = 0, j = m + 1, . . . , n with m = iq due to the exactness demand. Further,
the equality sign in this section - depending on the context - may mean only equality up to the
exactness criterion in the above-mentioned sense. The largest eigenvalue of the limit matrix
A = lim

0<t<1
t→0

A(t) = lim
0<t<1
t→0

A(t, n) is denoted by µ1 = µ1(A) as well as its normed eigenvector by

w, and we write out the projection matrices Pj , j = 1, . . . , n only for n = 5. The computed
matrices A(t, n) and the corresponding computed eigenvalues µj(t), j = 1, . . . , n are denoted
by B and λj , j = 1, . . . , n, as the case may be.

5.1. The Case n = 5. For t = 0.1 and n = 5, we obtain

A =


1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

 ∈ R5×5,

e =[1 1 1 1 1]T ∈ R5,

µ1 =µ1(A) = 5,

w =(1/
√
n) e,

leading to

w =


4.4721e− 001
4.4721e− 001
4.4721e− 001
4.4721e− 001
4.4721e− 001

 ∈ R5,

B =


1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001
9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001
9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001
8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001
7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000

 ∈ R5×5.
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The vector λ of eigenvalues in descending order computed by the Power Method combined
with the Method of Deflation is given by

λ = [4.6893e+ 000, 3.0768e− 001, 3.0357e− 003, 8.8969e− 006, 8.0081e− 009] ∈ R5,

and the corresponding vector λ computed by the Matlab routine eig.m reads also

λ = [4.6893e+ 000, 3.0768e− 001, 3.0357e− 003, 8.8969e− 006, 8.0081e− 009] ∈ R5.

The power method combined with the method of deflation delivers further

W =


4.3259e− 001 −6.2863e− 001 5.4578e− 001 −3.2377e− 001 1.2244e− 001
4.5424e− 001 −3.2377e− 001 −2.5245e− 001 6.2863e− 001 −4.7952e− 001

4.6160e− 001 −4.9285e− 012 −5.2610e− 001 3.1519e− 013 7.1424e− 001

4.5424e− 001 3.2377e− 001 −2.5245e− 001 −6.2863e− 001 −4.7952e− 001
4.3259e− 001 6.2863e− 001 5.4578e− 001 3.2377e− 001 1.2244e− 001

 ∈ R5×5

with
W = [w1, w2, w3, w4, w5]

where
wj ∈ R5, j = 1, . . . , n = 5

are the eigenvectors of B and where

Pj = wj w
T
j , j = 1, . . . , n = 5

are the associated matrix projections. The eig.m-routine delivers

W =


4.3259e− 001 −6.2863e− 001 5.4578e− 001 3.2377e− 001 −1.2244e− 001

4.5424e− 001 −3.2377e− 001 −2.5245e− 001 −6.2863e− 001 4.7952e− 001

4.6160e− 001 1.2295e− 015 −5.2610e− 001 2.5060e− 012 −7.1424e− 001
4.5424e− 001 3.2377e− 001 −2.5245e− 001 6.2863e− 001 4.7952e− 001

4.3259e− 001 6.2863e− 001 5.4578e− 001 −3.2377e− 001 −1.2244e− 001

 ∈ R5×5.

Comparing the results, setting the underlined (negligible) entries equal to zero, some normed
eigenvectors wj , j = 2, . . . , 5 differ only in the factor −1. Therefore, both computed vectors
wj , j = 1, . . . , (n = 5) are equal as eigenvectors. Written out, we obtain the projection operators

P1 =


1.8713e− 001 1.9650e− 001 1.9968e− 001 1.9650e− 001 1.8713e− 001

1.9650e− 001 2.0633e− 001 2.0968e− 001 2.0633e− 001 1.9650e− 001

1.9968e− 001 2.0968e− 001 2.1307e− 001 2.0968e− 001 1.9968e− 001
1.9650e− 001 2.0633e− 001 2.0968e− 001 2.0633e− 001 1.9650e− 001

1.8713e− 001 1.9650e− 001 1.9968e− 001 1.9650e− 001 1.8713e− 001

 ∈ R5×5,

P2 =


3.9518e− 001 2.0353e− 001 3.0982e− 012 −2.0353e− 001 −3.9518e− 001
2.0353e− 001 1.0482e− 001 1.5957e− 012 −1.0482e− 001 −2.0353e− 001

3.0982e− 012 1.5957e− 012 2.4290e− 023 −1.5957e− 012 −3.0982e− 012

−2.0353e− 001 −1.0482e− 001 −1.5957e− 012 1.0482e− 001 2.0353e− 001
−3.9518e− 001 −2.0353e− 001 −3.0982e− 012 2.0353e− 001 3.9518e− 001

 ∈ R5×5,

P3 =


2.9788e− 001 −1.3778e− 001 −2.8714e− 001 −1.3778e− 001 2.9788e− 001

−1.3778e− 001 6.3732e− 002 1.3282e− 001 6.3732e− 002 1.3778e− 001

−2.8714e− 001 1.3282e− 001 2.7678e− 001 1.3282e− 001 −2.8714e− 001
−1.3778e− 001 6.3732e− 002 1.3282e− 001 6.3732e− 002 −1.3778e− 001

2.9788e− 001 −1.3778e− 001 −2.8714e− 001 −1.3778e− 001 2.9788e− 001

 ∈ R5×5,

P4 =


1.0482e− 001 −2.0353e− 001 −1.0205e− 013 2.0353e− 001 −1.0482e− 001

−2.0353e− 001 3.9518e− 001 1.9814e− 013 −3.9518e− 001 2.0353e− 001
−1.0205e− 013 1.9814e− 013 9.9344e− 026 −1.9814e− 013 1.0205e− 013

2.0353e− 001 −3.9518e− 001 −1.9814e− 013 3.9518e− 001 −2.0353e− 001

−1.0482e− 001 2.0353e− 001 1.0205e− 013 −2.0353e− 001 1.0482e− 001

 ∈ R5×5,
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P5 =


1.4993e− 002 −5.8714e− 002 8.7455e− 002 −5.8714e− 002 1.4993e− 002

−5.8714e− 002 2.2994e− 001 −3.4249e− 001 2.2994e− 001 −5.8714e− 002

8.7455e− 002 −3.4249e− 001 5.1014e− 001 −3.4249e− 001 8.7455e− 002
−5.8714e− 002 2.2994e− 001 −3.4249e− 001 2.2994e− 001 −5.8714e− 002

1.4993e− 002 −5.8714e− 002 8.7455e− 002 −5.8714e− 002 1.4993e− 002

 ∈ R5×5.

This entails the standard eigenvector expansions for u and Bu, namely

u =

5∑
j=1

(u,wj)wj , u ∈ H = R5

and

Bu =

5∑
j=1

λj (u,wj)wj , u ∈ H = R5.

Correspondingly, using

(u,wj)wj = (wT
j u)wj = wj (w

T
j u) = (wj w

T
j )u = Pj u, u ∈ H = R5, j = 1, . . . , n = 5,

we obtain the standard projection-matrix expansions for the matrices I and B themselves,
namely

I =

n=5∑
j=1

Pj

and

B =

n=5∑
j=1

λj Pj .

5.2. The Case n = 10. For t = 0.1 and n = 10, we obtain

A =



1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1


∈ R10×10,

e =[1 1 1 1 1 1 1 1 1 1]T ∈ R10,

µ1 =µ1(A) = 10,

w =(1/
√
n) e,



Linear algebra and power method combined with method of deflation applied to Toeplitz sinc matrices 103

leading to

w =



3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001
3.1623e− 001


∈ R10,

B =[Bl |Br]

where

Bl =



1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001
9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001

9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001

8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001
7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000

6.3662e− 001 7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001
5.0455e− 001 6.3662e− 001 7.5683e− 001 8.5839e− 001 9.3549e− 001

3.6788e− 001 5.0455e− 001 6.3662e− 001 7.5683e− 001 8.5839e− 001

2.3387e− 001 3.6788e− 001 5.0455e− 001 6.3662e− 001 7.5683e− 001
1.0929e− 001 2.3387e− 001 3.6788e− 001 5.0455e− 001 6.3662e− 001


∈ R10×5,

Br =



6.3662e− 001 5.0455e− 001 3.6788e− 001 2.3387e− 001 1.0929e− 001

7.5683e− 001 6.3662e− 001 5.0455e− 001 3.6788e− 001 2.3387e− 001
8.5839e− 001 7.5683e− 001 6.3662e− 001 5.0455e− 001 3.6788e− 001

9.3549e− 001 8.5839e− 001 7.5683e− 001 6.3662e− 001 5.0455e− 001
9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001 6.3662e− 001

1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001

9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001
9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001

8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001

7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000


∈ R10×5,

λ =[λl |λr],

λl = [7.8465e+ 000, 2.0423e+ 000, 1.0926e− 001, 1.8886e− 003, 1.5966e− 005] ∈ R5,

λr = [7.5864e− 008 2.1201e− 010, 3.4535e− 013, 1.1076e− 015, 5.4224e− 018] ∈ R5.

Determination of iq = 7 in Matlab:
Form the quotient vector q of the Matlab quantity eps = 2.2204e− 016 and of the sorted vector
λ computed by the power method combined with the method of deflation. Then, determine iq
as the number of the components of q such that q(j − 1) < 0.5e − 006 and q(j) > 0.5e − 006
for j = 2 . . . , (n = 10). As a consequence, iq is determined such that λj , j = 1, . . . , iq in the
Matlab format shortE, given by x.xxxxe − 006 with its 5 significant digits (1 digit before the
decimal point and 4 digits after the decimal point) are exact whereas the eigenvalues λj , j =
iq + 1, . . . , (n = 10) are less than λiq as well as are considered being inexact; they therefore
can be set equal to zero. The eigenvalues for j = 1, . . . , iq = 7 being exact in this sense are
underlined above.

Correspondingly, the associated eigenvectors for λj , j = iq +1, . . . , (n = 10) = 8, 9, (n = 10)
are also considered being inexact. But, as we shall see below, sets of linearly independent
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eigenvectors associated with the eigenvalues λj = 0, j = iq + 1, . . . , (n = 10) = 8, 9, (n = 10)
can be given without difficulty. Thus,

iq = 7.

For comparison reasons, we apply also the Matlab routine eig.m giving

λl = [7.8465e+ 000, 2.0423e+ 000, 1.0926e− 001, 1.8886e− 003, 1.5966e− 005] ∈ R5,

λr = [7.5864e− 008, 2.1201e− 010, 3.4521e− 013, 2.7815e− 016, 1.2737e− 016] ∈ R5.

Now, the columns of the following matrix U form a basis of eigenvectors of the limit matrix
A (the first column is eigenvector associated with the largest eigenvalue µ1 = µ1(A) = n =
10, the other columns are eigenvectors associated with the eigenvalues µj = µj(A) = 0, j =
2, . . . , (n = 10):

U =



1 1 0 0 0 0 0 0 0 0
1 −1 1 0 0 0 0 0 0 0
1 0 −1 1 0 0 0 0 0 0
1 0 0 −1 1 0 0 0 0 0
1 0 0 0 −1 1 0 0 0 0
1 0 0 0 0 −1 1 0 0 0
1 0 0 0 0 0 −1 1 0 0
1 0 0 0 0 0 0 −1 1 0
1 0 0 0 0 0 0 0 −1 1
1 0 0 0 0 0 0 0 0 −1


∈ R10×10.

Next, we replace the first iq = 7 columns by the eigenvectors computed by the power method
combined with the method of deflation. This leads to

U = [Ul |Ur]

where

Ul =



2.5812e− 001 4.6675e− 001 5.4006e− 001 −4.7703e− 001 3.5511e− 001

2.9405e− 001 3.9338e− 001 2.2361e− 001 1.1321e− 001 −3.9522e− 001
3.2291e− 001 2.9807e− 001 −3.9039e− 002 3.6088e− 001 −3.2820e− 001

3.4308e− 001 1.8592e− 001 −2.2680e− 001 3.3467e− 001 4.1481e− 002

3.5346e− 001 6.3176e− 002 −3.2461e− 001 1.3187e− 001 3.2904e− 001
3.5346e− 001 −6.3176e− 002 −3.2461e− 001 −1.3187e− 001 3.2904e− 001

3.4308e− 001 −1.8592e− 001 −2.2680e− 001 −3.3467e− 001 4.1481e− 002
3.2291e− 001 −2.9807e− 001 −3.9039e− 002 −3.6088e− 001 −3.2820e− 001

2.9405e− 001 −3.9338e− 001 2.2361e− 001 −1.1321e− 001 −3.9522e− 001

2.5812e− 001 −4.6675e− 001 5.4006e− 001 4.7703e− 001 3.5511e− 001


∈ R10×5,

Ur =



−2.2686e− 001 1.2336e− 001 0 0 0

5.0123e− 001 −4.3495e− 001 0 0 0
−1.8605e− 002 3.7956e− 001 0 0 0

−3.8786e− 001 2.3917e− 001 0 0 0
−2.1569e− 001 −3.0713e− 001 0 0 0

2.1569e− 001 −3.0713e− 001 0 0 0

3.8786e− 001 2.3917e− 001 1.0000e+ 000 0 0
1.8605e− 002 3.7956e− 001 −1.0000e+ 000 1.0000e+ 000 0

−5.0123e− 001 −4.3495e− 001 0 −1.0000e+ 000 1.0000e+ 000

2.2686e− 001 1.2336e− 001 0 0 −1.0000e+ 000


∈ R10×5.

Gram-Schmidt orthonormalization with the last U as input and W as output delivers

W = [Wl |Wr]
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where

Wl =



2.5812e− 001 4.6675e− 001 5.4006e− 001 −4.7703e− 001 3.5511e− 001
2.9405e− 001 3.9338e− 001 2.2361e− 001 1.1321e− 001 −3.9522e− 001

3.2291e− 001 2.9807e− 001 −3.9039e− 002 3.6088e− 001 −3.2820e− 001

3.4308e− 001 1.8592e− 001 −2.2680e− 001 3.3467e− 001 4.1481e− 002
3.5346e− 001 6.3176e− 002 −3.2461e− 001 1.3187e− 001 3.2904e− 001

3.5346e− 001 −6.3176e− 002 −3.2461e− 001 −1.3187e− 001 3.2904e− 001

3.4308e− 001 −1.8592e− 001 −2.2680e− 001 −3.3467e− 001 4.1481e− 002
3.2291e− 001 −2.9807e− 001 −3.9039e− 002 −3.6088e− 001 −3.2820e− 001

2.9405e− 001 −3.9338e− 001 2.2361e− 001 −1.1321e− 001 −3.9522e− 001

2.5812e− 001 −4.6675e− 001 5.4006e− 001 4.7703e− 001 3.5511e− 001


∈ R10×5,

Wr =



−2.2686e− 001 1.2336e− 001 2.0320e− 002 −4.8138e− 002 2.7991e− 002
5.0123e− 001 −4.3495e− 001 −8.6248e− 002 2.4622e− 001 −1.7692e− 001

−1.8605e− 002 3.7956e− 001 9.6871e− 002 −4.3938e− 001 4.6964e− 001

−3.8786e− 001 2.3917e− 001 6.3933e− 002 1.6843e− 001 −6.6518e− 001
−2.1569e− 001 −3.0713e− 001 −1.2715e− 001 4.6341e− 001 5.1796e− 001

2.1569e− 001 −3.0713e− 001 −2.3447e− 001 −6.3856e− 001 −1.9093e− 001

3.8786e− 001 2.3917e− 001 6.6404e− 001 1.8419e− 001 6.8279e− 003
1.8605e− 002 3.7956e− 001 −6.2373e− 001 1.8419e− 001 6.8279e− 003

−5.0123e− 001 −4.3495e− 001 2.7432e− 001 −1.5512e− 001 6.8279e− 003

2.2686e− 001 1.2336e− 001 −4.7907e− 002 3.4776e− 002 −3.0424e− 003


∈ R10×5

with
W = [w1, w2, w3, w4, w5, w6, w7|, w8, w9, w10]

where
wj ∈ R10, j = 1, . . . n = 10

and
Pj = wj w

T
j , j = 1, . . . , n = 10.

