
MODERN MATHEMATICAL METHODS
4 (2026), No. 1, pp. 1-13
https://modernmathmeth.com/

ISSN 3023 - 5294

Research Article

On the limit operators of q-King type sequences of operators
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1. INTRODUCTION

The connection between regular summability matrices and convergent positive linear oper-
ators leads to the following operators introduced by King [13, p. 204, (2.1)]:

(Vnf)(x) ≡ Vn(f ;x) =

n∑
k=0

pn,k(rn(x))f

(
k

n

)
,

where f ∈ C[0, 1], {rn} is a sequence of continuous functions defined on [0, 1] with 0 ≤ rn(x) ≤
1 and pn,k(x) =

(
n
k

)
xk(1− x)n−k, x ∈ [0, 1]. For the special case rn(x) = x, x ∈ [0, 1], we receive

the Bernstein operators

(1.1) (Bnf)(x) ≡ Bn(f ;x) =

n∑
k=0

pn,k(x)f

(
k

n

)
.

We consider the monomial functions ei(x) = xi, where x ∈ [0, 1] and i = 0, 1, 2, . . . The King
operators which preserve e0 and e2 are given by

(1.2) (V ∗
n f)(x) ≡ V ∗

n (f ;x) =

n∑
k=0

pn,k(r
∗
n(x))f

(
k

n

)
,

where

r∗n(x) =

{
x2, if n = 1

1
2(n−1)

(
−1 +

√
4n(n− 1)x2 + 1

)
, if n = 2, 3, . . .

(see [13, p. 205]). Thus (V ∗
n e0)(x) = 1, (V ∗

n e1)(x) = r∗n(x) and (V ∗
n e2)(x) = x2, x ∈ [0, 1], in

contrast with Bernstein operators: (Bne0)(x) = 1, (Bne1)(x) = x and (Bne2)(x) = x2 + x(1−x)
n ,
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x ∈ [0, 1]. The following quantitative estimation is obtained in [13, p. 206, Theorem 3.1]:

|(V ∗
n f)(x)− f(x)| ≤ 2ω(f ;

√
2x(x− r∗n(x)) ), x ∈ [0, 1],

where the usual modulus of continuity of f ∈ C[0, 1] is defined by

(1.3) ω(f ; δ) = sup{|f(x)− f(y)| : x, y ∈ [0, 1], |x− y| < δ}, δ > 0.

A systematic study of the operators V ∗
n (n = 1, 2, 3, . . .) is due to Gonska and Pit, ul [11], who

determine new estimates for the rate of convergence in terms of the first and second modulus
of continuity. The existence of a sequence of linear positive bounded polynomial operators on
C[0, 1], possessing e0 and e2 as fixed points, was proved in [6]. Furthermore, in [10], we proved
the unique existence of the functions rn (n = 1, 2, 3, . . .) on [0, 1] such that the corresponding
sequence of King operators approximate each continuous function on [0, 1] and preserve e0 and
ej , where j ∈ {2, 3, . . .} is fixed. Main results concerning certain King type modifications of the
Bernstein operators and the Szász-Mirakyan operators were presented in the survey paper [1].

Replacing f
(
k
n

)
in (1.1) with f

(
j

√
k(k−1)...(k−j+1)
n(n−1)...(n−j+1)

)
, n ≥ j ≥ 2, Aldaz, Kounchev and Ren-

der [4, p. 12, Proposition 11] defined a new King type operator

(1.4) (Unf)(x) ≡ Un(f ;x) =

n∑
k=0

pn,k(x)f

(
j

√
k(k − 1) . . . (k − j + 1)

n(n− 1) . . . (n− j + 1)

)
,

where f ∈ C[0, 1] and x ∈ [0, 1]. These operators reproduce e0 and ej , where j ∈ {2, 3, . . .} is
fixed, and Unf → f uniformly for all f ∈ C[0, 1]. In [7], we proved that there exist infinitely
many sequences of Bernstein type operators, which have similar properties to (1.4). Further
properties of the Bernstein type operators of Aldaz, Kounchev and Render were obtained in
the papers [2] and [5].

The q-Bernstein operators introduced by Phillips [16] are a new generalization of (1.1). Let
0 < q ≤ 1 and denote the q-integers by [n]q = 1 + q + . . . + qn−1 for n = 1, 2, . . . and [0]q = 0.
Besides, let [n]q! = [1]q[2]q . . . [n]q for n = 1, 2, . . . and [0]q! = 1. Then the q-binomial coefficient
is defined by [

n
k

]
q

=
[n]q!

[k]q![n− k]q!
, 0 ≤ k ≤ n.

The Bernstein operators based on q-integers are given by

(1.5) (Bn,qf)(x) ≡ Bn,q(f ;x) =

n∑
k=0

pn,k(q;x)f

(
[k]q
[n]q

)
,

where f ∈ C[0, 1] and

pn,k(q;x) =

[
n
k

]
q

xk(1− x)(1− xq) . . . (1− xqn−k−1), x ∈ [0, 1]

(an empty product in (1.5) is taken to equal 1). For q = 1, (1.5) reduces to (1.1). Il’inskii and
Ostrovska [12] proved the existence of the limit lim

n→∞
Bn,q for q ∈ (0, 1) given, obtaining the

so-called limit q-Bernstein operator defined by

(1.6) (B∞,qf)(x) ≡ B∞,q(f ;x) =


∞∑
k=0

p∞,k(q;x)f(1− qk), if x ∈ [0, 1)

f(1), if x = 1,
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where p∞,k(q;x) =
xk

(1−q)k[k]q !

