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1. INTRODUCTION

The connection between regular summability matrices and convergent positive linear oper-
ators leads to the following operators introduced by King [13, p. 204, (2.1)]:

Va)@) = ValFi2) = 3 pulrn(@)) f (ﬁ) ,
k=0

where f € C[0,1], {r,} is a sequence of continuous functions defined on [0, 1] with 0 < r,,(x) <
1and py, x(z) = (7)2"(1 — 2)"~*, x € [0,1]. For the special case r,(z) = z, x € [0, 1], we receive
the Bernstein operators

(1) (Baf)(@) = Bal(fi2) = 3 pup(a)f (i) .
k=0

We consider the monomial functions e;(z) = 2%, where x € [0,1] and i = 0,1,2,... The King
operators which preserve ey and e, are given by

12) V1)) = Vi (i) = Y paalritalf ().
k=0

where

. 22, if n=1

(see [13, p. 205]). Thus (Viep)(z) = 1, (V! el)( ) (x) and (Vres)(z) = 22, z € [0,1], in
contrast with Bernstein operators: (Byeo)(z) = 1, (Bnel)(x) =z and (Be2)(z) = 22 + @,
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z € [0, 1]. The following quantitative estimation is obtained in [13, p. 206, Theorem 3.1]:
(Vi H)(e) = f(@)] < 20(f; v2u(x —ri(2)), €01,
where the usual modulus of continuity of f € C[0, 1] is defined by

(1.3) w(f;8) = sup{|f(z) = f(y)| : 2,y € [0,1], |z —y| <6}, 6>0.

A systematic study of the operators V,* (n = 1,2,3,...) is due to Gonska and Pitul [11], who
determine new estimates for the rate of convergence in terms of the first and second modulus
of continuity. The existence of a sequence of linear positive bounded polynomial operators on
C10, 1], possessing ey and ey as fixed points, was proved in [6]. Furthermore, in [10], we proved
the unique existence of the functions r, (n = 1,2,3,...) on [0, 1] such that the corresponding
sequence of King operators approximate each continuous function on [0, 1] and preserve ey and
e;, where j € {2,3,...} is fixed. Main results concerning certain King type modifications of the
Bernstein operators and the Szdsz-Mirakyan operators were presented in the survey paper [1].

Replacing f (f) in (1.1) with f ( j %), n > j > 2, Aldaz, Kounchev and Ren-

der [4, p. 12, Proposition 11] defined a new King type operator

PR o o FE=D (=it D)
(14) (Unf) (@) = Un(f ) kzzop"”“( ) <\/n(n_1)m(n_j+1)>,

where f € C[0,1] and « € [0,1]. These operators reproduce ey and e;, where j € {2,3,...} is
fixed, and U,,f — f uniformly for all f € C[0,1]. In [7], we proved that there exist infinitely
many sequences of Bernstein type operators, which have similar properties to (1.4). Further
properties of the Bernstein type operators of Aldaz, Kounchev and Render were obtained in
the papers [2] and [5].

The g-Bernstein operators introduced by Phillips [16] are a new generalization of (1.1). Let
0 < ¢ < 1 and denote the g-integers by [n], =1+ g+ ...+ ¢" ! forn =1,2,...and [0], = 0.

Besides, let [n],! = [1]4[2]4- .- [n]q forn =1,2,... and [0],! = 1. Then the ¢-binomial coefficient
is defined by

n [n]q!

= , 0<k<n.

{kL [k]g![n — Klg!