The eig.m-routine delivers
W = [Wl |Wr]

where

Wl =



2.5812e− 001 −4.6675e− 001 5.4006e− 001 −4.7703e− 001 −3.5511e− 001
2.9405e− 001 −3.9338e− 001 2.2361e− 001 1.1321e− 001 3.9522e− 001

3.2291e− 001 −2.9807e− 001 −3.9039e− 002 3.6088e− 001 3.2820e− 001

3.4308e− 001 −1.8592e− 001 −2.2680e− 001 3.3467e− 001 −4.1481e− 002
3.5346e− 001 −6.3176e− 002 −3.2461e− 001 1.3187e− 001 −3.2904e− 001

3.5346e− 001 6.3176e− 002 −3.2461e− 001 −1.3187e− 001 −3.2904e− 001

3.4308e− 001 1.8592e− 001 −2.2680e− 001 −3.3467e− 001 −4.1481e− 002
3.2291e− 001 2.9807e− 001 −3.9039e− 002 −3.6088e− 001 3.2820e− 001

2.9405e− 001 3.9338e− 001 2.2361e− 001 −1.1321e− 001 3.9522e− 001
2.5812e− 001 4.6675e− 001 5.4006e− 001 4.7703e− 001 −3.5511e− 001


∈ R10×5,

Wr =



−2.2686e− 001 −1.2336e− 001 −5.5684e− 002 −2.0045e− 002 −3.3536e− 003
5.0123e− 001 4.3495e− 001 2.8187e− 001 1.3735e− 001 3.2321e− 002

−1.8605e− 002 −3.7956e− 001 −5.0320e− 001 −3.8824e− 001 −1.3807e− 001

−3.8786e− 001 −2.3917e− 001 2.3886e− 001 5.4752e− 001 3.4364e− 001
−2.1569e− 001 3.0713e− 001 3.2752e− 001 −2.9934e− 001 −5.4984e− 001

2.1569e− 001 3.0713e− 001 −3.2760e− 001 −2.1738e− 001 5.8704e− 001

3.8786e− 001 −2.3917e− 001 −2.3869e− 001 4.9272e− 001 −4.1854e− 001
1.8605e− 002 −3.7956e− 001 5.0308e− 001 −3.6461e− 001 1.9227e− 001

−5.0123e− 001 4.3495e− 001 −2.8183e− 001 1.3140e− 001 −5.1671e− 002
2.2686e− 001 −1.2336e− 001 5.5677e− 002 −1.9375e− 002 6.1920e− 003


∈ R10×5.

Comparing the results, some normed eigenvectors wj , j = 2, . . . , (iq = 7) differ only in the
factor −1. Therefore, both computed vectors wj , j = 1, . . . , (iq = 7) are equal as eigenvectors.
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The eigenvectors wj , j = 1, . . . , 10 computed by the power method combined with the
method of deflation are exact in the 5 significant digital places whereas the eigenvectors wj , j =
8, 9, 10 computed by the Matlab program eig.m are inexact in these 5 digital places. Using the
first method, this entails what could be called displayed eigenvector expansions for u and Bu,
namely

u =

n=7∑
j=1

(u,wj)wj + P0,10u, u ∈ H = R10

where

P0,10u =

n=10∑
j=8

(u,wj)wj , u ∈ H = R10 7→ N(B).

Further,

Bu =

n=7∑
j=1

λj (u,wj)wj , u ∈ H = R10.

Correspondingly, using

(u,wj)wj = (wT
j u)wj = wj (w

T
j u) = (wj w

T
j )u = Pj u, u ∈ H = R10, j = 1, . . . , n = 10,

we obtain what could be called displayed projection-matrix expansions for the matrices I and
B themselves, namely

I =

n=7∑
j=1

Pj + P0,10

where

P0,10 =

n=10∑
j=8

Pj .

Further,

B =

n=7∑
j=1

λj Pj .

At this point, we want to mention that still the standard eigenvector expansions for u and Bu
hold, namely

u =

n=10∑
j=1

(u,wj)wj , u ∈ H = R10

and

Bu =

n=10∑
j=1

λj (u,wj)wj , u ∈ H = R10
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as well as the standard matrix-projection expansions for the matrices I and B themselves,
namely

I =

n=10∑
j=1

Pj

and

B =

n=10∑
j=1

λj Pj ,

but they hide the interesting details.

5.3. The Case n = 15. For t = 0.1 and n = 15, we obtain

A =



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1



∈ R15×15,

e =[1 1 1 1 1 1 1 1 1 1 1 1 1 1 1]T ∈ R15,

µ1 =µ1(A) = 15,

w =(1/
√
n) e,

leading to

w =



2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001
2.5820e− 001



∈ R15,
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B = [Bl |Bm |Br ]

where

Bl =



1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001

9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001

9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001
8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001

7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000

6.3662e− 001 7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001
5.0455e− 001 6.3662e− 001 7.5683e− 001 8.5839e− 001 9.3549e− 001

3.6788e− 001 5.0455e− 001 6.3662e− 001 7.5683e− 001 8.5839e− 001

2.3387e− 001 3.6788e− 001 5.0455e− 001 6.3662e− 001 7.5683e− 001
1.0929e− 001 2.3387e− 001 3.6788e− 001 5.0455e− 001 6.3662e− 001

3.8982e− 017 1.0929e− 001 2.3387e− 001 3.6788e− 001 5.0455e− 001

−8.9421e− 002 3.8982e− 017 1.0929e− 001 2.3387e− 001 3.6788e− 001
−1.5591e− 001 −8.9421e− 002 3.8982e− 017 1.0929e− 001 2.3387e− 001

−1.9809e− 001 −1.5591e− 001 −8.9421e− 002 3.8982e− 017 1.0929e− 001
−2.1624e− 001 −1.9809e− 001 −1.5591e− 001 −8.9421e− 002 3.8982e− 017



∈ R15×5,

Bm =



6.3662e− 001 5.0455e− 001 3.6788e− 001 2.3387e− 001 1.0929e− 001

7.5683e− 001 6.3662e− 001 5.0455e− 001 3.6788e− 001 2.3387e− 001

8.5839e− 001 7.5683e− 001 6.3662e− 001 5.0455e− 001 3.6788e− 001
9.3549e− 001 8.5839e− 001 7.5683e− 001 6.3662e− 001 5.0455e− 001

9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001 6.3662e− 001

1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001
9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001

9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001

8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001
7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000

6.3662e− 001 7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001

5.0455e− 001 6.3662e− 001 7.5683e− 001 8.5839e− 001 9.3549e− 001
3.6788e− 001 5.0455e− 001 6.3662e− 001 7.5683e− 001 8.5839e− 001

2.3387e− 001 3.6788e− 001 5.0455e− 001 6.3662e− 001 7.5683e− 001
1.0929e− 001 2.3387e− 001 3.6788e− 001 5.0455e− 001 6.3662e− 001



∈ R15×5,

Br =



3.8982e− 017 −8.9421e− 002 −1.5591e− 001 −1.9809e− 001 −2.1624e− 001

1.0929e− 001 3.8982e− 017 −8.9421e− 002 −1.5591e− 001 −1.9809e− 001
2.3387e− 001 1.0929e− 001 3.8982e− 017 −8.9421e− 002 −1.5591e− 001

3.6788e− 001 2.3387e− 001 1.0929e− 001 3.8982e− 017 −8.9421e− 002

5.0455e− 001 3.6788e− 001 2.3387e− 001 1.0929e− 001 3.8982e− 017
6.3662e− 001 5.0455e− 001 3.6788e− 001 2.3387e− 001 1.0929e− 001

7.5683e− 001 6.3662e− 001 5.0455e− 001 3.6788e− 001 2.3387e− 001

8.5839e− 001 7.5683e− 001 6.3662e− 001 5.0455e− 001 3.6788e− 001
9.3549e− 001 8.5839e− 001 7.5683e− 001 6.3662e− 001 5.0455e− 001

9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001 6.3662e− 001
1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001 7.5683e− 001

9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001 8.5839e− 001

9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001 9.3549e− 001
8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000 9.8363e− 001

7.5683e− 001 8.5839e− 001 9.3549e− 001 9.8363e− 001 1.0000e+ 000



∈ R15×5,

λ =[λl |λm |λr],

λl = [9.3119e+ 000, 4.9075e+ 000, 7.4593e− 001, 3.3948e− 002, 7.2882e− 004] ∈ R5,

λm = [9.2853e− 006, 7.6801e− 008, 4.3229e− 010, 1.6988e− 012, 4.1672e− 015] ∈ R5,

λr = [3.0175e− 017, 2.9844e− 017, 2.9517e− 017, 2.9194e− 017, 2.8874e− 017] ∈ R5.
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Determination of iq = 8 in Matlab:
Form the quotient vector q of the Matlab quantity eps = 2.2204e− 016 and of the sorted vector
λ computed by the power method combined with the method of deflation. Then, determine iq
as the number of the components of q such that q(j − 1) < 0.5e− 006 and q(j) > 0.5e− 006 for
j = 2 . . . , (n = 15). As a consequence, iq is determined such that λj , j = 1, . . . , iq in the Matlab
format shortE x.xxxxe − 006 with its 5 significant digits (1 digit before the decimal point and
4 digits after the decimal point) are exact whereas the eigenvalues λj , j = iq + 1, . . . , (n = 15)
are less than λiq as well as are considered being inexact; they therefore can be set equal to zero.
The eigenvalues for j = 1, . . . , iq = 8 being exact in this sense are underlined above.

Correspondingly, the associated eigenvectors for λj , j = iq + 1, . . . , (n = 15) = 9, . . . , (n =
15) are also considered being inexact. But, as we shall see below, sets of linearly independent
eigenvectors associated with the eigenvalues λj = 0, j = iq + 1, . . . , (n = 15) = 9, . . . , (n = 15)
can be given without difficulty. Thus,

iq = 8.

For comparison reasons, we apply also the Matlab routine eig.m giving

λl = [9.3119e+ 000, 4.9075e+ 000, 7.4593e− 001, 3.3948e− 002, 7.2882e− 004] ∈ R5,

λm = [9.2853e− 006, 7.6801e− 008, 4.3229e− 010, 1.6991e− 012, 4.4048e− 015] ∈ R5,

λr = [5.6015e− 016, 3.4319e− 018, −7.6322e− 017, −1.2156e− 016, −2.0392e− 016] ∈ R5.

Now, the columns of the following matrix U form a basis of eigenvectors of the limit matrix
A (the first column is eigenvector associated with the largest eigenvalue µ1 = µ1(A) = n =
15, the other columns are eigenvectors associated with the eigenvalues µj = µj(A) = 0, j =
2, . . . , (n = 15):

U =



1 1 0 0 0 0 0 0 0 0 0 0 0 0 1
1 −1 1 0 0 0 0 0 0 0 0 0 0 0 1
1 0 −1 1 0 0 0 0 0 0 0 0 0 0 1
1 0 0 −1 1 0 0 0 0 0 0 0 0 0 1
1 0 0 0 −1 1 0 0 0 0 0 0 0 0 1
1 0 0 0 0 −1 1 0 0 0 0 0 0 0 1
1 0 0 0 0 0 −1 1 0 0 0 0 0 0 1
1 0 0 0 0 0 0 −1 1 0 0 0 0 0 1
1 0 0 0 0 0 0 0 −1 1 0 0 0 0 1
1 0 0 0 0 0 0 0 0 −1 1 0 0 0 1
1 0 0 0 0 0 0 0 0 0 −1 1 0 0 1
1 0 0 0 0 0 0 0 0 0 0 −1 1 0 0
1 0 0 0 0 0 0 0 0 0 0 0 −1 1 0
1 0 0 0 0 0 0 0 0 0 0 0 0 −1 1
1 0 0 0 0 0 0 0 0 0 0 0 0 0 −1



∈ R15×15.

Next, we replace the first iq = 8 columns by the eigenvectors computed by the power method
combined with the method of deflation. This leads to

U = [Ul |Um |Ur]
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where

Ul =



1.5416e− 001 −3.4966e− 001 4.7804e− 001 4.8946e− 001 4.2678e− 001

1.9085e− 001 −3.4298e− 001 3.3329e− 001 1.4066e− 001 −1.1587e− 001

2.2573e− 001 −3.1907e− 001 1.8468e− 001 −1.0801e− 001 −3.2307e− 001
2.5709e− 001 −2.7861e− 001 4.3562e− 002 −2.5063e− 001 −2.9188e− 001

2.8334e− 001 −2.2336e− 001 −7.9298e− 002 −2.9208e− 001 −1.2684e− 001
3.0314e− 001 −1.5605e− 001 −1.7448e− 001 −2.4741e− 001 7.3476e− 002

3.1545e− 001 −8.0229e− 002 −2.3468e− 001 −1.4015e− 001 2.2874e− 001

3.1963e− 001 −9.2175e− 014 −2.5528e− 001 1.1263e− 009 2.8656e− 001
3.1545e− 001 8.0229e− 002 −2.3468e− 001 1.4015e− 001 2.2874e− 001

3.0314e− 001 1.5605e− 001 −1.7448e− 001 2.4741e− 001 7.3476e− 002

2.8334e− 001 2.2336e− 001 −7.9298e− 002 2.9208e− 001 −1.2684e− 001
2.5709e− 001 2.7861e− 001 4.3562e− 002 2.5063e− 001 −2.9188e− 001

2.2573e− 001 3.1907e− 001 1.8468e− 001 1.0801e− 001 −3.2307e− 001

1.9085e− 001 3.4298e− 001 3.3329e− 001 −1.4066e− 001 −1.1587e− 001
1.5416e− 001 3.4966e− 001 4.7804e− 001 −4.8946e− 001 4.2678e− 001



∈ R15×5,

Um =



3.3454e− 001 2.3836e− 001 1.5449e− 001 0
−3.2607e− 001 −4.3382e− 001 −4.3364e− 001 0 0

−3.1912e− 001 −1.1578e− 001 1.5983e− 001 0 0

−4.8217e− 002 2.4844e− 001 3.4139e− 001 0 0
2.0726e− 001 3.0528e− 001 5.1350e− 002 0 0

3.0126e− 001 9.0343e− 002 −2.6264e− 001 0 0

2.0949e− 001 −1.8209e− 001 −2.7273e− 001 0 0
4.8494e− 013 −3.0115e− 001 1.2309e− 007 1.0000e+ 000 0

−2.0949e− 001 −1.8209e− 001 2.7273e− 001 −1.0000e+ 000 1.0000e+ 000
−3.0126e− 001 9.0343e− 002 2.6264e− 001 0 −1.0000e+ 000

−2.0726e− 001 3.0528e− 001 −5.1350e− 002 0 0

4.8217e− 002 2.4844e− 001 −3.4139e− 001 0 0
3.1912e− 001 −1.1578e− 001 −1.5983e− 001 0 0

3.2607e− 001 −4.3382e− 001 4.3364e− 001 0 0

−3.3454e− 001 2.3836e− 001 −1.5449e− 001 0 0



∈ R15×5,

Ur =



0 0 0 0 0

0 0 0 0 0
0 0 0 0 0

0 0 0 0 0
1.0000e+ 000 0 0 0 0

−1.0000e+ 000 1.0000e+ 000 0 0 0

0 −1.0000e+ 000 1.0000e+ 000 0 0
0 0 −1.0000e+ 000 1.0000e+ 000 0

0 0 0 −1.0000e+ 000 1.0000e+ 000

0 0 0 0 −1.0000e+ 000


∈ R15×5.