∞∏
s=0

(1−xqs). They proved for q ∈ (0, 1) fixed that Bn,qf → B∞,qf

uniformly for each f ∈ C[0, 1], and B∞,qf → f uniformly for any f ∈ C[0, 1] and q ↑ 1 (see
[12, p. 104, Theorem 2 and Theorem 1]). Moreover, Wang and Meng showed in [20, p. 153,
Theorem 1] that if q ∈ (0, 1) and f ∈ C[0, 1], then

(1.7) |(Bn,qf)(x)− (B∞,qf)(x)| ≤

(
2 +

4 ln 1
1−q

q(1− q)

)
ω(f ; qn), x ∈ [0, 1].

Videnskii obtained in [19, p. 221, Theorem 8.1] that if f ∈ C[0, 1], then

(1.8) |(B∞,qf)(x)− f(x)| ≤ 2ω

(
f ;

1

2

√
1− q

)
, x ∈ [0, 1].

The King type operators based on q-integers were introduced in [3, p. 7] as follows (see (1.2)
and (1.5)):

(1.9) (V ∗
n,qf)(x) ≡ V ∗

n,q(f ;x) =

n∑
k=0

pn,k(q; r
∗
n,q(x))f

(
[k]q
[n]q

)
,

where 0 < q ≤ 1, f ∈ C[0, 1], n ≥ 2 and

r∗n,q(x) =
1

2([n]q − 1)

(
−1 +

√
4[n]q[n− 1]qx2 + 1

)
, x ∈ [0, 1].

We mention that V ∗
n,q preserves the functions e0 and e2. The generalized q-King operators were

given in [8, p. 346] as follows:

(1.10) (Vn,qf)(x) ≡ Vn,q(f ;x) =

n∑
k=0

pn,k(q; rn,q(x))f

(
[k]q
[n]q

)
,

where 0 < q ≤ 1, the continuous functions rn,q (n = 1, 2, 3, . . .) are defined on [0, 1] with
0 ≤ rn,q(x) ≤ 1, f ∈ C[0, 1] and pn,k(q;x) are the polynomials considered in (1.5). We proved
[8, p. 349, Theorem 1] that there exists a unique sequence of continuous functions {rn,q} such
that Vn,q reproduces e0 and ej , where j ∈ {2, 3, . . .} is fixed, and Vn,qnf → f uniformly for
each f ∈ C[0, 1] and qn ∈ (0, 1), qn → 1; the rate of convergence is estimated with the aid of
the modulus of continuity (1.3). For n ≥ j and q ∈ (0, 1), the function rn,q will be the unique
solution of the equation

(1.11) (Bn,qej)(y)− xj ≡
n∑

k=0

pn,k(q; y)

(
[k]q
[n]q

)j

− xj = 0, x ∈ [0, 1]

(see [8, p. 349, Theorem 1] and Lemma 2.2 below). For j = 2, Vn,q is identical with V ∗
n,q .

The q-Aldaz-Kounchev-Render operators were defined in [9, p. 756, (3.1)]: for 0 < q ≤ 1,
n ≥ j, f ∈ C[0, 1] and x ∈ [0, 1], we set

(1.12) (Un,qf)(x) ≡ Un,q(f ;x) =

n∑
k=0

pn,k(q;x)f

(
j

√
[k]q[k − 1]q . . . [k − j + 1]q
[n]q[n− 1]q . . . [n− j + 1]q

)
,

where j ∈ {2, 3, . . .} is fixed and pn,k(q;x) is given in (1.5). We mention that [k]q[k − 1]q . . . [k −
j + 1]q = [0]q = 0 for k = 0, 1, . . . , j − 1, and the operator Un,1 is identical with Un defined
by (1.4). Furthermore, we have Un,qe0 = e0 and Un,qej = ej . Among others, a new Korovkin
type theorem and its converse theorem are established in [9]. As applications we obtained
quantitative estimates for q-Bernstein type operators which preserve e0 and ej .
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The main goal of the paper is to determine the limit operators of the sequences of operators
given by (1.10) and (1.12). We establish the essential properties of the functions rn,q defined by
(1.11) that guarantee the uniform convergence of Vn,qf to its limit operator for each f ∈ C[0, 1]
and q ∈ (0, 1) given. We also give an estimate similar to (1.8) for the limit operator of the
sequence of operators {Vn,q}. Furthermore, we establish quantitative estimates similar to (1.7)
and (1.8) for the limit operator of the sequence of operators defined by (1.12).

2. THE CASE OF GENERALIZED q-KING OPERATORS

In what follows we need some lemmas.

