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ABSTRACT. In this work, we investigate an integral variant of the Wright operators arising in approximation theory.
Our main contribution is the derivation of a complete pointwise asymptotic expansion for these operators Wi To
establish this expansion, we first develop several structural properties of the operators, emphasizing their intrinsic
connections with special functions, including the Mittag-Leffler and confluent hypergeometric functions. The analysis
requires a careful study of the moments of the associated integral operators and relies on a collection of auxiliary
results, such as a localization theorem. The obtained asymptotic formula provides refined convergence estimates and
yields deeper insight into the limiting behavior of the operators as n — oco.
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1. INTRODUCTION

Positive linear operators constitute a fundamental tool in approximation theory, providing
effective schemes for approximating continuous functions and for studying convergence and
asymptotic behavior. In recent years, there has been growing interest in operator sequences
constructed via special functions arising in fractional calculus and probability theory, owing to
their rich analytical structure and enhanced flexibility. Among these, operators associated with
the Wright function have attracted considerable attention due to their close connection with
fractional diffusion processes and their ability to model non-local effects. The present paper is
devoted to the study of an integral variant of the Wright operators, with particular emphasis on
deriving a precise asymptotic expansion that yields refined convergence estimates and deeper
insight into the limiting behavior of the operators.

The three-parameter Mittag-Leffler function £ ; (also known as the Prabhakar function),
introduced by T. R. Prabhakar in 1971 [8], is defined as

(1.1) E,0=3 """ Gec w0,
B\Z l;)( v )F(aquﬂ) ? “

r v =
el = (71“? I)/) = l' and I'(-) denotes the Euler gamma function. Here, 7 = 1
Il (v v!
and " =~y (y+1)---(y+v—1), for v € N, denotes the rising factorial. Although the three

parameters o, 3 and «y are allowed to assume values in C, we will use the function £ ; only for
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real values of , § and 7. We mention the special instances Ef 5(2) = and E | (2) = €.

r (5)

In this paper, we focus on the special case &« = 1. The asymptotic formulae for the three
parametric Mittag-Leffler functions for large values of indices were established in [4]. The
positive linear operator using the terms of the Prabhakar function EY ; (nx) as basis functions,

e @ = (m00) " 2 () i ()

was introduced and studied in [1].

Closely related to the Mittag-Leffler function is the Wright function [10], introduced by E. M.
Wright as a natural generalization of exponential-type functions in the theory of entire func-
tions. It is defined by the series

Sk

Pa,p(2 Zk'rak—i-ﬂ)

> -1, peC.

The Wright function plays a significant role in fractional calculus, as it appears in the funda-
mental solutions of time-fractional and space-fractional diffusion equations. It is also closely
connected with the Mittag-Leffler function, Lévy stable distributions, and probability density
functions describing anomalous diffusion processes. Furthermore, in approximation theory
and applied analysis, Wright-type functions are employed in the construction of positive lin-
ear operators [6] and in the study of their asymptotic behavior and convergence properties,
highlighting their importance in both theoretical and applied contexts.

The Prabhakar function E] ; and the Wright function ¢,,s play a central role in several
areas of fractional calculus, probablhty theory, and anomalous relaxation phenomena. The
Prabhakar function, as a three-parameter generalization of the classical Mittag-Leffler function,
gives rise to the Prabhakar fractional integral operator, which extends the classical Riemann-
Liouville and Caputo fractional integrals. On the other hand, the Wright function naturally ap-
pears in the fundamental solutions of time-fractional and space-fractional diffusion equations
and is closely connected with stable probability distributions. Both functions are extensively
used in the modeling of memory-dependent processes, viscoelastic materials, and non-local
diffusion phenomena. In approximation theory, kernels expressed in terms of the Prabhakar
and Wright functions enable the construction of positive linear operators with adjustable pa-
rameters, leading to enhanced flexibility and improved convergence behavior. Consequently,
the availability of accurate asymptotic expansions for £ ; and ¢, s is essential for rigorous
theoretical analysis and efficient numerical implementation, particularly in large-parameter
regimes, stability investigations, and the derivation of precise rate of convergence results. Such
expansions also facilitate closed-form representations of moments and provide deeper insight
into the asymptotic behavior of the associated operators as n — oo, which is crucial in approx-
imation theory and applied mathematics.