Gram-Schmidt orthonormalization with the last U as input and W as output delivers

W = [Wl |Wm |Wr]



Linear algebra and power method combined with method of deflation applied to Toeplitz sinc matrices 111

where

Wl =



1.5416e− 001 −3.4966e− 001 4.7804e− 001 4.8946e− 001 4.2678e− 001

1.9085e− 001 −3.4298e− 001 3.3329e− 001 1.4066e− 001 −1.1587e− 001

2.2573e− 001 −3.1907e− 001 1.8468e− 001 −1.0801e− 001 −3.2307e− 001
2.5709e− 001 −2.7861e− 001 4.3562e− 002 −2.5063e− 001 2.9188e− 001

2.8334e− 001 −2.2336e− 001 −7.9298e− 002 −2.9208e− 001 −1.2684e− 001

3.0314e− 001 −1.5605e− 001 −1.7448e− 001 −2.4741e− 001 7.3476e− 002
3.1545e− 001 −8.0229e− 002 −2.3468e− 001 −1.4015e− 001 2.2874e− 001

3.1963e− 001 −9.2166e− 014 −2.5528e− 001 1.1263e− 009 2.8656e− 001
3.1545e− 001 8.0229e− 002 −2.3468e− 001 1.4015e− 001 2.2874e− 001

3.0314e− 001 1.5605e− 001 −1.7448e− 001 2.4741e− 001 7.3476e− 002

2.8334e− 001 2.2336e− 001 −7.9298e− 002 2.9208e− 001 −1.2684e− 001
2.5709e− 001 2.7861e− 001 4.3562e− 002 2.5063e− 001 −2.9188e− 001

2.2573e− 001 3.1907e− 001 1.8468e− 001 1.0801e− 001 −3.2307e− 001

1.9085e− 001 3.4298e− 001 3.3329e− 001 −1.4066e− 001 −1.1587e− 001
1.5416e− 001 3.4966e− 001 4.7804e− 001 −4.8946e− 001 4.2678e− 001



∈ R15×5,

Wm =



3.3454e− 001 2.3836e− 001 1.5449e− 001 1.8810e− 002 3.0811e− 002

−3.2607e− 001 −4.3382e− 001 −4.3364e− 001 −7.1290e− 002 −1.0422e− 001
−3.1912e− 001 −1.1578e− 001 1.5983e− 001 5.7138e− 002 5.7890e− 002

−4.8217e− 002 2.4844e− 001 3.4139e− 001 6.7868e− 002 1.0746e− 001
2.0726e− 001 3.0528e− 001 5.1350e− 002 −3.4973e− 002 −9.6212e− 004

3.0126e− 001 9.0343e− 002 −2.6264e− 001 −1.3299e− 001 −1.5319e− 001

2.0949e− 001 −1.8209e− 001 −2.7273e− 001 −1.3676e− 001 −2.2452e− 001
2.1841e− 013 −3.0115e− 001 −4.8001e− 008 6.9414e− 001 3.6622e− 001

−2.0949e− 001 −1.8209e− 001 2.7273e− 001 −6.6148e− 001 3.6622e− 001

−3.0126e− 001 9.0343e− 002 2.6264e− 001 1.3542e− 001 −7.4602e− 001
−2.0726e− 001 3.0528e− 001 −5.1350e− 002 9.5257e− 002 2.1427e− 001

4.8217e− 002 2.4844e− 001 −3.4139e− 001 4.0423e− 004 1.4368e− 001

3.1912e− 001 −1.1578e− 001 −1.5983e− 001 −4.5697e− 002 −1.2195e− 003
3.2607e− 001 −4.3382e− 001 4.3364e− 001 1.3928e− 002 −8.5197e− 002

−3.3454e− 001 2.3836e− 001 −1.5449e− 001 2.2594e− 004 2.8778e− 002



∈ R15×5,

Wr =



1.9648e− 002 −1.4242e− 002 −7.9476e− 002 5.0415e− 002 −1.9917e− 002

5.4351e− 002 7.3854e− 002 3.2376e− 001 −2.6729e− 001 1.3593e− 001
2.6320e− 004 −1.1387e− 001 −3.4982e− 001 5.0804e− 001 −3.9528e− 001

7.4893e− 002 −1.5865e− 002 −1.7421e− 001 −2.7900e− 001 6.2895e− 001

5.7608e− 002 1.4555e− 001 3.5567e− 001 −3.6645e− 001 −5.8037e− 001
7.5675e− 002 6.6402e− 002 3.1861e− 001 6.1479e− 001 2.9670e− 001

2.4707e− 001 −2.9156e− 001 −5.6428e− 001 −2.7855e− 001 −6.6574e− 002

1.8374e− 001 8.0959e− 002 5.9911e− 002 4.1446e− 003 9.1637e− 005
1.8374e− 001 8.0959e− 002 5.9911e− 002 4.1446e− 003 9.1637e− 005

1.8374e− 001 8.0959e− 002 5.9911e− 002 4.1446e− 003 9.1637e− 005
7.4713e− 001 8.0959e− 002 5.9911e− 002 4.1446e− 003 9.1637e− 005

4.1956e− 001 −5.7053e− 001 5.9911e− 002 4.1446e− 003 9.1637e− 005

1.7197e− 001 6.4891e− 001 −3.2177e− 001 4.1446e− 003 9.1637e− 005
2.2900e− 001 −3.0769e− 001 2.5379e− 001 −1.0729e− 002 9.1637e− 005

5.8597e− 002 5.5201e− 002 −6.1827e− 002 3.8970e− 003 −8.6567e− 005



∈ R15×5

with

W = [w1, w2, w3, w4, w5, w6, w7, w8|, w9, w10, w11, w12, w13, w14, w15]

where

wj ∈ R15, j = 1, . . . n = 15

and

Pj = wj w
T
j , j = 1, . . . , n = 15.
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The eig.m-routine delivers

Wl =



1.5416e− 001 −3.4966e− 001 4.7804e− 001 4.8946e− 001 4.2678e− 001
1.9085e− 001 −3.4298e− 001 3.3329e− 001 1.4066e− 001 −1.1587e− 001

2.2573e− 001 −3.1907e− 001 1.8468e− 001 −1.0801e− 001 −3.2307e− 001

2.5709e− 001 −2.7861e− 001 4.3562e− 002 −2.5063e− 001 −2.9188e− 001
2.8334e− 001 −2.2336e− 001 −7.9298e− 002 −2.9208e− 001 −1.2684e− 001

3.0314e− 001 −1.5605e− 001 −1.7448e− 001 −2.4741e− 001 7.3476e− 002

3.1545e− 001 −8.0229e− 002 −2.3468e− 001 −1.4015e− 001 2.2874e− 001
3.1963e− 001 −7.2587e− 017 −2.5528e− 001 −1.5330e− 015 2.8656e− 001

3.1545e− 001 8.0229e− 002 −2.3468e− 001 1.4015e− 001 2.2874e− 001

3.0314e− 001 1.5605e− 001 −1.7448e− 001 2.4741e− 001 7.3476e− 002
2.8334e− 001 2.2336e− 001 −7.9298e− 002 2.9208e− 001 −1.2684e− 001

2.5709e− 001 2.7861e− 001 4.3562e− 002 2.5063e− 001 −2.9188e− 001
2.2573e− 001 3.1907e− 001 1.8468e− 001 1.0801e− 001 −3.2307e− 001

1.9085e− 001 3.4298e− 001 3.3329e− 001 −1.4066e− 001 −1.1587e− 001

1.5416e− 001 3.4966e− 001 4.7804e− 001 −4.8946e− 001 4.2678e− 001



∈ R15×5,

Wm =



3.3454e− 001 2.3836e− 001 1.5449e− 001 −9.0766e− 002 4.7379e− 002

−3.2607e− 001 −4.3382e− 001 −4.3364e− 001 3.5720e− 001 −2.4523e− 001
−3.1912e− 001 −1.1578e− 001 1.5982e− 001 −3.6835e− 001 4.2183e− 001

−4.8217e− 002 2.4844e− 001 3.4139e− 001 −1.6126e− 001 −1.2176e− 001

2.0726e− 001 3.0528e− 001 5.1350e− 002 2.7310e− 001 −3.5820e− 001
3.0126e− 001 9.0343e− 002 −2.6264e− 001 2.5678e− 001 1.4611e− 001

2.0949e− 001 −1.8209e− 001 −2.7273e− 001 −1.0810e− 001 2.9274e− 001

−6.6509e− 012 −3.0115e− 001 1.8672e− 007 −3.1726e− 001 2.5096e− 002
−2.0949e− 001 −1.8209e− 001 2.7273e− 001 −1.0790e− 001 −3.3278e− 001

−3.0126e− 001 9.0343e− 002 2.6264e− 001 2.5660e− 001 −1.2442e− 001

−2.0726e− 001 3.0528e− 001 −5.1350e− 002 2.7313e− 001 3.4682e− 001
4.8217e− 002 2.4844e− 001 −3.4139e− 001 −1.6122e− 001 1.2992e− 001

3.1912e− 001 −1.1578e− 001 −1.5983e− 001 −3.6839e− 001 −4.2686e− 001

3.2607e− 001 −4.3382e− 001 4.3364e− 001 3.5721e− 001 2.4699e− 001

−3.3454e− 001 2.3836e− 001 −1.5449e− 001 −9.0767e− 002 −4.7635e− 002



∈ R15×5,

Wr =



1.8963e− 002 2.2311e− 003 9.7443e− 003 1.4281e− 002 −2.1643e− 004

−1.2517e− 001 −1.6545e− 002 −5.8688e− 002 −1.0933e− 001 4.7213e− 003
3.2478e− 001 5.6758e− 002 1.1489e− 001 3.4515e− 001 −4.0587e− 002

−3.8792e− 001 −1.2254e− 001 5.2930e− 003 −5.4036e− 001 1.6563e− 001

1.7161e− 001 1.8206e− 001 −3.4482e− 001 3.1992e− 001 −3.6960e− 001
−5.9896e− 002 −1.5719e− 001 4.5565e− 001 2.5513e− 001 4.8012e− 001

3.0644e− 001 −4.1660e− 002 −7.5345e− 003 −5.2326e− 001 −3.8562e− 001

−3.6822e− 001 3.7146e− 001 −4.2660e− 001 1.8385e− 001 2.6312e− 001
−4.0145e− 002 −6.0083e− 001 1.7940e− 001 2.1152e− 001 −2.3167e− 001

2.3354e− 001 5.5225e− 001 3.7100e− 001 −1.8263e− 001 8.3404e− 002
1.3959e− 001 −3.2100e− 001 −4.9758e− 001 −4.6602e− 002 2.3702e− 001

−4.7573e− 001 1.1882e− 001 2.3722e− 001 1.2718e− 001 −4.1235e− 001

3.7984e− 001 −2.7410e− 002 −2.7237e− 002 −7.0361e− 002 2.9609e− 001
−1.3731e− 001 3.9426e− 003 −1.4867e− 002 1.7044e− 002 −1.0539e− 001

1.9615e− 002 −3.4920e− 004 4.1238e− 003 −1.5145e− 003 1.5326e− 002



∈ R15×5.

Comparing the results, both computed eigenvectors wj , j = 1, . . . , (iq = 8) are equal. The
eigenvectors wj , j = 1, . . . , 15 computed by the power method combined with the method of
deflation are exact in the 5 significant digital places whereas the eigenvectors wj , j = 9, . . . , 15
computed by the Matlab program eig.m are inexact in these 5 digital places.
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Using the first method, this entails what could be called displayed eigenvector expansions
for u and Bu, namely

u =

n=8∑
j=1

(u,wj)wj + P0,15u, u ∈ H = R15

where

P0,15u =

n=15∑
j=9

(u,wj)wj , u ∈ H = R15 7→ N(B).

Further,

Bu =

n=8∑
j=1

λj(u,wj)wj , u ∈ H = R15.

Correspondingly, using

(u,wj)wj = (wT
j u)wj = wj (w

T
j u) = (wj w

T
j )u = Pj u, u ∈ H = R15, j = 1, . . . , n = 15,

we obtain what could be called displayed projection-matrix expansions for the matrices I and
B themselves, namely

I =

n=8∑
j=1

Pj + P0,15

where

P0,15 =

n=15∑
j=9

Pj .

Further,

B =

n=8∑
j=1

λj Pj .

At this point, we want to mention again that still the standard eigenvector expansions for u
and Bu hold, namely

u =

n=15∑
j=1

(u,wj)wj , u ∈ H = R15

and

Bu =

n=15∑
j=1

λj(u,wj)wj , u ∈ H = R15
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as well as the standard matrix-projection expansions for the matrices I and B themselves,
namely

I =

n=15∑
j=1

Pj

and

B =

n=15∑
j=1

λj Pj ,

but, again, they hide the interesting details.

5.4. Scrutiny of the Computed Eigenvectors and of Other Results. Even when an operator
T (κ) in a finite-dimensional vector space is continuous in κ, the eigenvectors or eigenspaces
are not necessarily continuous. That the eigenspaces can behave quite singularly even for a
very smooth function T (κ) is seen from an example due to Rellich. For these statements, see [3,
Chapter II, §5.3, pp. 110-111]. Because of these remarks, we have to scrutinize as to whether the
Power Method combined with the Method of Deflation for the Toeplitz sinc matrices A(t) =
An(t) = A(t, n) can be applied for the determination of the eigenvectors wj , j = 1, . . . , n. We
remind the reader in this context that the eigenvalues λj , j = iq +1, . . . , n are set equal to zero,
that we have chosen t = 0.1, and that the computed orthonormal eigenvectors are denoted by
wj , j = 1, . . . , n.

As abbreviation, we set Dvec = A(t, n)W −WΛ which is equivalent to A(t, n)wj−λjwj , j =
1, . . . , n where the columns of W contain the computed eigenvectors and where Λ is a diagonal
matrix containing in its diagonal the sorted computed eigenvalues λ1 > λ1 > · · · > λiq and
λiq+1 = . . . = λn = 0. As further abbreviation, we set mavec for the vector containing the
maxima of the absolute values of the components of the columns of Dvec.
(i) Testing Results for n = 5
We obtain

Dvec =


−1.1990e− 014 −1.5575e− 012 1.7844e− 012 −1.8024e− 017 1.1505e− 016
5.7732e− 015 7.2047e− 013 9.1375e− 013 −4.0365e− 017 2.4174e− 017

1.1990e− 014 1.5014e− 012 −1.0246e− 014 −2.8042e− 018 6.2335e− 017

5.3291e− 015 7.2045e− 013 −9.3418e− 013 −1.1376e− 017 6.5803e− 017
−1.1990e− 014 −1.5575e− 012 −1.8036e− 012 7.2568e− 017 1.2893e− 016

 ∈ R5×5,

and

mavec = [1.1990e− 014, 1.5575e− 012, 1.8036e− 012, 7.2568e− 017, 1.2893e− 016] ∈ R5.