Lemma 2.1. Let j ∈ {2, 3, . . .} be given, n ≥ j and 0 < q < 1. Then

(Bn,qej)(y) =

n∑
k=0

pn,k(q; y)

(
[k]q
[n]q

)j

, y ∈ [0, 1]

is a polynomial in y of degree ≤ j. Moreover, (Bn,qej)(y) = a0y
j + a1y

j−1 + . . .+ aj−1y, y ∈ [0, 1],
where a0, a1, . . . , aj−1 depend on n and q, and a0 =

(
1− [1]q

[n]q

)(
1− [2]q

[n]q

)
. . .
(
1− [j−1]q

[n]q

)
, a0, a1,

. . ., aj−1 > 0, a0 + a1 + . . .+ aj−1 = 1.

For the proof see [8, p. 346, Lemma 1].

Lemma 2.2. Let j ∈ {2, 3, . . .} be given, n ≥ j and 0 < q < 1. Then, the equation

(Bn,qej)(y)− xj = 0, x ∈ [0, 1]

has a unique solution rn,q(x), x ∈ [0, 1] such that rn,q(0) = 0, rn,q(1) = 1 and 0 < rn,q(x) < 1 for
x ∈ (0, 1).

Proof. By [15, p. 236, (6)-(7)], we have

(Bn,qf)(y) =

n∑
k=0

λk,n f

[
0,

1

[n]q
, . . . ,

[k]q
[n]q

]
yk,

where λ0,n = λ1,n = 1, λk,n =
k−1∏
i=1

(
1− [i]q

[n]q

)
, k = 2, 3, . . . , n and f [y0, y1, . . . , yk] is the k-th

order divided difference of f with distinct nodes y0, y1, . . . , yk:

f [y0] = f(y0) f [y0, y1, . . . , yk] =
f [y1, . . . , yk]− f [y0, . . . , yk−1]

yk − y0
.

Hence

(2.13) (Bn,qej)(y) =

n∑
k=0

λk,n ej

[
0,

1

[n]q
, . . . ,

[k]q
[n]q

]
yk.

In view of [17, p. 10, (1.33)], there exists ξk ∈
(
0,

[k]q
[n]q

)
such that

ej

[
0,

1

[n]q
, . . . ,

[k]q
[n]q

]
=

1

k!
e
(k)
j (ξk)

=

 0, if k = 0
1
k!j(j − 1) . . . (j − k + 1)(ξk)

j−k, if 1 ≤ k ≤ j
0, if j + 1 ≤ k ≤ n.

(2.14)
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By (2.13) and (2.14), we get

(2.15) (Bn,qej)
′(y) =

n∑
k=1

λk,n ej

[
0,

1

[n]q
, . . . ,

[k]q
[n]q

]
kyk−1 > 0

for all y ∈ [0, 1], thus the function Bn,qej is strictly increasing on [0, 1]. Because (Bn,qej)(0) = 0,
(Bn,qej)(1) = 1 and Bn,qej ∈ C[0, 1], therefore the equation (Bn,qej)(y) − xj = 0, x ∈ [0, 1]
has a unique solution noted by y = rn,q(x), x ∈ [0, 1] such that rn,q(0) = 0, rn,q(1) = 1 and
0 < rn,q(x) < 1 for x ∈ (0, 1). □

The essential properties of rn,q (n = j, j+1, j+2, . . .) from our point of view are summarized
by the following lemma.

Lemma 2.3. Let j ∈ {2, 3, . . .} be given, n ≥ j and 0 < q < 1. The functions rn,q (n ≥ j) determined
in Lemma 2.2 satisfy the following properties:

a) rn,q is differentiable on [0, 1];
b) rn,q(x) ≤ rn+1,q(x) ≤ x for all x ∈ [0, 1];
c) there exists a function rq : [0, 1] → R continuous on the [0, 1] such that lim

n→∞
rn,q(x) = rq(x)

uniformly for x ∈ [0, 1];
d) rn,q(x) ≤ rq(x) ≤ x for all x ∈ [0, 1].

Proof. a) Because the function Bn,qej is continuous and strictly increasing on [0, 1], there exists
the continuous and strictly increasing inverse function (Bn,qej)

−1 on [0, 1], due to the following
continuous inverse theorem: If φ : [a, b] → R is a strictly increasing and continuous function,
then the inverse mapping φ−1 : [φ(a), φ(b)] → [a, b] exists and is strictly increasing and contin-
uous function on [φ(a), φ(b)].

On the other hand, by Lemma 2.2, we have (Bn,qej)(rn,q(x)) − xj = 0, x ∈ [0, 1], which
implies that rn,q(x) = ((Bn,qej)

−1 ◦ ej)(x), x ∈ [0, 1]. Thus rn,q is differentiable on [0, 1] and

(2.16) r′n,q(x) = ((Bn,qej)
−1)′(xj) · e′j(x) =

jxj−1

(Bn,qej)′(rn,q(x))
, x ∈ [0, 1],

because of (2.15) and (Bn,qej)(rn,q(x)) = xj , x ∈ [0, 1].
b) By [17, p. 268, (7.56)], we have Bn,q(e1;x) = x, x ∈ [0, 1]. Applying Lemma 2.2 and Jensen’s
inequality to the convex function ej on [0, 1], we get

xj = Bn,q(ej ; rn,q(x)) =

n∑
k=0

pn,k(q; rn,q(x))

(
[k]q
[n]q

)j

≥

(
n∑

k=0

pn,k(q; rn,q(x))

(
[k]q
[n]q

))j

= (Bn,q(e1; rn,q(x)))
j
= (rn,q(x))

j .