For a real number A > 0, let E4 [0, 00) be the class of all functions f : [0,00) — R which
satisfy, for some positive constant K, the growth condition |f ()| < K exp (At), for ¢ > 0. Let
E[0,00) = Uyso Ea [0, 00) be the space of all functions of (at most) exponential growth. For

B> 0and v > 1, we define the operators W/7 : E[0,00) — C [0, 00) by

(1.2) (WEYF) (z) = (Eyﬁ (nx))_l i <7 + Z N 1) mr((nj):ﬂ) Am etV f (;) dt.

v=0
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It is obvious that, the operators W7 are linear and positive. We observe that, for sufficiently
large n, the operators W/ are well defined on the space E [0, 0) since f € E4 [0, 00), implies
that, forn > A,

/0 tt”f< >dt‘ < K/ Y exp (At/n) dt

,K/ t"exp (—t(1— A/n))dt ufzj/VT'L)M

and

1 5 () 5 (),

n

At the point 2 = 0, the operators (1.2) approximate the function f, provided that it is continuous
from the right at # = 0. In this case, we have (W7 f) (0) = [T e~'f (L) dt — f(0) as n — oo.

In the special case, v = 1, the operator W/” was dlscussed by Patel [5], another variant was
discussed in [7]. Further, the special case 3 = v > 1, the operator W7 reduces to

W22 0) @) = e [ ertn (2viat) £ (L) a

where Iy denotes the modified Bessel function of the first kind given by

> 2v

Our focus is to study the rate of convergence for the operators W/7. Also, we derive a (point-
wise) complete asymptotic expansion for the sequence (W7 f) (z)) ", in the form

(1.3) (W,B,vf) )+ Z a?” (f,x (n — 00),

provided that f admits derivatives of sufficiently high order at z > 0. Formula (1.3) means
that, forall ¢ = 1,2,.. ., it holds

(W f) (@) = f@) + Y ai” (fa) n7F +o(n™)  (n— o0).
k=1

The coefficients a "7 (f,z), which are independent of n, will be given in terms of coefficients
of a certain power series. As a particular case v = 1, we obtain the complete asymptotic
expansion for the sequence of Patel’s operators established in [5]. In the special case ¢ = 1, we
complement his results on W' by a Voronovskaja-type theorem.

2. MAIN RESULTS

The following theorem presents as our main result the (pointwise) complete asymptotic ex-
pansion for the integral generalization of the Mittag-Leffler operators W/».

Theorem 2.1. Let ¢ € Nand x € (0, 00). For each function f € E [0, c0) which is 2q times differen-
tiable at x, the operators W7 possess the asymptotic expansion

(2.4) (WEYF) (@) = f@)+ Y _al” (f,z)n F+o(n™0)  (n— o)
k=1
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with the coefficients

2k

(2.5) ay” (fz) =

s=1

¥ ()

T2 T (18) (=120,

where the numbers Ty, 5 (o, v, §) and Hy, (a, b, j) are defined by
ks
ser (S\ (T ,
26) Tin (1:8) = 332 (- () () tties pr =
and by equation (3.10), respectively.

Before proceeding to the proof of the above theorems, we first establish several fundamental
properties of the operators W/»?. In particular, we demonstrate their connections with other
special functions, notably the confluent hypergeometric function. Throughout the paper,
A=1,2L=2(2-1)---(2—j+1),j €N, denote the falling factorials.

Remark 2.1. If f € (.2, K [g; z], the operators WS possess the complete asymptotic expansion
(WEf) (x —|—Za f,z (n — 00),

where the coefficients af T (f,x) are defined in (2.5).

In the case ¢ = 1, an immediate consequence of Theorem 2.1 is the following Voronovskaja-
type formula.

Corollary 2.1. Let x € (0,00). For each function f € K [2;z], the operators W/ satisfy
Jim 0 (W) (2) = f (@) = A +7 = B) [ (2) + 2f" (2).
Remark 2.2. For the convenience of the reader, we list the explicit expressions for the initial coefficients
an” (f):
a7 (f2) = (L4 = B) f (@) + 2" (2)
07 ey BN ED

+(7—B+1)2(7—6+2)f,,(x)+7—§+2m

:(7—1)(7—5)(27—5—2)f/(x)+

6(v—B)"+(17-68) (v - B)"*
: & (@) +

STEOES 240 (0 4 B0 ().