(ii) Testing Results for n = 10
We obtain

Dvec = [Dvecl |Dvecr]

where

Dvecl =



−8.8818e− 016 −5.4539e− 012 −4.7138e− 012 −1.6187e− 014 2.1664e− 014

0 −2.2582e− 012 −3.9732e− 012 1.7792e− 014 −4.9823e− 015
−4.4409e− 016 3.9424e− 013 −3.0103e− 012 1.4656e− 014 −1.6283e− 014

0 2.2904e− 012 −1.8777e− 012 −1.9610e− 015 −1.5173e− 014

4.4409e− 016 3.2782e− 012 −6.3800e− 013 −1.5069e− 014 −5.9199e− 015
0 3.2782e− 012 6.3786e− 013 −1.5103e− 014 6.0224e− 015

0 2.2902e− 012 1.8774e− 012 −1.9497e− 015 1.5333e− 014
−4.4409e− 016 3.9391e− 013 3.0100e− 012 1.4958e− 014 1.6563e− 014

0 2.2583e− 012 3.9726e− 012 1.7836e− 014 5.3725e− 015

0 −5.4545e− 012 4.7136e− 012 −1.6250e− 014 −2.1510e− 014


∈ R10×5,
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Dvecr =



1.7545e− 016 −2.2594e− 016 1.1152e− 014 −1.5222e− 014 1.0723e− 014

1.4024e− 016 −8.8844e− 017 −5.6025e− 014 7.6742e− 014 1.3726e− 014

1.6845e− 016 −1.0975e− 016 1.0001e− 013 −1.3711e− 013 4.5160e− 014
2.0179e− 016 −1.8193e− 016 −4.7320e− 014 6.5010e− 014 −9.7843e− 015

2.6614e− 016 −2.0088e− 016 −6.5184e− 014 8.9147e− 014 −1.6072e− 014

2.1866e− 016 −2.7277e− 016 6.5156e− 014 −8.9373e− 014 3.2181e− 014
2.5998e− 016 −9.2108e− 017 4.7705e− 014 −6.5090e− 014 2.5208e− 014

1.1626e− 016 −9.5703e− 017 −1.0007e− 013 1.3688e− 013 −3.0069e− 014

1.6013e− 016 −3.7740e− 017 5.6191e− 014 −7.6869e− 014 2.7214e− 014
1.0046e− 016 7.4239e− 017 −1.0922e− 014 1.5148e− 014 1.5283e− 015


∈ R10×5,

and

mavec = [mavecl |mavecr]

where

mavecl = [8.8818e− 016, 5.4545e− 012, 4.7138e− 012, 1.7836e− 014, 2.1664e− 014] ∈ R5,

mavecr = [2.6614e− 016, 2.7277e− 016, 1.0007e− 013, 1.3711e− 013, 4.5160e− 014] ∈ R5.

(iii) Testing Results for n = 15
We obtain

Dvec = [Dvecl |Dvecm |Dvecr ]

where

Dvecl =



−5.1070e− 015 −7.1854e− 013 5.2358e− 013 −5.5722e− 011 −6.3905e− 011

−3.3307e− 015 −5.0160e− 013 5.1312e− 013 1.5129e− 011 −1.8365e− 011

−1.7764e− 015 −2.7800e− 013 4.7687e− 013 4.2181e− 011 1.4103e− 011
4.4409e− 016 −6.5947e− 014 4.1565e− 013 3.8108e− 011 3.2723e− 011

8.8818e− 016 1.1924e− 013 3.3241e− 013 1.6561e− 011 3.8135e− 011
1.7764e− 015 2.6168e− 013 2.3104e− 013 −9.5931e− 012 3.2303e− 011

2.6645e− 015 3.5238e− 013 1.1718e− 013 −2.9865e− 011 1.8299e− 011

3.9968e− 015 3.8313e− 013 −3.7470e− 015 −3.7414e− 011 −2.2524e− 017
3.1086e− 015 3.5250e− 013 −1.2390e− 013 −2.9865e− 011 −1.8299e− 011

2.6645e− 015 2.6223e− 013 −2.3784e− 013 −9.5933e− 012 −3.2303e− 011

1.3323e− 015 1.1924e− 013 −3.3883e− 013 1.6561e− 011 −3.8136e− 011
0 −6.5059e− 014 −4.2163e− 013 3.8108e− 011 −3.2723e− 011

−1.3323e− 015 −2.7711e− 013 −4.8167e− 013 4.2181e− 011 −1.4103e− 011

−3.3307e− 015 −5.0049e− 013 −5.1731e− 013 1.5129e− 011 1.8365e− 011
−5.1070e− 015 −7.1765e− 013 −5.2680e− 013 −5.5722e− 011 6.3905e− 011



∈ R15×5,

Fvecm =



8.7083e− 017 −8.3483e− 017 6.7980e− 017 2.3852e− 014 6.7613e− 014

−9.2601e− 017 −2.7581e− 017 −1.5402e− 016 −9.4089e− 014 −2.6609e− 013
−3.8362e− 017 −1.6132e− 016 7.2962e− 017 9.7183e− 014 2.7430e− 013

−4.3969e− 017 7.3537e− 017 6.0734e− 017 4.2218e− 014 1.2030e− 013

−1.5728e− 016 −1.2473e− 017 −3.7211e− 017 −7.2109e− 014 −2.0344e− 013
−2.2853e− 017 4.0571e− 017 −5.8071e− 017 −6.7177e− 014 −1.9122e− 013

−1.3398e− 016 6.2083e− 018 −8.7916e− 017 2.8681e− 014 8.0496e− 014

−1.4081e− 016 3.1602e− 017 −5.5577e− 017 8.3283e− 014 2.3645e− 013
−1.5282e− 016 −2.2218e− 017 −3.9310e− 017 2.7934e− 014 8.0505e− 014

−4.8842e− 017 −9.0342e− 018 4.3674e− 017 −6.7428e− 014 −1.9117e− 013
−1.3168e− 016 4.4989e− 018 −4.7067e− 017 −7.1451e− 014 −2.0350e− 013

−1.4477e− 016 −1.9973e− 018 −3.2573e− 017 4.2429e− 014 1.2021e− 013

−7.7979e− 017 −1.1565e− 016 1.1062e− 016 9.6018e− 014 2.7447e− 013
−1.9811e− 017 −4.4871e− 017 4.0796e− 017 −9.3506e− 014 −2.6616e− 013

−8.4387e− 017 −7.5298e− 018 5.5178e− 017 2.3768e− 014 6.7703e− 014



∈ R15×5,
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Dvecr =



7.1290e− 014 1.4221e− 014 −1.1300e− 013 1.2664e− 014 −1.9473e− 013

−2.8071e− 013 −5.5565e− 014 4.4363e− 013 −1.1547e− 013 −3.7196e− 013
2.8887e− 013 5.6894e− 014 −4.5845e− 013 7.7955e− 014 −5.8111e− 013

1.2738e− 013 2.5923e− 014 −2.0083e− 013 1.5469e− 014 −7.3921e− 013

−2.1427e− 013 −4.2103e− 014 3.3878e− 013 −1.0785e− 013 −8.5831e− 013
−2.0239e− 013 −4.0816e− 014 3.1769e− 013 −1.0637e− 013 −9.5018e− 013

8.4299e− 014 1.5973e− 014 −1.3563e− 013 −9.2369e− 015 −1.0035e− 012

2.4998e− 013 5.0085e− 014 −3.9545e− 013 4.5670e− 014 −9.9696e− 013
8.5917e− 014 1.8079e− 014 −1.3499e− 013 −1.2350e− 014 −9.2147e− 013

−2.0172e− 013 −4.0183e− 014 3.1761e− 013 −1.0986e− 013 −7.8879e− 013

−2.1570e− 013 −4.4263e− 014 3.3751e− 013 −1.1107e− 013 −6.2147e− 013
1.2677e− 013 2.4952e− 014 −2.0178e− 013 1.0368e− 014 −4.3230e− 013

2.9114e− 013 5.9550e− 014 −4.5806e− 013 7.0337e− 014 −2.1132e− 013

−2.8162e− 013 −5.7121e− 014 4.4202e− 013 −1.2048e− 013 5.0226e− 014
7.1755e− 014 1.4516e− 014 −1.1374e− 013 6.5880e− 015 2.7011e− 013



∈ R15×5,

and

mavec = [mavecl |mavecm |mavecr]

where

mavecl = [5.1070e− 015, 7.1854e− 013, 5.2680e− 013, 5.5722e− 011, 6.3905e− 011] ∈ R5,

mavecm = [1.5728e− 016, 1.6132e− 016, 1.5402e− 016, 9.7183e− 014, 2.7447e− 013] ∈ R5,

mavecr = [2.9114e− 013, 5.9550e− 014, 4.5845e− 013, 1.2048e− 013, 1.0035e− 012] ∈ R5.

(iv) Evaluation of the Above Testing Results
The above testing results show that the computed eigenvectors are indeed good eigenvectors
of the considered Toeplitz sinc matrices.
(v) Verification of the Eigenvector Expansions for u and Bu
The expansion formulas for u and Bu in Subsection 5.2 were tested with some random vectors
u in Matlab. The results verified the respective computed expansions. The expansion formula
for u means that R10 is the direct sum of the subspace spanned by w1, . . . , w7 and that spanned
by w8, w9, w10.

Corresponding verifications for the expansion formulas in Subsections 5.1 and 5.3 are left to
the reader.
(vi) Further Tests
The computed orthonormal vectors wj , j = iq + 1, . . . , n span the same orthogonal comple-
ment of the subspace spanned by the eigenvectors wj , j = 1, . . . , iq as the one spanned by the
eigenvectors of the original matrix corresponding to those cutoff eigenvalues close to zero for
j = iq+1, . . . , n. This is because the orthogonal complement of a subspace is unique. Therefore,
we suspect that the computed orthonormal vectors might eventually span the same eigenspace
as the original ones (or very closely). Some experiments were done, and the numerical results
tend to agree. What was done is to construct the eigenvector matrix V with the first iq columns
from the iq eigenvectors of the original Toeplitz sinc matrix and the last n−iq columns from the
computed orthonormal vectors wj , j = iq + 1, . . . , n. The diagonal matrix D has on the main
diagonal the first iq eigenvalues from the Toeplitz sinc matrix and then zeros for the rest. When
V DV T − A was computed, the error is very small, the 2-norm of this residual is at 1e − 14.
Therefore, the Gram-Schmidt process can help us reconstruct the eigenvectors corresponding
to the eigenvectors close to zero.
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6. CONCLUSIONS

A new approach for the computation of the eigenvalues and eigenvectors for a Toeplitz sinc
matrix A(t, n) is developed that circumvents the difficulties usually encountered for small val-
ues of t in 0 < t < 1. This is important since Toeplitz sinc matrices are ubiquitous also outside
the field of mathematics, namely in digital signal processing. The new approach essentially
consists in computing only a limited number iq of eigenvalues and eigenvectors by a conven-
tional method as well as in setting the remaining very small eigenvalues equal to zero and
in choosing from the many possible associated eigenvectors very simple ones. At this point
we want to mention that this is different from truncating the expansions after iq terms since
then the expansion for u ∈ H would be incorrect. The new method was scrutinized in several
ways showing good agreement between theory and numerical results. The applied strategy
leads to a new method for the computation of the eigenvalues and associated eigenvectors of
real symmetric Toeplitz sinc matrices that delivers good results. For comparison reasons, we
have computed the eigenvalues and eigenvectors also with the Matlab routine eig.m showing
only agreement in the first iq results within the prescribed precision. We think that the power
method combined with the method of deflation is also superior to the Matlab routine eig.m in
the following aspect: since the last one computes only the whole set of eigenvalues and eigen-
vectors, the first one is more flexible because it can compute any number of the n eigenvalues
and eigenvectors, especially a small number of these quantities. It seems likely that the new
method can be extended to other Toeplitz matrices or even to other classes of matrices. One
can also imagine that the applied power method combined with the method of deflation may
be replaced by different ones. It seems to be even possible that the new approach can be carried
over to other sorts of problems.
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ABSTRACT. This note concerns the interpolation problem with two parametrized families of splines related to poly-
nomial spline interpolation. The authors address the questions of uniqueness and establish basic convergence rates for
splines of the form sα = p cosh(α·) + q sinh(α·) and tα = p+ q tanh(α·) between the nodes where p, q ∈ Πk−1.

Keywords: Spline interpolation, convergence rate, band limited data interpolation.

2020 Mathematics Subject Classification: 41A05, 41A15, 41A25.

1. INTRODUCTION

This note continues the study of splines, popularized by Schoenberg [15, 16, 17]. The goal of
this paper is to develop basic properties of two parametrized families of splines. Specifically,
we address questions of uniqueness and convergence rate similar to those found in [2, 3, 6, 13,
20]. The first family of splines satisfies s ∈ C2k−2[a, b] and

(1.1) (D2 − α2)ks = 0 on [a, b] \X,

where α > 0 and X is a partition of [a, b]. Following [9], we call these k-th order polyhyperbolic
splines. These splines are examples of L-splines, [19, Ch. 10]. The hyperbolic designation was
chosen because the homogeneous solution of (1.1) is given by

sα(x) = p(x) cosh(αx) + q(x) sinh(αx),

where p and q are polynomials of degree at most k − 1. We note that, in the literature, splines
corresponding to the differential equation D2(D2 − α2)u = 0 and are often called hyperbolic
but they are also referred to by the terms tension or exponential. These splines have been
studied extensively, see [11, 12, 13, 20] among many others. We also find a different notion for
hyperbolic splines in [18], these correspond to the differential equation

(D2 − (2k − 1)2) · · · (D2 − 32)(D2 − 1)u = 0 or (D2 − (2k)2) · · · (D2 − 22)Du = 0.

Interpolation schemes which depend on parameters have appeared throughout the litera-
ture. Polyhyperbolic splines are similar to (but distinct from) splines in tension [13] and the
GB splines of [7], although they do share the property that in the appropriate limiting sense,
these schemes lead to polynomial spline interpolation. For the case studied here, we expect to
recover cubic splines, since as α → 0, the differential operator reduces to D4.

The second family of splines are built out of tanh, specifically these are piecewise combina-
tions of t = p+ q tanh(α·), where p and q are polynomials. We can characterize the order these
by the maximal degree of the polynomials; the k-th order splines have polynomials whose
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degree does not exceed k − 1. Owing to the popularity of tanh as an activation function in
neural networks [1] and the use of splines for the same [4, 22], it’s possible these splines have
application in their own right. However in this note, we will concern ourselves with basic ap-
proximation properties of these splines. In principle, interpolating with either spline of order
k corresponds to 2k − 1 degree polynomial spline interpolation. We will explore the problem
for the values k = 1 and k = 2, which correspond to classical linear and cubic interpolation,
respectively.

The rest of the paper is laid out as follows. Section 2 contains definitions and facts necessary
to the sequel. Section 3 contains results for first order splines, while Section 4 contains those
related to the second order splines. The main results are found in these sections as Proposition
3.2 and Theorem 4.2 and its corollary. B-spline bases for low degree splines are developed in
Section 5. A related interpolation problem for higher degree splines is solved using a Fourier
analysis approach in Section 6, whose main result is Theorem 6.4.

2. DEFINITIONS AND BASIC FACTS

Throughout the sequel, we use standard notations for derivatives. For example, D2u and u′′

both correspond to the second derivative of the function u. The set of polynomials of degree
at most k is denoted Πk. By a partition of the interval [a, b], we mean a sequence of increasing
values X = (xj : 0 ≤ j ≤ N) such that a = x0 < · · · < xN = b. Associated to a fixed X , we
have hj := xj − xj−1 and h(X) := max

1≤j≤N
hj .

We denote the set of all k-th order polyhyperbolic splines by Sk
α(X), that is

Sk
α(X) := {s ∈ C2k−2[a, b] : (D2 − α2)ks = 0 on [a, b] \X}.

We denote by T k
α(X), the collection

T k
α(X) := {sech(α·)u : u ∈ Sk

α(X)}.

Note that on each interval [xj , xj+1], tα ∈ T k
α(X) takes the form

tα(x) = p(x) + q(x) tanh(αx),

where p, q ∈ Πk−1.
We use the notation ∥u∥L∞ to denote the usual L∞ norm for a function u, while we use

the notation ∥M∥∞ to mean the maximum row sum of the matrix M . A diagonally dominant
matrix is an N ×N square matrix [aij ] which satisfies |aii| −

∑
j ̸=i |aij | > 0 for each 1 ≤ i ≤ N .

The well-known Levy-Desplanques theorem proves this condition implies the invertibility of
[aij ], see [21].