Hence rn,q(x) ≤ x, x ∈ [0, 1]. Furthermore, by [17, p. 270, Theorem 7.3.4], (Bn,qej)(x) ≥
(Bn+1,qej)(x), x ∈ [0, 1]. Because (Bn,qej)(0) = 0 = (Bn+1,qej)(0) and (Bn,qej)(1) = 1 =
(Bn+1,qej)(1), by continuous inverse theorem (see also [10, p. 91, Lemma 2.1]), we find that
(Bn,qej)

−1(y) ≤ (Bn+1,qej)
−1(y), y ∈ [0, 1]. Then rn,q(x) = (Bn,qej)

−1(xj) ≤ (Bn+1,qej)
−1(xj) =

rn+1,q(x), x ∈ [0, 1].
c) Due to (2.16) and (2.15), we have r′n,q(x) ≥ 0 for each x ∈ [0, 1]. Thus the functions rn,q
(n = j, j + 1, j + 2, . . .) are increasing on [0, 1].

In view of b), the sequence {rn,q(x)}n≥j is increasing and bounded above for all x ∈ [0, 1],
therefore it is convergent. We set rq(x) = lim

n→∞
rn,q(x), x ∈ [0, 1].
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Let x0, x ∈ [0, 1]. By Lemma 2.1, we have

(Bn,qej)(rn,q(x))− (Bn,qej)(rn,q(x0))

= a0
{
(rn,q(x))

j − (rn,q(x0))
j
}
+ a1

{
(rn,q(x))

j−1 − (rn,q(x0))
j−1
}
+ . . .

+ aj−1 {rn,q(x)− rn,q(x0)}
= {rn,q(x)− rn,q(x0)}

{
a0
(
(rn,q(x))

j−1 + . . .+ (rn,q(x0))
j−1
)

+a1
(
(rn,q(x))

j−2 + . . .+ (rn,q(x0))
j−2
)
+ . . .+ aj−1

}
.

Hence, by Lemma 2.1 and Lemma 2.2, we get

|(Bn,qej)(rn,q(x))− (Bn,qej)(rn,q(x0))|
≥ |rn,q(x)− rn,q(x0)| a0

{
(rn,q(x))

j−1 + . . .+ (rn,q(x0))
j−1
}

≥ |rn,q(x)− rn,q(x0)|
(
1− [1]q

[n]q

)(
1− [2]q

[n]q

)
. . .

(
1− [j − 1]q

[n]q

)
(rn,q(x0))

j−1.

Due to Lemma 2.2,

|rn,q(x)− rn,q(x0)|
(
1− [1]q

[n]q

)(
1− [2]q

[n]q

)
. . .

(
1− [j − 1]q

[n]q

)
(rn,q(x0))

j−1

≤ |xj − xj
0| = |x− x0||xj−1 + . . .+ xj−1

0 | ≤ j|x− x0|.

By passing to the limit in terms of n, we get

|rq(x)− rq(x0)| q q2 . . . qj−1 (rq(x0))
j−1 ≤ j|x− x0|.

If rq(x0) ̸= 0, then we obtain the continuity of rq at x0. Furthermore, in view of Lemma 2.2, we
have rn,q(0) = 0 and 0 < rn,q(x) < 1 for x ∈ (0, 1). At the same time, the sequence {rn,q(x)}n≥j

is increasing for all x ∈ (0, 1), therefore if rq(x0) = 0, then x0 = 0. Because 0 ≤ rn,q(x) ≤ x,
x ∈ [0, 1] (see b)), we have |rn,q(x)− rq(x0)| ≤ x, x ∈ [0, 1]. By passing to the limit in terms of n,
we find that |rq(x)− rq(x0)| ≤ x, x ∈ [0, 1], therefore rq is continuous at x0 = 0.

Based on the properties established for the functions rq and rn,q (n = 1, 2, 3, . . .), we obtain
the uniform convergence lim

n→∞
rn,q(x) = rq(x) on [0, 1] by Pólya’s theorem of uniform conver-

gence (see [18, p. 81, Problem 127]).
d) Due to b), we have rn,q(x) ≤ rm,q(x) ≤ x for each x ∈ [0, 1] and n ≤ m. By passing to the
limit in terms of m, in view of c), we get rn,q(x) ≤ rq(x) ≤ x, x ∈ [0, 1], which completes the
proof of the lemma. □

Taking into account (1.10), (1.5) and (1.6), we have Vn,q(f ;x) = Bn,q(f ; rn,q(x)), therefore the
corresponding limit operator is defined by

(V∞,qf)(x) ≡ V∞,q(f ;x) = B∞,q(f ; rq(x)) =


∞∑
k=0

p∞,k(q; rq(x))f(1− qk), if x ∈ [0, 1)

f(1), if x = 1.