7O @)+ 5 1D (@)

(v=B+2)(y-=B+3)
2

ag” (f.x)

+ zfW (z)

We emphasize the fact that ag’w (f,x) contains only derivatives f(*) (z) of order s < 2k.
By equation (2.5), ai” (f,z), k € N, is a linear combination of the terms z*~* f(*) (), for s =
1,...,2k. In the special case 8 = v, we obtain the following corollary.
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Corollary 2.2. Let ¢ € Nand z € (0,00). For each function f € E [0, c0) which is 2q times differen-
tiable at x, the operators W,># possess the asymptotic expansion

(W21) (@) = f(2) + 3 ai” (fe)n ™ +o(n™®) (0= o)
k=1

with the coefficients

k S
=3 ()5 =,

|
5—0 s/ S

3. MOMENTS FOR THE OPERATORS Wfﬂ

Throughout the paper, e, denote the monomials e, (t) = t", (r =0, 1,2, ...) and for each real
x, we put Y, = e; — xeg.

To demonstrate our main findings on the operators W7, we will need the moments of the
integral operators (1.2). The proof of Theorem 2.1 relies on many lemmas, which are compiled
in this section.

Lemma 3.1. Forr =0,1,2,..., the moments of the operators WSV have the representation

" e ("o i YA F (v 453 B+ i na)
(37) (Wfer) (@) =n z_;(j)(m) e

With the abbreviation _
71 Fy (v + 43 B+ jina)
gi 1Fi(y;Binx)

B —
the first instances are given by
Wff”eo =€y,
Wfﬁel Rfi ’1)’61,
2
Wﬁﬁez :Rﬂﬁez + 7R/d}7617
27

Whes R’H’763+ RB’Qe + Rﬁlel,
W/ ey =R es + ;ng s+ Rﬁ e2 + 7Rn 1€1-

Proof. Since [° e~"t"e, (L) dt =n~" (v +7)!, we obtain

(Wier) (@) =n" (E] 4 (na)) : i (7 o 1> W

v=0

By Vandermonde convolution, we have

v+ _ < (f)”j’”—j
v! — \J
which leads to

(W2re,) () = n" (E7, (00) (D)3 (70 e

~
I
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| S - 1
uﬂ(”” )vﬂ(’””. ) >,
v v—j

(Wie,) (z) =n"" (E?,ﬁ (Nm))il i (Z) r=dy (na)! BY (na).

Jj=0

Since

we obtain

Taking advantage of (3.8) leads to

s, o (Torei T i L(B) 1 (v 445 B+ g na)
(Wiier) (@) =n ;(i)r H () L(B+37) 1Fi(yBnx) 7

which is the desired formula, since I' (8 + j) /T (8) = 7. O

For the subsequent discussion, we require the connection between the confluent hypergeo-
metric function and the three-parameters Mittag-Leffler function (1.1), as stated in [2, Equation
5.1.39] as

T (2) = N fi -
(3.8) B} g - /3) 1By (7385 2),
where the confluent hypergeometric function is given by
= a” 2¥
1F1 (a3b;2) = 7o

v=0

It is well known that | F; satisfies the asymptotic relation (see [3, Formula 13.7.1])

e () X (b—a) (1—a)F
(3.9) 1Py (a3b52) ~ — 0 ;; e (z = +00).

As in [1], we define the numbers Hy, (a, b, j) by the relation

(3.10) L+ 2 (- 0—a- ) %:in(a,b,j)wk,

1+Zk1b_a) (1_a)kw1T!k k=0

where all series are interpreted as formal power series. The following consequence will become
useful related to Hy, (a, b, j)

1By (atjsh+jsz) bjin (a,b,5)

11 —
(3-11) 1F1 (a; b 2) al 2k

(z = +00).
k=0

For the convenience of the reader we list some explicit expressions, which were also mentioned
in [1]:

HO (a7baj) :17
Hl (avbaj) :(G,—b>j,
_b y
Hy (a,5,7) =09 33016 j+aj—bj),

2
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Hs (a,b, ) :% (22 — 42a + 204> + 18b — 16ab + 2b>
—3(a—b—1)Ba—-b—-4)j
+(a—b—2)(a—b—1)j%).