Generally, we will seek to interpolate the data Y = (yj : 0 ≤ j ≤ N) on a fixed, but otherwise
arbitrary, partition X using sα ∈ Sk

α(X) or tα ∈ T k
α(X). When we want to emphasize the

dependence on the data set Y, we write sα[Y ] or tα[Y ]. Finally, we note the value of the constant
C will be depend on its occurrence and is typically independent of the listed parameters unless
stated otherwise.

3. PROPERTIES OF FIRST ORDER SPLINES

As one may expect, things are easier when k = 1. We include these results as more or less
a warm up for the more involved k = 2 case. When k = 1, we have sα =

∑N
j=1 sj , where

sj : [xj−1, xj ] → R is given by sj(x) = aj cosh(αx) + bj sinh(αx). Thus, we need only solve the
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2× 2 matrix equation [
cosh(αxj−1) sinh(αxj−1)
cosh(αxj) sinh(αxj)

] [
aj
bj

]
=

[
yj−1

yj

]
.

The determinant of the matrix is

cosh(αxj−1) sinh(αxj)− cosh(αxj) sinh(αxj−1) = sinh(αhj).

Since hj > 0, this system has a unique solution which after simplification yields

(3.2) sj(x) =
sinh(α(xj − x))

sinh(αhj)
yj−1 +

sinh(α(x− xj−1))

sinh(αhj)
yj .

A similar computation yields

(3.3) tj(x) =
tanh(αxj)− tanh(αx)

tanh(αxj)− tanh(αxj−1)
yj−1 +

tanh(αx)− tanh(αxj−1)

tanh(αxj)− tanh(αxj−1)
yj .

Expanding (3.2) and (3.3) in a Taylor series (in α) yields

sα
∣∣
[xj−1,xj ]

(x) = yj−1 +
yj − yj−1

hj
(x− xj−1) +O(α2)

and

tα
∣∣
[xj−1,xj ]

(x) = yj−1 +
yj − yj−1

hj
(x− xj−1) +O(α2).

We recognize the first two terms as the linear interpolant of (xj−1, yj−1) and (xj , yj). Thus
we expect sα to exhibit similar convergence properties to the linear spline l[Y ]. The expansions
above give us s0[Y ] = t0[Y ] = l[Y ]. We may also estimate the rate of convergence by expanding
a sufficiently smooth function f in a Taylor series about x = xj−1, then on (xj−1, xj) we have

f(x)− tα(x) = (f ′(xj−1)− αhj(coth(αhj) + tanh(αxj))f [xj−1, xj ]) (x− xj−1) +O(h
2
)

= (f ′(xj−1)− f [xj−1, xj ])(x− xj−1) +O(h
2
)

= O(h
2
).

The last equation requires f ∈ C2([a, b]), and follows from the Mean Value Theorem. A com-
pletely analogous result holds for sα. We summarize these findings in the following proposi-
tions.

Proposition 3.1. Let X be a partition of [a, b], for any α > 0 and data set Y , the interpolants sα[Y ]
and tα[Y ] are unique. Furthermore they satisfy

lim
α→0

sα[Y ](x) = l[Y ](x) and lim
α→0

tα[Y ](x) = l[Y ](x)

for all x ∈ [a, b], where l[Y ] is the linear spline interpolant.

Proposition 3.2. Suppose that f ∈ C2([a, b]) and X is a partition of [a, b]. If tα ∈ T 1
α(X) such that

tα |X= f |X , then for α sufficiently small, we have

∥f − tα∥L∞([a,b]) ≤ Ch
2
,

where C > 0 depends on f and α. The same is true if tα is replaced by sα ∈ S1
α(X).
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Remark 3.1. Rather than expanding sα in a Taylor series, we could use the fact that for any f ∈
C2([a, b]), there exists g ∈ C2([a, b]) with f(x) = cosh(αx)g(x). Thus

∥f − sα∥L∞([a,b]) = ∥ cosh(α·) (g − tα) ∥L∞([a,b]) ≤ Ch
2

for sufficiently small α.

4. PROPERTIES OF SECOND ORDER SPLINES

The k = 2 problem is more involved. Just as in the case with cubic splines, we must impose
endpoint conditions on our splines sα ∈ S2

α(X) (or tα ∈ T 2
α(X)). For these, we use those found

in [13]:

Type I: s′α(a) = y′0, s
′
α(b) = y′N ,

Type II: s′′α(a) = s′′α(b) = 0,

Type III: s′′α(a) = y′′0 , s
′′
α(b) = y′′N .

Assuming that we are sampling a function f : [a, b] → R, so that yj = f(xj), conditions I and
III become

Type I: s′α(a) = f ′(a), s′α(b) = f ′(b),

Type III: s′′α(a) = f ′′(a), s′′α(b) = f ′′(b).

In light of the remark that follows Proposition 3.2, we find it more convenient to work with
tα ∈ T 2

α(X) in what follows, often suppressing the dependence on α. Since tα |[xj−1,xj ] (x) =

pj(x) + qj(x) tanh(αx), where pj , qj ∈ Π1, t′′α |[xj−1,xj ]= D2[qj tanh(α·)]. Specifying t′′α(xj−1)
and t′′α(xj) allow us to solve for the coefficients of qj then integrating twice and using the
interpolation conditions allow us to solve for the coefficients of pj . One may then generate a
tridiagonal system to enforce smoothness of the first derivative, setting t′′j := t′′α(xj) we have

b0t
′′
0 + c0t

′′
1 = d0,(4.4a)

ajt
′′
j−1 + bjt

′′
j + cjt

′′
j+1 = dj , 1 ≤ j ≤ N − 1,(4.4b)

aN t′′N−1 + bN t′′N = dN .(4.4c)

One needs to evaluate t′ |[xj−1,xj ] at both endpoints to generate the coefficients in (4.4b). Setting

Ej−1 =
αhj cosh(αhj)− sinh(αhj)

2α2hj(tanh(αxj)− tanh(αxj−1)− αhj tanh(αxj−1) tanh(αxj))
,

we have for 1 ≤ j ≤ N − 1

aj =
cosh(αxj−1)

cosh(αxj)
Ej−1 =

hj

6
+O

(
(αh)2

)
;α → 0,

cj =
cosh(αxj+1)

cosh(αxj)
Ej =

hj+1

6
+O

(
(αh)2

)
;α → 0

and

dj =
yj+1 − yj

hj+1
− yj − yj−1

hj
.

The term bj is more complicated, setting

Fj−1 = 4α2hj(tanh(αxj)− tanh(αxj−1)− αhj tanh(αxj−1) tanh(αxj)),



A note concerning polyhyperbolic and related splines 123

which is twice the denominator of Ej−1, we can simplify the expression somewhat

bj =
(
sinh(2αxj)− 2αhj − 2 tanh(αxj−1)(cosh

2(αxj)− α2h2
j )
)
/Fj−1

−
(
sinh(2αxj) + 2αhj+1 − 2 tanh(αxj+1)(cosh

2(αxj)− α2h2
j+1)

)
/Fj

=
hj + hj+1

3
+O

(
(αh)2

)
;α → 0.

For type I endpoint conditions, the coefficients in (4.4a) and (4.4c) are given by

b0 = −
(
sinh(2αx0) + 2αh1 − 2 tanh(αx1)(cosh

2(αx0)− α2h2
1)
)
/F0

=
h1

3
+O

(
(αh)2

)
;α → 0,

c0 =
cosh(αx1)

cosh(αx0)
E0 =

h1

6
+O

(
(αh)2

)
;α → 0,

d0 =
y1 − y0

h1
− y′0,

aN =
cosh(αxN−1)

cosh(αxN )
EN−1 =

hN

6
+O

(
(αh)2

)
;α → 0,

bN =
(
sinh(2αxN )− 2αhN − 2 tanh(αxN−1)(cosh

2(αxN )− α2h2
N )
)
/FN−1

=
hN

3
+O

(
(αh)2

)
;α → 0,

dN = y′N − yN − yN−1

hN
.

The adjustments for the other types are

II : b0 = bN = 1, a0 = c0 = 0, d0 = dN = 0

III : b0 = bN = 1, a0 = c0 = 0, d0 = y′′0 , dN = y′′N .

Direct computation now provides the following analog of Proposition 3.1.

Theorem 4.1. Let X be a partition of [a, b]. For sufficiently small α and data set Y with end condition
type I, II or III , the interpolants sα[Y ] ∈ S2

α(X) and tα[Y ] ∈ T 2
α(X) are unique. Furthermore,

lim
α→0

sα[Y ](x) = σ[Y ](x) and lim
α→0

tα[Y ](x) = σ[Y ](x)

for all x ∈ [a, b], where σ[Y ] is the cubic spline interpolant with the same type of endpoint condition.

Proof. The matrix (4.4) for tα ∈ T 2
α(X) is diagonally dominant for sufficiently small α. Now

consider Ỹ = (sech(αxj)yj : 0 ≤ j ≤ N), we have a unique t̃α ∈ T 2
α(X) which interpolates Ỹ

and sα = cosh(α·)tα ∈ S2
α(X) interpolates Y . □

We use an argument similar to the one given in [13] to prove a result similar to Proposition
3.2. We begin by setting δ = σ − tα and δ′′j = δ′′(xj). We use (4.4) and the tridiagonal system
for σ to generate a system for δ′′:

(4.5a) δ′′0 +
c0
b0
δ′′1 =

3b0 − h1

3b0
σ′′(x0) +

6c0 − h1

6b0
σ′′(x1),

(4.5b)
aj
bj

δ′′j−1 + δ′′j +
cj
bj
δ′′j+1 =

6aj − hj

6bj
σ′′(xj−1) +

3bj − hj − hj+1

3bj
σ′′(xj) +

6cj − hj+1

6bj
σ′′(xj+1),
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(4.5c)
aN
bN

δ′′N−1 + δ′′N =
6aN − hN

6bN
σ′′(xN−1) +

3bN − hN

3bN
σ′′(xN ).

Now, we may write this as the matrix equation (I +M)δ′′ = b, where δ′′ represents the vector
with components δ′′j and b is the vector version of the right hand side (4.5). More computation
with the coefficients in (4.4) shows that ∥M∥∞ = O( 12 ) as α → 0, hence for sufficiently small α

∥δ′′∥∞ = ∥(I +M)−1b∥∞ ≤ 3∥b∥∞.

To estimate ∥b∥∞, we note that the Mean Value Theorem provides the estimate for the first and
last rows O

(
(αh)2

)
∥σ′′′∥L∞([a,b]\X), while the triangle inequality provides the estimate for the

middle rows O
(
(αh)2

)
∥σ′′∥L∞(X) as α → 0. Thus, for sufficiently small α

(4.6) ∥δ′′∥∞ ≤ C(αh)2 max{∥σ′′′∥L∞([a,b]\X), ∥σ′′∥L∞(X)}.
Now the argument follows in a manner similar to Proposition 3.2. We may use Rolle’s Theorem
for the function δ, which allows us to find ξj ∈ (xj−1, xj) such that δ′(ξj) = 0, this together with
the fact that δ(xj) = 0 allows us to write

δ
∣∣
[xj−1,xj ]

(x) =

∫ x

xj

δ′(u)du and δ′
∣∣
[xj−1,xj ]

(x) =

∫ x

ξj

δ′′(u)du.

We need only estimate ∥δ′′∥L∞([a,b]). To this end, note that we can write things in terms of the
values at the partition

δ′′(x) = σ′′(x)− t′′α(x)

= w1(x)δ
′′
j−1 + w2(x)δ

′′
j + z1(x)σ

′′
j−1 + z2(x)σ

′′
j ,

where

w1(x) =
4α2h2

j cosh(αxj−1)((−1 + α(xj − x) tanh(αxj)) tanh(αx) + tanh(αxj))

cosh2(αx)Fj−1

z1(x) =
xj − x

hj
− w1(x) = O

(
(αh)2

)
∥σ′′′∥L∞([a,b]\X);α → 0

w2(x) =
4α2h2

j cosh(αxj)((1 + α(x− xj−1) tanh(αxj−1)) tanh(αx)− tanh(αxj−1))

cosh2(αx)Fj−1

z2(x) =
x− xj−1

hj
− w2(x).

Thus
∥δ′′∥L∞([a,b]) = O

(
(αh)2

)
max

{
∥σ′′′∥L∞([a,b]\X), ∥σ′′∥L∞(X)

}
;α → 0.

Putting these estimates together yields the following theorem.

Theorem 4.2. Let X be a partition for [a, b]. Given a data set Y, suppose that tα[Y ] ∈ T 2
α(X) interpo-

lates Y with type I (II, III) end conditions. For i = 0, 1, or 2 and sufficiently small α,

∥Di(σ[Y ]− tα[Y ])∥L∞([a,b]) ≤ C(αh)4−i max
{
∥σ′′′∥L∞([a,b]\X), ∥σ′′∥L∞(X)

}
,

where σ[Y ] is the cubic spline interpolant with type I (II, III) end conditions and C > 0 is a constant
independent of h.

Corollary 4.1. Let X be a partition for [a, b] and f ∈ C4[a, b]. Suppose that tα[f ] := tα[f(X)] ∈
T 2
α(X) interpolates f(X) with type I (II, III) end conditions. For i = 0, 1, or 2 and sufficiently small α,

∥Di(tα[f ]− f)∥L∞([a,b]) ≤ Ch
4−i

,

where C := Cα,f,X > 0. The same is true for sα[f ] ∈ S2
α(X).
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Proof. The result for tα[f ] follows from Theorem 4.2, the triangle inequality, and known con-
vergence rates for σ[f ] := σ[f(X)]:

∥Di(σ[f ]− f)∥L∞([a,b]) ≤ Cf,Xh
4−i

; i = 0, 1, 2

and

∥D3(σ[f ]− f)∥L∞([a,b]) ≤ Cf,Xh

found in [3] and [6], respectively. The constants depend on the norms of various derivatives of
f and the mesh ratio, |X| = h/minhj . To see the result for sα[f ] ∈ S2

α(X), note that any function
f ∈ C4[a, b] may be written f(x) = cosh(αx)g(x), where g ∈ C4[a, b] as well. We have

∥Di(sα[f ]− f)∥L∞([a,b]) = ∥Di(cosh(α·)(tα[g]− g))∥L∞([a,b])

so the result follows from the Leibniz rule and the corresponding result for tα ∈ T 2
α(X). □

Remark 4.2. One powerful aspect of modeling with cubic splines is the ability to preserve certain qual-
ities of the underlying data set to be interpolated. Unfortunately, sα[Y ] ∈ S2

α(X) (or tα[Y ] ∈ T 2
α(X))

need not share properties of Y such as positivity, monotonicity, or convexity. As seen with interpolation
with cubic splines, the trade off for preserving the shape of the data is giving up some smoothness of the
interpolant. If we choose to specify the first derivatives rather than enforcing continuity of the second de-
rivative at each internal xj ∈ X , then we can solve (1.1) in terms of the values Y = (yj) and Y ′ = (y′j)
on the interval [xj−1, xj ]:

sα(x) = yj + y′j(x− xj)

+

(
3(yj+1 − yj)− hj+1(2y

′
j + y′j+1)

h2
j+1

+O(α2)

)
(x− xj)

2

+

(
hj+1(y

′
j + y′j+1)− 2(yj+1 − yj)

h3
j+1

+O(α2)

)
(x− xj)

3 +O(α2)

= σ(x) +O(α2h2
max).

(4.7)

Here σ is the cubic Hermite spline interpolant for the same data. In order for sα to be approximately
shape preserving, we may first generate a cubic interpolant with the property. Algorithms to preserve
positivity, monotonicity, and convexity for cubic splines have been well established. See, for instance, [5]
and the references therein. Essentially, these algorithms provide an interval from which to choose each
parameter y′j ∈ Y ′ in such a way that certain inequalities hold for σ. In order to ensure that sα has the
same property, we first choose the parameters of σ to satisfy the strict inequalities. This gives us room to
reduce α small enough so that the error term does not affect the relevant inequality for σ.