We have the following result.

Theorem 2.1. Let q ∈ (0, 1) be given. Then for each f ∈ C[0, 1] we have

lim
n→∞

(Vn,qf)(x) = (V∞,qf)(x)

uniformly for x ∈ [0, 1].
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Proof. For all x ∈ [0, 1], we have

|(Vn,qf)(x)− (V∞,qf)(x)|
≤ |Bn,q(f ; rn,q(x))−B∞,q(f ; rn,q(x))|+ |B∞,q(f ; rn,q(x))−B∞,q(f ; rq(x))|.(2.17)

Because ω(f ; qn) → 0 as n → ∞, by (1.7), for each ε > 0 there exists n′
ε ∈ N such that for all

n > n′
ε and x ∈ [0, 1], we have

(2.18) |Bn,q(f ; rn,q(x))−B∞,q(f ; rn,q(x))| <
ε

2
.

On the other hand, [12, p. 104, Theorem 2] implies that lim
n→∞

(Bn,qf)(x) = (B∞,qf)(x) uniformly

on [0, 1]. Thus B∞,qf ∈ C[0, 1], therefore B∞,qf is uniformly continuous on [0, 1] for each ε > 0
there exists δ = δ(ε) > 0 such that for all u, v ∈ [0, 1], |u− v| < δ, we have

(2.19) |B∞,q(f ;u)−B∞,q(f ; v)| <
ε

2
.

In view of Lemma 2.3, c), we have lim
n→∞

rn,q(x) = rq(x) uniformly on [0, 1]. Then there exists

n′′
ε ∈ N such that for each n > n′′

ε and x ∈ [0, 1], we have

(2.20) |rn,q(x)− rq(x)| < δ.

Combining (2.19) and (2.20), we obtain for all n > n′′
ε and x ∈ [0, 1] that

(2.21) |B∞,q(f ; rn,q(x))−B∞,q(f ; rq(x))| <
ε

2
.

In conclusion, by (2.17), (2.18) and (2.21), we get that for each ε > 0 there exists nε =
max(n′

ε, n
′′
ε ) such that for all n > nε and x ∈ [0, 1], we have |(Vn,qf)(x) − (V∞,qf)(x)| < ε,

which means that lim
n→∞

(Vn,qf)(x) = (V∞,qf)(x) uniformly for x ∈ [0, 1]. □

Theorem 2.2. Let j ∈ {2, 3, . . .} be given and q ∈ (0, 1). If f ∈ C[0, 1] and x ∈ [0, 1], then

(2.22) |(V∞,qf)(x)− f(x)| ≤

1 +

√
1

2
+ 2

j

√
1

4
j2(j − 1)2

 ω(f ; j
√
1− q).

Proof. Because
∞∑
k=0

p∞,k(q;x) = 1, x ∈ [0, 1) (see [12, p. 103, (13)]), and applying the proof of

general Popoviciu’s theorem [14, p. 20, Theorem 1.6.1], we obtain

(2.23) |(V∞,qf)(x)− f(x)| ≤ ω(f ; δ)

1 + δ−1

( ∞∑
k=0

p∞,k(q; rq(x))(1− qk − x)2

)1/2
 ,

where δ > 0 and x ∈ [0, 1). Because of (a+ b)2 ≤ 2(a2 + b2), a, b ∈ R and B∞,q((e1 −xe0)
2;x) =

(1− q)x(1− x) (see [19, p. 221, (7.12)]), we get
∞∑
k=0

p∞,k(q; rq(x))(1− qk − x)2

≤ 2

∞∑
k=0

p∞,k(q; rq(x))(1− qk − rq(x))
2 + 2

∞∑
k=0

p∞,k(q; rqx)(x− rq(x))
2

= 2B∞,q((e1 − rq(x)e0)
2; rq(x)) + 2(x− rq(x))

2

= 2(1− q)rq(x)(1− rq(x)) + 2(x− rq(x))
2.(2.24)
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Due to the estimation |x − rn,q(x)| ≤ ([1]q + [2]q + . . .+ [j − 1]q)
1/j

[n]
−1/j
q given in [8, p. 350,

(10)], we find

(x− rn,q(x))
2 ≤ ([1]q + [2]q + . . .+ [j − 1]q)

2/j
[n]−2/j

q ≤ (1 + 2 + . . .+ j − 1)2/j [n]−2/j
q .

By passing to the limit in terms of n and using Lemma 2.3, c), we obtain

(x− rq(x))
2 ≤

(
1

2
j(j − 1)

)2/j

(1− q)2/j , x ∈ [0, 1).

Hence, by (2.24),
∞∑
k=0

p∞,k(q; rq(x))(1− qk − rq(x))
2

≤ 1

2
(1− q) + 2

(
1

2
j(j − 1)

)2/j

(1− q)2/j ≤

(
1

2
+ 2

j

√
1

4
j2(j − 1)2

)
(1− q)2/j .

Now, (2.23) implies that

|(V∞,qf)(x)− f(x)| ≤ ω(f ; δ)

1 + δ−1

√
1

2
+ 2

j

√
1

4
j2(j − 1)2 (1− q)1/j

 .