Lemma 3.2. Forr =0,1,2,..., the moments of the operators WSV satisfy the asymptotic relation
oo 1 min{k,r}
Wﬂn] T ~ A ]H » M ek — ’
e @~ 3w X () o (18,7 =) (n = o)

where Hy, (a, b, j) is defined in (3.10).

Proof. The starting point is the Equation (3.7) in Lemma 3.1, i.e.,

027} )= Y ()t GO R ),

=\ Bi - 1Fi(y:Binx)
Hence, by (3.11),
W’E(y , ~ T (7") ry 6 .] N )
( er) (z) ~n 2\ KZ (n2) (n — o)

Finally,

(nz)

(Wi7e,) (x) ~ (;) P B Z %’E) (n — o0)
7=0 £=0
+ ¢

and collecting all terms with j + ¢ = k, we obtain the desired formula.

Lemma 3.3. For s =0,1,2,..., the central moments of the operators W,> have the representation

> s—k
(3.12) (WErs) ()~ Y mnk Tis (7, 8) (n — 00),

k=|(s+1)/2]
where Ty, 5 (v, B) is defined by the Equation (2.6).

A direct consequence of Lemma 3.3 is the asymptotic relation
(3.13) (WE42) (z) = O (n-t<s+1>/2J) (n — 00).

Proof. By the binomial formula, we have

S

(2702) (@) = 3 (-0 (0) (WEe) o),

r=0

Application of Lemma 3.2 yields

(WE3) Z e < ) miri::“} <;> riHy—j (v, 8,7~ j)
- Z (v, B) (n — o0,
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where T}, ; (v, §) is defined in equation (2.6). It remains to prove that T}, ; (v, 5) = 0if 2k < s.

Using the binomial identity
() =00=)
r)\) T\ e =3)

Z o () =)

we obtain

Tk,s (77 /6) =

0 (L) e ).

Equation (3.10) reveals that Hy, (a,b, z) is a polynomial in the variable z of degree at most k.
This implies that
5=

s—i_pr [S— y N
S 0 () ki e 0,8, =0
r=0
ifk <s—j,ie,if k+j < s. Noting that 0 < j < k, we conclude that T}, ; (v, ) = 0if 2k < s.
This completes the proof. O

4. PROOF OF THEOREM 2.1

In order to derive Theorem 2.1, a general approximation theorem due to Sikkema [9, Theo-
rem 3] will be applied. To this end, we need some notation. Let I be a real interval and « € I.
For s € N, let H®) (x) denote the class of all locally bounded real functions f : I — R, which
are s times differentiable at x. In the case that [ is an infinite interval, f has to satisfy the ad-
ditional condition f (t) = O (|t|*) as t — +o0 or t — —oo, respectively, or both if I = R. An
inspection of the proof of Sikkema'’s result reveals that it can be stated in the following form
which is more appropriate for our purposes.

Lemma 4.4. Let g € Nand let (Ly,), . be a sequence of positive linear operators, L, : H?9 (z) —
Cle,d), z € [c,d). Suppose that the operators Ly, apply to 29+ and to 2972, Then the condition

(Lpyy) () =0 (n_usﬂ)/%) (n — 00), fors=0,1,...,2¢+ 2,
implies, for each function f € H29 (), the asymptotic relation
p ymp

() (¢
! s!( ) (Lptl) () 4o (n_q) (n — ).

(Lnf) (@)=
s=0

Since Lemma 4.4 deals with functions of polynomial growth, we cannot apply it directly to
functions f € E'[0, 00). First, we note that the definition of E4 [0, co) implies that the functions
of this class are bounded on each finite interval [0, 7], r > 0. In order to prove Theorem 2.1 for
functions of (at most) exponential growth, we need a localization result (Lemma 4.6) for the
operators W/7. The next result will be applied in its proof.

For real numbers A, define exp 4 (t) = e“*.

Lemma 4.5. Let A be a real number and x> 0. Then, (WS exp ») () is well defined, for all positive
integers n > A, with

n
n 1F1 (% B; n—Anx>

(4.14) (W expa) (0 = 23— F (52 ona)
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and has lim, o (W7 exp ) (z) = exp, ().