5. LOCAL BASES

In this section, we develop a B-spline basis for both families Sk
α(X) and T k

α(X), for k = 1, 2.
These bases will have minimal support, in the k = 1 case, we need 2 intervals of the form
[xj , xj+1] while the k = 2 case requires 4 such intervals. We will also see that they are Riesz
bases on their span. We begin with the following result.

Lemma 5.1. Let f ∈ Sk
α(X) (or T k

α(X)), for k = 1, 2, with appropriate endpoint conditions specified.
If supp(f) ⊂ [xj0 , xj0+m] where m < 2k, then f = 0.
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Proof. If m < 2k, we get a system of linear equations whose only solution is f = 0. When
k = 1, we have the equations f(x0) = f(x1) = 0, solving the invertible system of equations for
the coefficients yields f = 0. The k = 2 case works similarly. Suppose that m = 3. Then, we
would need to solve for 12 coefficients using the 6 endpoint conditions: f (i)(a) = f (i)(b) = 0,
for i = 0, 1, 2 and the 6 interior smoothness conditions. Hence the result follows from Theorem
4.1 and the fact that the system of equations for the coefficients is linear and homogeneous. □

Let us now build the bases for k = 1. Interior bases (1 ≤ j ≤ N − 1) are of the form

tα,j(x) =


tanh(αx)− tanh(αxj−1)

tanh(αxj)− tanh(αxj−1)
, x ∈ [xj−1, xj ]

tanh(αxj+1)− tanh(αx)

tanh(αxj+1)− tanh(αxj)
, x ∈ [xj , xj+1]

and

sα,j(x) =


sinh(α(x− xj−1))

sinh(αhj)
, x ∈ [xj−1, xj ]

sinh(α(xj+1 − x))

sinh(αhj+1)
, x ∈ [xj , xj+1]

and satisfy tα,j(xk) = sα,j(xk) = δj,k, 0 ≤ k ≤ N . The graphs are shown below.

FIGURE 1. The graphs of y = t1.5,0(x) (left) and y = s2.5,0(x) (right) plotted
with hj = 1.

For k = 2, we present the uniform case hj ≡ h centered at x = 0. We have

sα(x) =

1∑
l=−2

sl(x)

e4αh − 4αhe2αh − 1
χ[lh,(l+1)h](x),

which is an even function, with

s−2(x) = e−αx(1 + α(2h+ x)) + e4αh+αx(−1 + α(2h+ x)),

s−1(x) = −e−αx(1 + αx)− 2e2αh−αx(1 + α(h+ x))

− 2e2αh+αx(−1 + α(h+ x)) + e4αh+αx(1− αx),

s0(x) = −eαx(1− αx)− 2e2αh+αx(1 + α(h− x))

− 2e2αh−αx(−1 + α(h− x)) + e4αh−αx(1 + αx),

s1(x) = eαx(1 + α(2h− x)) + e4αh−αx(−1 + α(2h− x)).
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Similarly for tα we have

tα(x) =

1∑
l=−2

tl(x)

2αh− sinh(2αh)
χ[lh,(l+1)h](x)

where

t−2(x) = sech(αx) [sinh(α(2h+ x))− α(2h+ x) cosh(α(2h+ x))]

t−1(x) = 2αh+ 2αx+ αxsech(αx) cosh(α(2h+ x))

− sech(αx) sinh(α(2h+ x))− 2 tanh(αx),

t0(x) = −sech(αx) [αx cosh(α(2h− x))− 2α(h− x) cosh(αx)

+ sinh(α(2h− x))− 2 sinh(αx)] ,

t1(x) = sech(αx) [sinh(α(2h− x))− α(2h− x) cosh(α(2h− x))] .

FIGURE 2. The graphs of y = t1.5,0(x) (left) and y = s1.5,0(x) (right) plotted
with hj = 1.

In general, for a k-th order spline, we could solve the (2k2)× (2k2) system

s(l)(xj−k) = 0; 0 ≤ l ≤ 2k − 2

s(l)(xm−) = s(l)(xm+); 0 ≤ l ≤ 2k − 2, j − k + 1 ≤ m ≤ j − 1

s(l)(xj) = δ0,l; 0 ≤ l ≤ k − 1

then extend to the right side of xj .

Remark 5.3. We note that x ∈ [a, b] is in the support of at most 2k B-splines. For xj ∈ X , we need
only 2k − 1 B-splines.

An important property of these splines is that they are stable. We justify this by providing
estimates for the Riesz bounds. In what follows, we assume that our partition satisfies 0 < r ≤
hj ≤ R for all j. We begin with f ∈ S1

α(X), for which we have f(x) =
∑

j cjsj(x) and∫ b

a

|f(x)|2dx =
∑
j

∫ xj+1

xj

〈[
s2j (x) sj(x)sj+1(x)

sj(x)sj+1(x) s2j+1(x)

] [
cj

cj+1

]
,

[
cj

cj+1

]〉
dx

=
∑
j

〈(∫ xj+1

xj

[
s2j (x) sj(x)sj+1(x)

sj(x)sj+1(x) s2j+1(x)

]
dx

)[
cj

cj+1

]
,

[
cj

cj+1

]〉
.

(5.8)
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We may directly compute the eigenvalues of this 2× 2 matrix, which yields

λj,min = hj+1
αhj+1 + sinh(αhj+1)

4αhj+1 cosh
2
(

αhj+1

2

) ≥ r
αR+ sinh(αR)

4αR cosh2
(
αR
2

)
and

λj,max = hj+1
αhj+1 + sinh(αhj+1)

4αhj+1 sinh
2
(

αhj+1

2

) ≤ R
αr + sinh(αr)

4αr sinh2
(
αr
2

) .
Using these uniform bounds in (5.8) yields

r
αR+ sinh(αR)

4αR cosh2
(
αR
2

) ∑
j

|cj |2 ≤
∫ b

a

|f(x)|2dx ≤ 2R
αr + sinh(αr)

4αr sinh2
(
αr
2

) ∑
j

|cj |2.

A similar methodology can be used to find the bounds for tα ∈ T 1
α(X). In this case, the

eigenvalues are in an interval governed by the two functions

λmin(α, r) = r +
2r

tanh2(αr)
− 2

α tanh(αr)
− 3 ln (cosh(αr))

and

λmax(α,R) = R− ln (cosh(αR))

α tanh(αR)
,

thus

min{λmin, λmax}
∑
j

|cj |2 ≤
∫ b

a

|f(x)|2dx ≤ max{λmin, λmax}
∑
j

|cj |2.

One could extend the method above to the corresponding second order splines; however, the
analysis is more tedious due to the integrals involved. For this reason, we use the Fourier
techniques in the next section to analyze sα ∈ S2

α(Z). The Riesz bounds are found in Corollary
6.2. The situation for tα ∈ T 2

α(Z) is somewhat worse, since the corresponding integrals above
are not elementary and the Fourier transform does not have a closed form. Thus, we resort to
a computer algebra system to approximate the lower bound A(α) and the upper bound B(α)
for various α with hj = 1.

α A(α) B(α)
0.001 0.121429 2.249999
0.01 0.121443 2.249910
0.1 0.122909 2.241043
1 0.244451 1.628952
10 0.144801 0.144802

100 0.014480 0.014480

The table above suggests that as α → 0,

A(α) =
17

140
+O(α2) and B(α) =

9

4
−O(α2).

As α → ∞, both bounds are O(α−1).
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6. HIGHER ORDER SPLINES

Having exhibited properties for splines of order k = 1 and k = 2, one is naturally led to
seek results for higher order splines Sk

α(X) and T k
α(X), where k > 2. The expectation is that

properties from polynomial splines carry over for sufficiently small α > 0. In the remainder of
this note, we prefer to explore the interpolation problem when X is allowed to be infinite. This
problem was studied in [9], and our goal is to establish the existence of spline interpolants for
scattered data.

In particular, we assume that X = (xj : j ∈ Z) is a Complete Interpolating Sequence (CIS)
which means that the sequence (eixj · : j ∈ Z) is a Riesz basis for L2([−π, π]). Among other
things, we have the Riesz basis inequality

(6.9) C−1
X

∑
j∈Z

|aj |2 ≤
∫ π

−π

∣∣∣∣∣∣
∑
j∈Z

aje
−ixjξ

∣∣∣∣∣∣
2

dξ ≤ CX

∑
j∈Z

|aj |2,

for some CX > 0 and all (aj) ∈ ℓ2. Associated to a Riesz basis X , we define for n ∈ Z, the
prolongation operator An : L2([−π, π]) → L2([−π, π]) by

(6.10) An[f ](ξ) = An

∑
j∈Z

aje
−ixjξ

 :=
∑
j∈Z

aje
−2πinxje−ixjξ; |ξ| ≤ π.

In light of 6.9, the operators An and their adjoints A∗
n are uniformly bounded.

We will make extensive use of the Fourier transform, which for g ∈ L1(R) is given by

ĝ(ξ) :=

∫
R
g(x)e−ixξdx,

and its extension to g ∈ L2(R) is denoted F [g]. Using this convention, the inversion formula is
given by

g(x) =
1

2π

∫
R
ĝ(ξ)eixξdξ

and Plancherel’s formula is
√
2π∥g∥L2(R) = ∥F [g]∥L2(R).

We will restrict our attention to band-limited data. To this end, we assume that the data Y are
samples taken from a function in the Paley-Wiener space

PWπ :=
{
f ∈ L2(R) : F [f ] = 0 on R \ [−π, π]

}
.

That is, Y := Y [f(X)] = (f(xj) : j ∈ Z), where f ∈ PWπ and X is a CIS. Our argument
closely follows the one found in [8]. However, our splines are not covered under the umbrella
of regular interpolators found there. In the Fourier domain, we have that s ∈ Sk

α(X) enjoys the
representation

ŝ(ξ) = (−1)k(ξ2 + α2)−k
∑
j∈Z

aje
−ixjξ,

in the distributional sense for some (aj) ∈ ℓ2.
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Our next result concerns two operators associated to the interpolation problem, Bα,k,Mα,k :
L2([−π, π]) → L2([−π, π]) which are defined as follows:

Bα,k[g](ξ) :=
∑
n ̸=0

A∗
n

((
(·+ 2πn)

2
+ α2

)−k

An[g]

)
(ξ)

Mα,k[g](ξ) := (α2 + ξ2)−kg(ξ).

Theorem 6.3. Suppose that α > 0 and k ∈ N. For any g ∈ L2([−π, π]) there exist constants
C0, C1 > 0, independent of g, such that

C0∥g∥2L2([−π,π]) ≤ |⟨(Mα,k +Bα,k)[g], g⟩| ≤ C1∥g∥2L2([−π,π]).

Proof. We begin with the upper bound.

|⟨(Mα,k +Bα,k)[g], g⟩| =
∣∣∣∣∫ π

−π

(Mα,k +Bα,k)[g](ξ)g(ξ)dξ

∣∣∣∣
≤
∑
n∈Z

∫ π

−π

|A∗
n(((·+ 2πn)2 + α2)−kAn[g])(ξ)g(ξ)|dξ

≤CX

∑
n∈Z

∫ π

−π

(ξ + 2πn)2 + α2)−kAn[g](ξ)g(ξ)dξ

≤CX

∑
n∈Z

sup
|t|≤π

(t+ 2πn)2 + α2)−k

∫ π

−π

An[g](ξ)g(ξ)dξ

≤C2
X

∑
n∈Z

sup
|t|≤π

(t+ 2πn)2 + α2)−k

∫ π

−π

|g(ξ)|2dξ

≤C2
X

α−2k +
∑
n ̸=0

((2|n| − 1)2π2 + α2)−k

 ∥g∥2L2([−π,π]).

We have used the triangle inequality and then Tonelli’s theorem to switch the sum and the in-
tegral in the first inequality. The second and fourth inequality follow from (6.9), while the third
is monotonicity of the integral. Finally, the Extreme Value Theorem from Calculus provides the
final inequality.

The lower bound is somewhat easier since the upper bound allows us to use the dominated
convergence theorem to interchange the integral and the sum.

|⟨(Mα,k +Bα,k)[g], g⟩| =
∣∣∣∣∫ π

−π

(Mα,k +Bα,k)[g](ξ)g(ξ)dξ

∣∣∣∣
=

∣∣∣∣∣∑
n∈Z

∫ π

−π

A∗
n(((·+ 2πn)2 + α2)−kAn[g])(ξ)g(ξ)dξ

∣∣∣∣∣
=

∣∣∣∣∣∑
n∈Z

∫ π

−π

((ξ + 2πn)2 + α2)−kAn[g](ξ)An[g](ξ)dξ

∣∣∣∣∣
≥
∫ π

−π

(ξ2 + α2)−k|g(ξ)|2dξ

≥(π2 + α2)−k∥g∥2L2([−π,π]).
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The second equality may be justified by the dominated convergence theorem, and the third is
just the adjoint relation. The first inequality follows from the positivity of the summands, while
the final inequality follows from the monotonicity of the integral. □

As a Corollary, we can find the Riesz bounds for the local base sα when k = 2.

Corollary 6.2. Let f ∈ S2
α(Z), then f(x) =

∑
j cjsj(x) and

2π(π2 + α2)−2
∑
j

|cj |2 ≤
∫ b

a

|f(x)|2dx ≤ (2π)3
(
α−4 +

1

48

)∑
j

|cj |2.

Proof. We need only note that in this case Plancherel’s theorem provides∫
R

∣∣∣∣∣∣
∑
j

aje
ijξ

∣∣∣∣∣∣
2

dξ = 2π
∑
j

|aj |2,

so that CZ = 2π and the upper bound is majorized by the quantity α−4 +
2ζ(4)

π4
. □

Throughout the sequel, we consider an arbitrary but fixed f ∈ PWπ sampled at a fixed but
otherwise arbitrary CIS X = (xj : j ∈ Z). Since f̂ ∈ L2([−π, π]), we may define the function φf

via

(6.11) φf (ξ) := (−1)k(Mα,k +Bα,k)
−1f̂(ξ) =

∑
j∈Z

c[f ]je
−ixjξ; |ξ| ≤ π.

Consider the function I[f ], defined by its Fourier transform:

(6.12) Î[f ](ξ) := (−1)k(α2 + ξ2)−kφf (ξ).

Since φf ∈ L2
loc(R), we have Î[f ] ∈ (L1 ∩ L2)(R), which means that the Fourier inversion

theorem applies, and I[f ] ∈ (L2 ∩ C0)(R). In particular, I[f ](x) is well-defined and for all
n ∈ Z, we have

2πI[f ](xn) =

∫
R
Î[f ](ξ)eixnξdξ

=(−1)k
∫ π

−π

∑
j∈Z

(α2 + (ξ + 2πj)2)−kAj [φf ](ξ)Aj [e
ixn·](ξ)dξ

=(−1)k
∫ π

−π

∑
j∈Z

A∗
j

(
(α2 + (·+ 2πj)2)−kAj [φf ](·)

)
(ξ)eixnξdξ

=

∫ π

−π

(Mα,k +Bα,k)[φf ](ξ)e
ixnξdξ

=

∫ π

−π

f̂(ξ)eixnξdξ

=2πf(xn).

Hence I[f ] interpolates f at X . Given the form of Î[f ], it is clear that I[f ] satisfies I[f ] ∈
C2k−2(R) and the ordinary differential equation

(6.13) (D2 − α2)k(I[f ]) =
∑
j∈Z

c[f ]jδ(· − xj),
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where c[f ] ∈ ℓ2 is chosen by (6.11). That is, I[f ] is a polyhyperbolic spline. As a consequence of
the celebrated Paley-Wiener theorem, we can interpolate any sequence (aj) ∈ ℓ2 by first finding
f ∈ PWπ which satisfies f(xj) = aj , then using Theorem 4.1 to get c[f ] ∈ ℓ2.

We summarize these results in the following theorem.