Taking δ = (1 − q)1/j , we obtain (2.22) for x ∈ [0, 1). Finally, if x = 1, then (V∞,qf)(1) =
(B∞,qf)(rq(1)) = (B∞,qf)(1) = f(1), because 1 = rn,q(1) = lim

n→∞
rn,q(1) = rq(1) in view of

Lemma 2.2 and Lemma 2.3, c). Thus (2.22) is true for all x ∈ [0, 1]. □

Remark 2.1. The limit operator of the sequence of operators given by (1.9) is the following:

(V ∗
∞,qf)(x) = (B∞,qf)(r

∗
q (x)) =


∞∑
k=0

p∞,k(q; r
∗
q (x))f(1− qk), if x ∈ [0, 1)

f(1), if x = 1,

where r∗q (x) =
1
2q

(
−1 + q +

√
x2 + (1− q)2

)
, x ∈ [0, 1].

3. THE CASE OF q-ALDAZ-KOUNCHEV-RENDER OPERATORS

The q-Aldaz-Kounchev-Render operators (see (1.12)) depend on the nodes

an,k ≡ an,k(q, j)

= j

√
[k]q[k − 1]q . . . [k − j + 1]q
[n]q[n− 1]q . . . [n− j + 1]q

= j

√
(1− qk)(1− qk−1) . . . (1− qk−j+1)

(1− qn)(1− qn−1) . . . (1− qn−j+1)
, k = 0, 1, . . . , n.

With the notation

a∞,k ≡ a∞,k(q, j) =
j

√
(1− qk)(1− qk−1) . . . (1− qk−j+1), k = 0, 1, 2, . . . ,

the corresponding limit operator of the sequence of operators given by (1.12) is the following:

(3.25) (U∞,qf)(x) = U∞,q(f ;x) =


∞∑
k=0

p∞,k(q;x)f(a∞,q), if x ∈ [0, 1)

f(1), if x = 1.

The next result contains the properties of the nodes an,k and a∞,k.
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Lemma 3.4. Let j ∈ {2, 3, . . .} be given and n ≥ j. Then for the numbers an,k (k = 0, 1, . . . , n) and
a∞,k (k = 0, 1, 2, . . .), we have

a) an,0 = an,1 = . . . = an,j−1 = 0, an,n = 1 and a∞,0 = a∞,1 = . . . = a∞,j−1 = 0;
b) 0 < an,k − a∞,k < qn−j+1 for k = j, j + 1, . . . , n;
c)

[j]q
j qk−j+1 < 1− a∞,k < qk−j+1 for k = j, j + 1, j + 2, . . .

Proof. a) It follows immediately from the definitions of an,k and a∞,k. For k = 0, 1, . . . , j − 1,
the value of an,k can be calculated using its second form.
b) Because 0 < qk−i < 1 and 0 < qn−i < 1 for k ∈ {j, j + 1, . . . , n} and i ∈ {0, 1, . . . , j − 1}, we
get

an,k − a∞,k

= j

√
(1− qk)(1− qk−1) . . . (1− qk−j+1)

(1− qn)(1− qn−1) . . . (1− qn−j+1)

(
1− j

√
(1− qn)(1− qn−1) . . . (1− qn−j+1)

)
> 0.

On the other hand, by the inequality of geometric and harmonic means and the inequalities
1− qn > 1− qn−1 > . . . > 1− qn−j+1, n ≥ j, we obtain

j
√
(1− qn)(1− qn−1) . . . (1− qn−j+1)

>
j

1
1−qn + 1

1−qn−1 + . . .+ 1
1−qn−j+1

≥ 1
1

1−qn−j+1

= 1− qn−j+1.(3.26)

But 1−qk−i

1−qn−i ≤ 1 for i ∈ {0, 1, . . . , j− 1}, since qn−i ≤ qk−i, where n ≥ j, k ∈ {j, j+1, . . . , n} and
i ∈ {0, 1, . . . , j − 1}. In conclusion an,k − a∞,k < qn−j+1 for k = j, j + 1, . . . , n.
c) By the inequality of arithmetic and geometric means, for k = j, j + 1, . . . , n, we have

j

√
(1− qk)(1− qk−1) . . . (1− qk−j+1)

<
1− qk + 1− qk−1 + . . .+ 1− qk−j+1

j
=

j − qk−j+1(1 + q + . . .+ qj−1)

j
= 1− [j]q

j
qk−j+1

or

(3.27)
[j]q
j

qk−j+1 < 1− j

√
(1− qk)(1− qk−1) . . . (1− qk−j+1) = 1− a∞,k.

Analogously to (3.26), we have for k = j, j + 1, . . . that

j

√
(1− qk)(1− qk−1) . . . (1− qk−j+1) > 1− qk−j+1 or 1− a∞,k < qk−j+1.(3.28)

Then, (3.27) and (3.28) imply the desired inequalities. □

We have the following result.