Proof. Let z > 0. An elementary calculation and application of (3.8) shows that, for n > A4,

B o (e 1@ <7+V—1> (nx)” R ar
(Wn € pA) (ZL’) (El,ﬁ (n:c)) Vgo v T (V""ﬁ)\/o e "ten di

EY;;( n2x )
n ’ n—A

n—A  E,(nz)

n2z
B 1 (%ﬁ’n—A>
n—A 1F(yBinz)

By (3.9), we conclude that

62127—5 1
22 D o)

(ijv“f eXpA) (z) ~ nA - SEVB)
n—A ex2;]7"I(B) (1+O(z_1))
T(y) 2
n (= =8 B B
“noat (z:) (1+0 (') =0 (1)),
where
n’zx n
z] = =nx 29 = NT

As n tends to infinity, we have

n A _ _
n—A:1+5+O(n 2), zlznx—l—Ax—i—O(n 1).
Hence
z1 — 2 :Am+0(n_1), 1772 = A% (1+O(n_1)).
Similarly,
2 e B n y=8 B A o
<Z2> <n_A) f1+(’yfﬁ)g+0(n ).
Therefore
B Az A A -1
(W expy) (z) ~e 1+ﬁ 1—|—(’y—ﬂ)g (1+0(n")).
Hence, we have lim,,_,oc (W7 exp,) (z) = expy4 (2). O

Lemma 4.6 (Localization Theorem). Let 6 > 0 and fix x > 0. If a function f € E4 [0, 00) vanishes
on the interval (z — 6, + &) N [0, 00), then (WS f) (x) = O (n=™) as n — oo, for arbitrarily large
m > 0.
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Proof. Let m € N. For a certain positive constant &, we have

(o) iz n @l < X (0 et (55)

v>0,
lv/n—z|>6

7moo y4+v—1 1 n?x \" /v 2m
<K& Z( v )r(u+ﬁ)<n—A) (-o)

v=0

Application of the Schwarz inequality yields

(W2 8) @) < KW"J (Wil exps) <x>\/ (Wil ) (@)

By Lemma 4.5, the first square root has the finite limit exp 4 (z) as n — oco. By relation (3.13),

the second root satisfies (Wff ’Ww;lm) (x) = O (n~"™) as n — oo. This completes the proof. O

Now we are in position to prove the asymptotic expansion.

Proof of Theorem 2.1. Let » > 0 and suppose that f(2? (z) exists. Firstly, we assume that f €
H(9 (z). By the Equation (3.13), we have (W/7¢2) (z) = O (n™%) asn — oco. Lemma 4.4
implies that

2q

©) (2
Wi @ = LD () @ o) (0o o0).

s=0

Now, we suppose that f € E[0,00) and (2% () exists. Note that the above asymptotic expan-
sion depends only on the behaviour of f in an arbitrary small neighborhood of x. Therefore,
by the localization theorem, we can assume, without loss of generality, that f € H?? (z). By
Lemma 3.3 and noting that Wh7ey = e, we infer that

20 (s ) 2%k (s)
S S g @)~ p@+ Y 3 et )
s=0 k=1 s=1
as n — oo. Finally, we obtain
W) @ = £ )+ 30 45 L@ ooy o) o o)
k=1 s=1
as n — oo. This is the desired expansion. O

Proof of Corollary 2.2. Let x > 0 and suppose that f(29 (z) exists. Since | I} (a;a; z) = e*, Equa-
tion (3.10) reveals that Hy (a, a,j) = 1 and Hy, (a,a,j) = 0 (k € N). By (2.6), we obtain

L (B.8) =3 (1) ()

and Equation (2.5) yields
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gl
_Z(>f“ skz (i:DTk (k=1,2,...).

Observing that
s s—k
2: s—r s—k 2: s—k—r s—k
= (r—k>rk: - ( r ) (r+hy*
r=k r=0
s—k k
_2 : _q\s—k—r (ST k i rik
“2 ( r ) (dy> !
r=0 y=1

d F k s—k
(dy) Yy (y—1)
y=1

:(skk)(sk!k)!(s_k)!:k!(skg

(note that (") = 0if 2 < 2k < s), we conclude that

B(f,a:) :igi(lj))!(sﬁk)ms_k :Xk: (’:)ijf(lwrs) ().

s=k

This completes the proof of the corollary. O
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