Theorem 6.4. Suppose that b ∈ ℓ2 and X = (xj) is a CIS. There exists a solution of (1.1), denoted
I[b], that satisfies

(1) I[b] ∈ (C2k−2
0 ∩ L2)(R), and

(2) I[b](xn) = bn for all n ∈ Z.

Remark 6.4. If we require that our sampled function f ∈ PWπ satisfies

|f(x)| ≤ C cosh(αx),

then we may solve the interpolation problem for tα ∈ T k
α(X).

Having provided a solution to the interpolation problem, we may now follow the outline of
[8, 10, 14] to prove the following recovery result concerning polyhyperbolic splines.

Theorem 6.5. Suppose that f ∈ PWπ and X = (xj) is a CIS. Let Ik[f ] denote the polyhyperbolic
interpolant whose Fourier transform is defined in (6.12). Then, we have the following

(1) lim
k→∞

∥Ik[f ]− f∥L2(R) = 0, and

(2) lim
k→∞

|Ik[f ](x)− f(x)| = 0, uniformly on R.
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ABSTRACT. This paper introduces indefinite proximities inherent in every collection of physical objects found in a
dynamical system. The number of characteristics in the description of any dynamical system is unknown (Axiom 2.1
and Axiom 2.2). Hence, the description of a dynamical system is indefinite. Axiomatically, these indefinite proximities
lead to a new form of Hausdorff topology, which is indefinite descriptively. The main results in this paper are

1. Every descriptive proximity space on a dynamical system is indefinite (Theorem 3.1).
2. Every dynamical system has an indefinite descriptive Hausdorff topology (Theorem 3.3).
3. The energy of a dynamical system varies with every clock tick (Theorem 5.4).

An application of these results is given in terms of the detection of those portions of a dynamical system that are stable
and that have low energy dissipation.

Keywords: Characteristic, descriptive proximity space, dynamical system, Hilbert envelope, indefinite.

2020 Mathematics Subject Classification: 54E05, 54C50.

1. INTRODUCTION

This paper introduces an axiomatic approach in the study of measurable descriptive proxim-
ities that are inherent in the self-similarities in the parts, behaviours and waveforms of complex
dynamical system. The consequences of this approach carry forward recent work on the de-
scriptive approach in the study of dynamical systems [6, 7, 20, 23], especially chaotic dynamical
systems [5]. This approach leads to the introduction of a number of new descriptive proximity
relations that represent advances in proximity space theory [3, 14, 18] useful in the detection
and measurement of those portions of dynamical systems that are stable and that have low
energy dissipation.

All proximities between the parts and waveforms of dynamical systems are indefinite. This
observation leads to the introduction of an indefinite descriptive proximity δlimΦ, which is
a refinement of the relaxed descriptive proximity δΦo [6]. We observe that every descriptive
proximity space on a dynamical system is indefinite (Theorem 3.1). Important results stem-
ming from the introduction of an indefinite descriptive distance dlimΦ (Definition 2.7) are given,
namely, Indefinite Descriptive Hausdorff Topology (Lemma 3.2) and every dynamical system
has an indefinite Hausdorff topology (Theorem 3.3). This paper also includes an application
of δlimΦ in detecting as well as measuring the stability, low energy dissipation portions of dy-
namical system waveforms.
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Symbol Meaning
dΦ Descriptive proximity distance: Def. 2.2
dΦH Descriptive Hausdorff distance: Def. 2.5

(KΦ, d
Φ
H , τΦH) Descriptive Hausdorff Topological Space: Def. 2.6

dlimΦ Indefinite descriptive distance: Def. 2.7
(X, f,Φ) Descriptive dynamical system: Def. 4.12
Per(f,Φ) Descriptive periodic points: Def. 4.14

δΦo
Relaxed descriptive proximity: Def. 5.17

Em(t) Waveform m(t) energy: Def. 5.19
Ediss(loc, t) Energy dissipation at location loc at time t: Def. 5.21

TABLE 1. Principal symbols used in this paper.

2. PRELIMINARIES

This section introduces characteristic-based proximities as well as characteristically proxi-
mal self-similarities in dynamical system behaviors. The earlier introduction of probe func-
tions [14, p. 67] as a basis for the description of a nonempty set has been refined, based on
earlier work on holomorphic functions [25].

Definition 2.1 (Characteristic). Let 2X be a collection of subsets of a nonempty set X and A ∈ 2X .
Also, let C denote the complex plane. A characteristic of A is a mapping ϕ : 2X → C defined by
ϕ(A) = k ∈ C.

A complete description of A with n characteristics is a set Φ(A) where

Φ(A) = {(ϕ1(a), ϕ2(a), . . . , ϕn(a)) : a ∈ A} ⊆ Cn.

Notice that Φ(A) ∩ Φ(B) ̸= ∅ implies there exist a ∈ A and b ∈ B such that Φ({a}) = Φ({b}).
Throughout the rest of the paper, we will simply use Φ(a) instead of Φ({a}).

Definition 2.2 (Characteristically proximal sets). Let Φ = {ϕ1, . . . , ϕn} (set of characteristic maps)
and let X be a nonempty set with A,B ∈ 2X . Consider the characteristic proximity mapping dΦ :
2X × 2X → R defined by

dΦ(A,B) = inf
a∈A
b∈B

{|Φ(a)− Φ(b)|} = r ∈ R≥0.

Then, we say that nonempty sets A,B are characteristically proximal, which is denoted by A δΦ B,
provided dΦ(A,B) = 0.

Example 2.1. Let Fib = {1, 1, 2, 3, 5, 8, 13, 21, . . . } (sequence of Fibonacci numbers). The pair of
intersecting surfaces SR ∪ SC in Fig. 1 represent the real and the imaginary parts of a Hilbert cyclomatic
exponential [12], defined over sequences of reals x, y and a subsequence η of the Fibonacci numbers, e.g.,

SR = Re
[
x0.003eiπy/2η+1

]
.

In Fig. 1, let imS denote the surface derived from the imaginary part of the Hilbert cyclo-
tomic exponential and let reS the surface derived from the real part of the Hilbert cyclotomic
exponential. Further, let reS+ve denote a characteristic of the upper surface peaks and let
ϕreS−ve

denote a characteristic of the lower surface peaks. Also, let X ⊂ reS+ve.
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FIGURE 1. Hilbert sub-surfaces generated by a cyclomatic exponential [12].

Example 2.2 (Characteristics of Hilbert cyclomatic surface proximities). Consider, for the exam-
ple, the following characteristics of the Hilbert cyclomatic surfaces in Fig. 1:

ϕreS+ve(X) =1, if X ⊂ reS+ve, else ϕreS+ve(X) = 0 (upper surface characteristic).

ϕreS−ve(X) =1, if X ⊂ reS−ve, else ϕreS−ve(X) = 0 (lower surface characteristic).

Consider the following characteristic proximities
charProx-1: ϕreS+ve(A) = ϕreS+ve(B) = ϕ(C)reS+ve = 1, since X = {A,B,C} ⊂ reS+ve.
charProx-2: From Def. 2.2 and charProx-1, we have A δΦ B and B δΦ C.
charProx-3: Observe

dΦ(A,B) = inf
a∈A
b∈B

{|ϕreS+ve(A) − ϕreS+ve(B)|} = 0.

Hence, our observation A δΦ B in charProx-2 is reinforced.
charProx-4: ϕreS+ve(E) = ϕreS+ve(F ) = ϕreS+ve(G) = 0, since X = {E,F,G} ̸⊂ reS+ve.
charProx-5: ϕreS−ve(E) = ϕreS−ve(F ) = ϕ(G)reS−ve = 1, since {E,F,G} ⊂ reS−ve. Hence,

E δΦ F and F δΦ G.

FIGURE 2. Runner vector field curl.

The following axioms enunciate the observations we have made about the characteristics of
physical objects in dynamically changing systems.
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Axiom 2.1 (Indefinite number of characteristics of a physical object). Let Φ(A) be a description
of a nonempty set of physical objects A. The total number of characteristics of A is indefinite, i.e., not
known.

Axiom 2.2 (Unknown maximum size of the differences between sets of characteristics of phys-
ical objects). Let |Φ(A)| , |Φ(B)| be the number of characteristics for nonempty sets A,B. The maxi-
mum size of the difference |Φ(A)| − |Φ(B)| is not known.

Remark 2.1 (N.B.). We use N.B. abbreviation for Latin nota bene (note well) to call attention to some-
thing important. This expression first appeared in 1711, see [1].

N.B. 2.1 (Curl of a dynamically changing system (see [24, §11-4])). Observe, for example, in Fig. 2,
that the total number of characteristics is unknown for a dynamically changing system represented by
the curl of the runner vector field V⃗ f , where

curlV⃗ f = ∇ × V⃗ f =
∂Q

∂x
−

∂P

∂y
,

which is the curl over a system surface region composed of sub-regions P,Q.
In describing the proximities between self-similarities in a physical chaotic system represented by the

collection of subsets 2X for a set X of system objects, the description of a subsets P,Q ∈ 2X would
typically be incomplete. This is consistent with the view that the number of known characteristics of
every physical object is indefinite (see Axiom 2.1) and the maximum number of characteristics of every
pair of physical objects is also not known (see Axiom 2.2).

N.B. 2.2 (Origin of characteristic proximity). Characteristic functions were introduced by W. R.
Hamilton [9] in 1837 as a means of deducing the properties of a system. Characteristically proximal sets
were introduced informally [16] in 2012. This form of proximity is largely due to a collaboration with
S. A. Naimpally that culminated in the topology of near sets [14] in 2013 and the introduction of object
characteristics in the context of computational proximity [17] in 2016.

Definition 2.3 (Characteristic proximity space, [14]). For a nonempty set X ,
(
2X , δΦ

)
is a charac-

teristic proximity space.

Definition 2.4 (Hausdorff distance, [10, 11]). The Hausdorff distance, dH(Q,S), between a pair of
compact subsets Q and S in Rm is defined by

dH(Q,S) = max

{
sup
q∈Q

D(q, S), sup
s∈S

D(Q, s)

}
≥ 0,

where D(p,−) or D(−, p) denote the distance between a single point p and a given set.

One can also measure the descriptive Hausdorff distance of A and B in X by assuming that
their complete descriptions Φ(A) and Φ(B) are compact subsets of Rn.

Definition 2.5 (Descriptive Hausdorff distance). Let (X, δΦ) be a descriptive proximity space with
a collection of n characteristics, and A,B ∈ 2X with compact complete descriptions Φ(A),Φ(B) in Rm.
The descriptive Hausdorff distance dΦH(A,B) between A and B is defined by

dΦH(A,B) = dH(Φ(A),Φ(B)).

Remark 2.2. We assume that

dΦ(A,B) = dH(Φ(A),Φ(B)) = r ∈ R≥0

for a set of known characteristics for A,B ∈ 2X for a set X . In a dynamical system X that is chaotic, X
is inherently self-symmetric.
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Given a descriptive proximity space (X, δΦ), let KΦ be a collection of all subsets of X with
compact complete descriptions

KΦ = {A ∈ 2X : Φ(A) is compact}.

Then, dΦH defines a metric on KΦ.

Definition 2.6 (Descriptive Hausdorff topological space). Let the set I be an arbitrary index set.
A descriptive Hausdorff topology, τΦH , induced by the descriptive Hausdorff metric dΦH on KΦ has the
following properties
1o KΦ, ∅ ∈ τΦH .
2o {Ai}i∈I ⊆ τΦH implies

⋃
i∈I Ai ∈ τΦH .

3o A,B ∈ τΦH implies A ∩ B ∈ τΦH .
The triple (KΦ, d

Φ
H , τΦH) is called a descriptive Hausdorff topological space.

Corollary 2.1. There is a descriptive Hausdorff topology τΦH on every collection of compact complete
descriptions of a descriptive proximity space (X, δΦ).

N.B. 2.3 (New form of descriptive proximity). From Axiom 2.1, the number of characteristics of a
physical objects is indefinite. For this reason, we introduce a new form of descriptive proximity of a pair
of sets of physical objects A,B in terms of the differences of the descriptions of A and B converging to 0
in the limit (see Definition 2.7).

Definition 2.7 (Indefinite characteristic distance). Let X be a nonempty set. A,B ∈ 2X are indefi-
nitely characteristically near sets of physical objects, provided

dlimΦ(A,B) = lim
|ϕ(a)−ϕ(b)|→0

dΦ(A,B) = 0.

FIGURE 3. Self-similar biker motion waveform.

3. CHAOTIC DYNAMICAL SYSTEM

Dynamical chaos is different from randomness or disorder. Chaos is deterministic in de-
scriptive set theory [23]. For example, vibrations of a mechanical system are quasi-periodic,
changing from period doubling to chaos with period doubling [26]. Chaos in dynamics oc-
curs if the cloud of representative points in the course of evolution in the phase space under-
goes repetitive deformations of stretching, folding, and transversal compression [13]. Typically,
nonlinear motion cascades to chaos [27].
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Definition 3.8 (System). A system is a configuration of components functioning together as a whole
and their relationships.

Definition 3.9 (Dynamical system). A dynamical system is a physical system (collection of physical
objects) that changes over time.

Definition 3.10 (Chaotic dynamical system). A chaotic dynamical system (CDS) is a system that
has the following properties
1o The waveform of a CDS is self-similar, i.e., the CDS contains parts with the same structure as the

complete CDS.
2o The self-similar fractals in the CDS satisfy the open set condition [5], i.e., there exists an integer n so

that for every piece Ai ∈ CDS with diameter ε, there are at most incomparable pieces Aj≤n ∈ CDS
with diameter ≥ ε with distance ε from Ai [22]. Let X ∈ 2Y in a CDS with subsets 2X in a
descriptive Hausdorff proximity space (KY

Φ , d
Φ
H , τΦH). A description Φ(X) of a CDS X in a space Y

contains the description of all the subsets of A ∈ 2X such that dH(A,B) < ε for all B ∈ 2Y .
3o The number of known characteristics of the CDS is indefinite.

Example 3.3. A vibrating system is an example of CDS. For example, in Fig. 3 a biker is a CDS with
the following properties
1o The biker waveform in Fig. 3 is self-similar, i.e., the complete motion waveform pattern is repeated in

its segments.
2o The biker waveform satisfies the open set condition. To see this, let X ∈ 2Y in a biker motion system

with subsets 2X in a collection Y of moving systems (e.g., walkers and vehicles). This biker CDS
resides in a descriptive Hausdorff proximity space KX

Φ that is a subspace of KY
Φ . Let B ∈ 2Y . A

description Φ(A) of a subset A ∈ 2X in space Y contains the description of all the subsets of A ∈ 2X

such that dH(A,B) < ε for all B ∈ 2Y .
3o The number of known characteristics of the biker system is indefinite.

Lemma 3.1. Every descriptive proximity space on a collection of physical objects is indefinite.

Proof. Let (X, δΦ) be a descriptive proximity space on a collection of physical objects in 2X .
From Axiom 2.1, the number of known characteristics of subsets A,B ∈ 2X is indefinite. Then,
from Definition 2.7, dΦ(A,B) = dlimΦ(A,B). Hence, (2X , dΦ) is indefinite. □

Theorem 3.1. Every descriptive proximity space on a dynamical system is indefinite.

Proof. Immediate from Axiom 2.1 and Lemma 3.1. □

Theorem 3.2. Every descriptive proximity space on a chaotic dynamical system is indefinite descrip-
tively.

Proof. Immediate from Definition 3.10 and Theorem 3.1. □

Lemma 3.2 (Indefinite descriptive Hausdorff topology). Every descriptive Hausdorff topology on
a sets of objects in a physical system is indefinite.