Theorem 3.3. Let j ∈ {2, 3, . . .} be given, n ≥ j and 0 < q < 1. Then

|(Un,qf)(x)− (U∞,qf)(x)|

≤ 2

(
1 +

2

q(1− q)
ln

(
1

1− q

))
ω
(
f ; qn−j+1

)
+ |f(0)− f(1)| 2

q(1− q)
ln

(
1

1− q

)
qn−j+1

(3.29)

for each x ∈ [0, 1] and f ∈ C[0, 1].
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Proof. By (1.12) and (3.25), we have (Un,qf)(1) = f(1) = (U∞,qf)(1), which implies the validi-
tity of (3.29) for x = 1.

Now, let x ∈ [0, 1). In view of
n∑

k=0

pn,k(q;x) = 1 (see [17, p. 268, (7.55)]),
∞∑
k=0

p∞,k(q;x) = 1

(see [12, p. 103, (13)]) and Lemma 3.4, a), we have

|(Un,qf)(x)− (U∞,qf)(x)|

=
∣∣∣ n∑
k=0

pn,k(q;x)f(an,k)−
∞∑
k=0

p∞,k(q;x)f(a∞,k)
∣∣∣

=
∣∣∣ n∑
k=0

pn,k(q;x)f(an,k)−
∞∑
k=0

p∞,k(q;x)f(a∞,k)− f(1){
n∑

k=0

pn,k(q;x)−
∞∑
k=0

p∞,k(q;x)}
∣∣∣

=
∣∣∣ j−1∑
k=0

{pn,k(q;x)− p∞,k(q;x)}{f(0)− f(1)}+
n∑

k=j

pn,k(q;x)f(an,k)

−
∞∑
k=j

p∞,k(q;x)f(a∞,k)− f(1){
n∑

k=j

pn,k(q;x)−
∞∑
k=j

p∞,k(q;x)}
∣∣∣

=
∣∣∣ j−1∑
k=0

{pn,k(q;x)− p∞,k(q;x)}{f(0)− f(1)}+
n∑

k=j

pn,k(q;x){f(an,k)− f(a∞,k)}

+

n∑
k=j

{pn,k(q;x)− p∞,k(q;x)}{f(a∞,k)− f(1)} −
∞∑

k=n+1

p∞,k(q;x){f(a∞,k)− f(1)}
∣∣∣

≤ |f(0)− f(1)|
j−1∑
k=0

|pn,k(q;x)− p∞,k(q;x)|+
n∑

k=j

pn,k(q;x)|f(an,k)− f(a∞,k)|

+

n∑
k=j

|pn,k(q;x)− p∞,k(q;x)||f(a∞,k)− f(1)|+
∞∑

k=n+1

p∞,k(q;x)|f(a∞,k)− f(1)|

=: I1 + I2 + I3 + I4.

(3.30)

First, we estimate I1. In view of [20, p. 156, (2.9)], we have

(3.31)
n∑

k=0

qk|pn,k(q;x)− p∞,k(q;x)| ≤
2qn

q(1− q)
ln

(
1

1− q

)
.

Therefore

I1 = |f(0)− f(1)|q−j+1

j−1∑
k=0

qj−1|pn,k(q;x)− p∞,k(q;x)|

≤ |f(0)− f(1)|q−j+1

j−1∑
k=0

qk|pn,k(q;x)− p∞,k(q;x)|

≤ |f(0)− f(1)|q−j+1
n∑

k=0

qk|pn,k(q;x)− p∞,k(q;x)|
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≤ |f(0)− f(1)| 2

q(1− q)
ln

(
1

1− q

)
qn−j+1.(3.32)

For the estimation of I2, we apply Lemma 3.4, b):

I2 ≤
n∑

k=j

pn,k(q;x)ω (f ; an,k − a∞,k) ≤
n∑

k=j

pn,k(q;x)ω
(
f ; qn−j+1

)
≤ ω

(
f ; qn−j+1

) n∑
k=0

pn,k(q;x) = ω
(
f ; qn−j+1

)
.(3.33)

At the estimation of I3 we use the property ω(f ;λδ) ≤ (1+λ)ω(f ; δ), where λ > 0, δ > 0. Then,
by Lemma 3.4, c), we have for k ∈ {j, j + 1, . . . , n} that

|f(a∞,k)− f(1)| ≤ ω (f ; 1− a∞,k) ≤
(
1 + q−n+j−1(1− a∞,k)

)
ω
(
f ; qn−j+1

)
= q−n+j−1

(
qn−j+1 + (1− a∞,k)

)
ω
(
f ; qn−j+1

)
≤ q−n+j−1

(
qn−j+1 + qk−j+1

)
ω
(
f ; qn−j+1

)
≤ qn−j+1 2qk−j+1ω

(
f ; qn−j+1

)
= 2qk−nω

(
f ; qn−j+1

)
.

Then, by (3.31),

I3 ≤ 2q−nω
(
f ; qn−j+1

) n∑
k=j

qk|pn,k(q;x)− p∞,k(q;x)|

≤ 2q−nω
(
f ; qn−j+1

) n∑
k=0

qk|pn,k(q;x)− p∞,k(q;x)|

≤ 4

q(1− q)
ln

(
1

1− q

)
ω
(
f ; qn−j+1

)
.(3.34)

If k ≥ n+ 1, then, in view Lemma 3.4, c), we get

|f(a∞,k)− f(1)| ≤ ω (f ; 1− a∞,k) ≤ ω
(
f ; qk−j+1

)
≤ ω

(
f ; qn−j+1

)
.

Hence, we obtain the estimation of I4:

(3.35) I4 ≤
∞∑

k=n+1

p∞,k(q;x)ω
(
f ; qn−j+1

)
≤ ω

(
f ; qn−j+1

) ∞∑
k=0

p∞,k(q;x) = ω
(
f ; qn−j+1

)
.

Combining (3.30), (3.32)-(3.35), we obtain (3.29). □

Theorem 3.4. Let j ∈ {2, 3, . . .} be given and q ∈ (0, 1). If f ∈ C[0, 1] and x ∈ [0, 1], then

(3.36) |(U∞,qf)(x)− f(x)| ≤

(
1 +

√
1

2
+ 2(j − 1)2

)
ω
(
f ;
√
1− q

)
.

Proof. Analogously to the proof of Theorem 2.2, we have

|(U∞,qf)(x)− f(x)| ≤ ω(f ; δ)

1 + δ−1

( ∞∑
k=0

p∞,k(q;x)(a∞,k − x)2

)1/2


= ω(f ; δ)
{
1 + δ−1

(
U∞,q((e1 − xe0)

2;x)
)1/2}

,(3.37)

where δ > 0 and x ∈ [0, 1).
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On the other hand, taking into account (1.12), the inequality (a + b)2 ≤ 2(a2 + b2), a, b ∈ R,
Bn,q((e1 − xe0)

2;x) = 1
[n]q

x(1− x) [17, pp. 268-269, (7.55)-(7.57)] and Lemma 3.4, a), we get

Un,q((e1 − xe0)
2;x) =

n∑
k=0

pn,k(q;x)(an,k − x)2

≤ 2

n∑
k=0

pn,k(q;x)

(
an,k − [k]q

[n]q

)2

+ 2

n∑
k=0

pn,k(q;x)

(
[k]q
[n]q

− x

)2

= 2

n∑
k=0

pn,k(q;x)

(
an,k − [k]q

[n]q

)2

+
2

[n]q
x(1− x)

= 2

j−1∑
k=0

pn,k(q;x)

(
[k]q
[n]q

)2

+ 2

n∑
k=j

pn,k(q;x)

(
an,k − [k]q

[n]q

)2

+
2

[n]q
x(1− x)

≤ 2

j−1∑
k=0

pn,k(q;x)

(
[j − 1]q
[n]q

)2

+ 2

n∑
k=j

pn,k(q;x)

(
an,k − [k]q

[n]q

)2

+
2

[n]q
x(1− x).(3.38)

Because
[k − j + 1]q
[n− j + 1]q

≤ . . . ≤ [k − 1]q
[n− 1]q

≤ [k]q
[n]q

, k ∈ {j, j + 1, . . . n},

we obtain that

[k − j + 1]q
[n− j + 1]q

≤ an,k = j

√
[k]q[k − 1]q . . . [k − j + 1]q
[n]q[n− 1]q . . . [n− j + 1]q

≤ [k]q
[n]q

,

where k ∈ {j, j + 1, . . . n}. Hence

0 ≤ [k]q
[n]q

− an,k ≤ [k]q
[n]q

− [k − j + 1]q
[n− j + 1]q

=
[k]q[n− j + 1]q − [n]q[k − j + 1]q

[n]q[n− j + 1]q
= qk−j+1 [n− k]q

[n− j + 1]q

[j − 1]q
[n]q

≤ [j − 1]q
[n]q

for k ∈ {j, j + 1, . . . n}. Then, by (3.38) and (Bn,qe0)(x) = 1 [17, p. 268, (7.55)], we find

Un,q((e1 − xe0)
2;x)

≤ 2

j−1∑
k=0

pn,k(q;x)

(
[j − 1]q
[n]q

)2

+ 2

n∑
k=j

pn,k(q;x)

(
[j − 1]q
[n]q

)2

+
2

[n]q
x(1− x)

≤ 2

(
[j − 1]q
[n]q

)2

+
1

2[n]q
≤
(
2[j − 1]2q +

1

2

)
1

[n]q
≤
(
1

2
+ 2(j − 1)2

)
1

[n]q
.

By passing to the limit n → ∞, in view of Theorem 3.3 and lim
n→∞

[n]q = (1− q)−1, we get

U∞,q((e1 − xe0)
2;x) ≤

(
1

2
+ 2(j − 1)2

)
(1− q).
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Hence, by (3.37), we have

|(U∞,qf)(x)− f(x)| ≤ ω(f ; δ)

{
1 + δ−1

√
1

2
+ 2(j − 1)2

√
1− q

}
.

Choosing δ =
√
1− q, we obtain (3.36) for x ∈ [0, 1).

Finally, if x = 1, then (3.25) implies that (U∞,qf)(1) = f(1), which means that (3.36) is true
for x = 1. Thus the theorem is proved. □
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