Proof. Let 2X be collections of subsets of a dynamical system X , A,B ∈ 2X . Let (X, δlimΦ) be
an indefinite descriptive proximity space. From Axiom 2.2, all descriptive Hausdorff distances
dH(Φ(A),Φ(B)) approach zero, i.e., descriptive Hausdorff proximities between sets of physical
objects in a dynamical system are indefinite. By replacing 2X in Definition 2.6, and obtain an
indefinite descriptive Hausdorff topology. □

Theorem 3.3. Every dynamical system has an indefinite descriptive Hausdorff topology.

Proof. Immediate from Definition 3.9 and Lemma 3.2. □
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4. DESCRIPTIVE CASE

There are many definitions of chaos in the literature. Among these definitions, we often
encounter definition of chaos in sense of R. L. Devaney made in 1986 [4], followed by studies
of the relationship between individual chaos and collective chaos (see, e.g., [5, 8, 15, 22]). In this
section, our aim is to analyze a chaotic dynamical systems in the descriptive sense by adding
new features to it and observe them.

4.1. Descriptive Dynamical System. The fabric of a descriptive dynamical system is a family
of interactions on a nonempty set of points (quanta) X . There is an orbit of each point x ∈ X
defined by a family of interactions on x with characteristics such as vector tail or vector tip. In
this subsection, we consider X as a topological space together with a real-valued characteristic
function Φ : X → Cm on it.

Definition 4.11 (Family of iterations). The dynamical system (X, f) on X defined by f is the family
of iterations {fn}n∈Z+ with each fn mapping from X to itself. For x ∈ X and n ∈ Z+ the orbit of x is
the set of points

x, f(x), f2(x), . . . , fn(x), . . .

and is denoted by
Orbf (x) = {fn(x) : n ∈ Z+}.

Definition 4.12 (Descriptive dynamical system). A descriptive dynamical system is a pair (S,Φ),
which consists of a nonempty set S accompanied by a nonempty set characteristic functions such that

Φ = {ϕ1, . . . , ϕi, . . . , ϕn} |n≥1 : ϕi : S → C.

Definition 4.13 ([19]). Given a descriptive dynamical system (X, f,Φ), a subset A of X is
(1) a descriptive fixed subset of f , provided Φ(f(A)) = Φ(A) and

Φ(f j(A)) ̸= Φ(A), for the set of descriptive periodic sets j = 1, 2, . . . ,m− 1.

(2) a descriptive period-m set of f if Φ(fm(A)) = Φ(A).

When A = {a} is a singleton set, we simply replace the word set with the word point. In
that case, we say that a point a ∈ X is

(1) a descriptive fixed point of f , if Φ(f(a)) = Φ(a),
(2) a descriptive period-m point of f if Φ(fm(a)) = Φ(a), and Φ(f j(a)) ̸= Φ(a) for j =

1, 2, . . . ,m− 1.

Definition 4.14 (Descriptive periodic points). Given a descriptive dynamical system (X, f,Φ),
(1) the set of descriptive m-periodic points is given by

Perm(f,Φ) = {a ∈ X : Φ(fm(a)) = Φ(a)} .

(2) the set of descriptive periodic points is given by

Per(f,Φ) =
⋃

m∈Z+

Perm(f,Φ) =
{
a ∈ X : Φ(fm(a)) = Φ(a),m ∈ Z+

}
.

Remark 4.3. Here, one can understand from Definition 3.10 and Theorem 3.2 that every periodic m-set
on a chaotic dynamical system is an indefinite descriptive periodic m-set. However, the converse may
not be true. Even so, a periodic m-set is a descriptive periodic k-set for k ≤ m.
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Definition 4.15. The set-valued function f̄ : K(X) → K(X) is defined by f̄(A) = {f(a) : a ∈ A} so
that the complete description of A is

Φ(f̄(A)) = {Φ(f(a)) : a ∈ A}
=

{(
ϕ1(f(a)), ϕ2(f(a)), . . . , ϕn(f(a))

)
: a ∈ K

}
⊆ Cn

and its descriptive orbit is a collection of sets

Φ(f̄(A)),Φ(f̄2(A)), . . . ,Φ(f̄n(A)).

Remark 4.4. For a subset A of X , the extension of A to K(X) is defined by
e(A) = {K ∈ K(X) : K ⊂ A}.

Also the following lemma is given in [21].

Lemma 4.3. For two subsets A and B of X, the following holds
• e(A) ̸= ∅ if and only if A ̸= ∅,
• e(A) is open subset of K(X), if A ⊆ X is open,
• e(A ∩B) = e(A) ∩ e(B),
• f̄(e(A)) ⊆ e(f̄(A)),
• f̄n = f̄n, for all m ∈ Z+.

Here, we present a descriptive approach to Devaney’s definition of chaos by introducing
new definitions: a dense collection of descriptive periodic sets, descriptive transitivity and
descriptively sensitive.

Definition 4.16. For (K(X), dH), a mapping f̄ : K(X) → K(X) is said to be descriptively chaotic if
• the collection of Per(f̄ ,Φ) descriptive periodic compact sets which is given by⋃

m∈Z+

Perm(f̄ ,Φ) =
{
K ∈ K (X) : Φ(f̄m(K)) = Φ(K),m ∈ Z+

}
is dense in K (X),

• for every e(U), e(V ) which are respectively extensions of nonempty open pair U, V ⊆ X , there
exists n ∈ Z+ such that f̄(e(U)) and e(V ) are descriptively proximal, i.e., Φ(f̄n(e(U))) ∩
Φ(e(V )) ̸= ∅ (f̄ is descriptively transitive), and

• there is a δ > 0 (sensitive constant) such that for any elements A,B of e(U) which is an
extension of nonempty open subset U of X , there exists n ∈ Z+ so that dΦ(f̄n(A), f̄n(B)) =
dH(Φ(f̄n(A), f̄n(B))) > δ (f̄ is descriptively sensitive).

Lemma 4.4. If the collection of periodic sets in a Hausdorff metric space is dense, so is the collection of
descriptively periodic sets.

Proof. Immediately follows from the fact that any periodic set is also descriptively periodic
set. □

Lemma 4.5. If f̄ is topologically transitive, so is descriptively transitive.

Proof. Let e(U), e(V ) be extensions of two nonempty open subsets U, V of X respectively. Since
f̄ is topologically transitive, there exists a positive integer m such that f̄m(e(U)) ∩ e(V ) ̸= ∅.
In that case there exists a compact subset K in K(X) such that K ∈ f̄m(e(U)) and K ∈ e(V ).
Since K is in the image of f̄m(e(U)), there is K ′ in e(U) so that f̄m(K ′) = K. This implies
Φ(f̄m(K ′)) = Φ(,K) i.e., Φ(f̄m(e(U))) ∩ Φ(e(V )) ̸= ∅. □
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FIGURE 4. Relaxed proximities between Hilbert lobes.

5. APPLICATION: RELAXED DESCRIPTIVE PROXIMITIES

This application introduces a relaxed descriptive proximity (denoted by δΦo ), which is a re-
finement of the indefinite proximity relation δlimΦ in the proof of Lemma. 3.1. δΦo serves as
means of pinpointing non-equal descriptively close segments of motion waveforms emanating
from vibrating dynamical systems. Let A,B be measurable bounded regions in a typical mo-
tion waveform of a dynamical system. A practical outcome of δΦo

(A,B) is the detection those
portions of system motion that are stable and have low energy dissipation.

A pair of nonempty sets A,B have relaxed descriptive proximity (denoted by AδΦoB), pro-
vided the characteristics of A and B are close enough.

Definition 5.17 (Relaxed descriptive proximity, [6]). Let ε ∈ [0, 1] and 2X denote the collection of
subsets of a nonempty set X . The relaxed descriptive proximity relation δΦo is defined by

AδΦoB ⇔ |Φ(A)− Φ(B)| < ϵ,A,B ⊂ X.
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The focus here is on proximal Hilbert envelope lobes inherent in time-constrained dynamical
systems. Encapsulated in a Hilbert envelope, there are comparable regions called lobes.

Definition 5.18 (Hilbert envelope lobe). A Hilbert envelope lobe (denoted by Henvlobe
) is a tiny

bounded planar region attached to single waveform peak point on a waveform envelope, defined by [2]

Henv =
√

m(t)2 + (−m(t))2.

Remark 5.5. Hilbert envelope lobe regions provide a measure of motion waveform energy dissipation.
The bigger a lobe region, the greater the motion energy. Our interest here is in identifying those motion
waveforms having a high number of proximal Hilbert lobe energy regions that have a corresponding low
energy dissipation (denoted by Ediss(t) at time t).

Expenditure of energy Em(t) by a dynamical system Sd is measured in terms of the area
bounded by the motion m(t) waveform emanating from Sd at time t, i.e.:

Definition 5.19 (Waveform energy). A measure of dynamical system energy is the area of a finite
planar region bounded by system waveform m(t) curve at time t, defined by

Em(t) =

∫ t1

t0

|m(t)|2 dt.

For simplicity, we limit our consideration to elapsed time to clock tick, which is measured
by an observed of a local mechanical clock.

Definition 5.20 (Elapsed time measured in clock ticks). Let p(t) be a characteristic function that
models a cog in a rotating wheel in a mechanical clock with a velocity dp

dt
. A clock tick tk is defined by

tk =
dp(t)

dt
|t=t0 .

N.B. 5.4 (Varying clock tick value). The value of tk will vary, since it depends on a mechanical system,
which is a collection of wearable parts subject to varying friction.

Axiom 5.3 (Instants clock). Every system has its own instants clock, which is a cyclic mechanism that
is a simple closed curve with an instant hand with one end of the instant hand at the centroid of the cycle
and the other end tangent to a point indicating an elapsed time in the motion of a vibrating system. A
clock tick occurs at every instant that a system changes its state.

Axiom 5.4 (Waveform energy, [20]). A measure of dynamical system energy is the area of a finite
planar region bounded by system waveform m(t) curve over a bounded temporal interval [t0, t1]., defined
by

Em =

∫ t1

t0

|m(t)|2 dt.

Lemma 5.6 (Dynamical system energy, [20]). Dynamical system energy is time-constrained and is
always limited.

Proof. Let Em be the energy of a dynamical system, defined in Axiom 5.4. From Axiom 5.4,
system energy always occurs in a bounded temporal interval [t0, t1]. Hence, Em is time con-
strained. From Axiom 5.3, the length of a system waveform is finite, since, from Axiom 5.4,
system duration is finite. From Axiom 5.4, system energy is derived from the area of a finite,
bounded region. Consequently, system energy is always finite. □

From Def. 5.20 and Lemma 5.6, we obtain:
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Theorem 5.4 (Time-constrained dynamical system energy [20]). Let X be a dynamical system
with waveform m(t) at time t. The energy of X varies with every clock tick.

Definition 5.21 (Energy dissipation [20]). For a motion waveform m(t) at time t, let loc identify a
bounded region (called a Hilbert lobe) at location x in an enveloped waveform and let t be the time of
occurrence of the lobe. A measure of motion dissipated energy is the mapping Ediss : R×R → R, which
is defined by

Ediss(loc, t) = |E(x, t)− E(x′, t′)| ≥ 0

for quantized dissipation. There are two different forms of motion energy dissipation to consider, namely,
1o Energy dissipation within one frame: Let x, x′ identify lobes in two different locations at time t

in an enveloped waveform in a single video frame at elapsed time t. Then

Ediss(loc, t) = |E(x, t)− E(x′, t)| .
2o Energy dissipation between different frames: Let x = x′ identify a lobe in the same location

at times t, t′ in a pair video frames. Then

Ediss(loc, t) = |E(x, t)− E(x, t′)| .

The motivation for considering two different forms of Ediss(loc, t) stems from Lemma 5.7,
which associates the relaxed descriptive proximity of a pair of energy regions with correspond-
ing energy dissipation that is minimal.

Lemma 5.7. Let Em(t),

Em(t) δΦo Em(t′) ⇔ Ediss(loc, t) < ε, ε ∈ [0, 1].

That is, Ediss(loc, t) is minimal.

Proof. It is known that energy dissipation Ediss(t
′) in a motion curve is minimal, when the

difference between Em(t), Em(t′), t < t′ is small [20]. This occurs when Em(t) δΦo
Em(t′), i.e.,

Ediss(t) < ε, ε ∈ [0, 1]. This gives the desired result. □

Theorem 5.5. Every Hilbert enveloped motion curves m(t),m(t′) with Em(t) δΦo
Em(t′) at times

t ̸= t′ has low energy dissipation.

Proof. Immediate from Lemma 5.7. □

FIGURE 5. Source of Hilbert energy lobes in Table 2.

The sample lobe areas (a.k.a. motion energy regions) in Table 2 (see Fig. 5) lead to Exam-
ple 5.4.
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Lobe +ve Lobe Areas -ve Lobe Areas Energy Dissipation
(+ve lobe) (-ve lobe) Ediss

L2 38.952 36.2096 2.7424
L4 2.522 32.3247 29.8027
L6 33.1404 33.3126 0.1722
L8 33.6902 33.9613 0.2711

TABLE 2. Lobe energy for runner in IR video frame 19.

Example 5.4 (Relaxed proximities within a frame). Let ε = 0.03. From Table 2, observe
1o L2+ve ̸ δΦo

L2−ve,
2o L4+ve ̸ δΦo

L4−ve,
3o L6+ve δΦo

L6−ve,
4o L8+ve δΦo L8−ve.

FIGURE 6. Source of Hilbert energy lobes in Table 3.

The sample lobe areas (a.k.a. motion energy regions) in Table 3 (see Fig. 6) and in Table 4
(see Fig. 7) are a source of important relaxed proximities between Hilbert lobes in terms of
lobe energy. Lobe energy proximities between frames serve as an indication of the stability of
system energy. Relaxed proximities between IR frames are considered in Example 5.5.

A check on relaxed proximities between Hilbert lobes in terms of lobe energy is considered
next.

The sample lobe areas (a.k.a. motion energy regions) in Table 3 (see Fig. 6).

Lobe +ve Lobe Areas -ve Lobe Areas Energy Dissipation
(+ve lobe) (-ve lobe) Ediss

L2 38.7384 36.3319 2.4065
L4 34.5799 35.0868 0.5069
L6 32.8082 33.3491 0.5409
L8 33.0718 33.5572 0.4854

TABLE 3. Lobe energy for runner in IR video frame 24.

Example 5.5 (Relaxed proximities between frames). Let ε = 0.2 for the dynamical system repre-
sented by motion m(t) in Fig. 6 and motion m(t′) in Fig. 7. Also, let

(lobe) LTablek
k , (energy) ETablek

±Lk
, k ∈ {19, 24, 26} , n ∈ {2, 4, 6, 8} .

Observe
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FIGURE 7. Source of Hilbert energy lobes in Table 4.

Lobe +ve Lobe Areas -ve Lobe Areas Energy Dissipation
(+ve lobe) (-ve lobe) Ediss

L2 39.0058 36.4091 2.5967
L4 34.3714 35.023 0.6516
L6 32.8635 33.424 0.5605
L8 33.1931 34.1811 0.988

TABLE 4. Lobe energy for runner in IR video frame 26.

1o +veLTable24
4 δΦo + veLTable26

4 , since∣∣ETable24
+L4

− ETable26
+L4

∣∣ = |34.5799− 34.3714| = 0.2085 < ϵ.

2o −veLTable24
4 δΦo − veLTable26

4 , since∣∣ETable24
+L4

− ETable26
+L4

∣∣ = |35.0868− 35.023| = 0.0638 < ϵ.

3o +veLTable24
6 δΦo

+ veLTable26
6 , since∣∣ETable24

+L6
− ETable26

+L6

∣∣ = |32.8082− 32.8635| = 0.0553 < ϵ.

4o −veLTable24
4 δΦo

− veLTable26
4 , since∣∣ETable24

−L6
− ETable26

−L6

∣∣ = |33.3491− 33.424| = 0.0749 < ϵ.

Hence, Em(t)δΦoEm(t′). From Theorem 5.5, system S at times t and t′ has low energy dissipation.
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