The Bernstein operators based on ¢-integers are given by
- k
(15) (Bugf) () = Bug(fi) = 3 pula2)f (u) |
k=0 4

where f € C[0,1] and
por(as) = 1] 200 w0) . (1= a ), e
q

(an empty product in (1.5) is taken to equal 1). For ¢ = 1, (1.5) reduces to (1.1). Il'inskii and
Ostrovska [12] proved the existence of the limit lim B, , for ¢ € (0,1) given, obtaining the

n—oo
so-called limit ¢g-Bernstein operator defined by

3 T -5, if =
(16) (Bwf)(x)zBM(f;m):{ A

f (), if z=1,
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where poo k(q; ) = W H (1—2¢°). They proved for ¢ € (0,1) fixed that By, ¢ f — Boo qf

uniformly for each f € C[0, 1] and Byo,of — f uniformly for any f € C[0,1] and ¢ 1 1 (see
[12, p. 104, Theorem 2 and Theorem 1]). Moreover, Wang and Meng showed in [20, p. 153,
Theorem 1] that if ¢ € (0,1) and f € C[0, 1], then

41n L
1) (Buaf)(&) ~ (Boe.a) (&) < <2+ i i‘g;) w(fiq™). ze(0.1]
Videnskii obtained in [19, p. 221, Theorem 8.1] that if f € C[0, 1], then
(8) (Bra$e) ~ £ < 20 (£i5T=0) . e

The King type operators based on g-integers were introduced in [3, p. 7] as follows (see (1.2)
and (1.5)):

v k
(19) (VW@ = Vi an airiaef (ot )
where0 < ¢ <1, f € C[0,1],n > 2 and

Ty () = ——— | =1+ /4[n]4[n — 1422 —|—1> z €[0,1].
We mention that V,* preserves the functlons ep and ez. The generalized ¢-King operators were
given in [8, p. 346] as follows:
k
(110) (ViaF) (&) = Vgl :2) an airnalef (12 ).
q

where 0 < ¢ < 1, the continuous functions 7, , (n = 1,2,3,...) are defined on [0,1] with
0 <rpq(z) <1, feC0,1] and py, x(g; z) are the polynomials considered in (1.5). We proved
[8, p. 349, Theorem 1] that there exists a unique sequence of continuous functions {r,, ,} such
that V,, , reproduces e and e;, where j € {2,3,...} is fixed, and V,, 4, f — f uniformly for
each f € C[0,1] and ¢, € (0,1), ¢, — 1; the rate of convergence is estimated with the aid of
the modulus of continuity (1.3). For n > j and ¢ € (0, 1), the function r,, ; will be the unique
solution of the equation

X AN .
(111) (Buge)0) = = S puslain) (2 ) o =0, aclo
k=0 a
(see [8, p. 349, Theorem 1] and Lemma 2.2 below). For j = 2, V,, ; is identical with V7 .
The g-Aldaz-Kounchev-Render operators were defined in [9, p. 756, (3.1)]: for 0 < ¢ < 1,
n>j,f€Cl0,1] and z € [0,1], we set

[ [Klglk =g [k =5+ 1]
(1.12) naf a(fi7) Prk(g; @ . ;
(a2 = U Z ol Tg- b=+ 1,
where j € {2,3,...} is fixed and p,, 1. (¢; :r) is given in (1.5). We mention that [k]|,[k — 1],... [k —
j+1]g =[0]g = 0for k = 0,1,...,j — 1, and the operator U, is identical with U,, defined
by (1.4). Furthermore, we have U,, qe0 = eg and U, 4¢; = e;. Among others, a new Korovkin

type theorem and its converse theorem are established in [9]. As applications we obtained
quantitative estimates for ¢g-Bernstein type operators which preserve e and e;.
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The main goal of the paper is to determine the limit operators of the sequences of operators
given by (1.10) and (1.12). We establish the essential properties of the functions r,, , defined by
(1.11) that guarantee the uniform convergence of V,, , f to its limit operator for each f € C[0, 1]
and ¢ € (0,1) given. We also give an estimate similar to (1.8) for the limit operator of the
sequence of operators {V,, ,}. Furthermore, we establish quantitative estimates similar to (1.7)
and (1.8) for the limit operator of the sequence of operators defined by (1.12).

2. THE CASE OF GENERALIZED ¢-KING OPERATORS
In what follows we need some lemmas.

Lemma 2.1. Let j € {2,3,...} be given,n > jand 0 < g < 1. Then

B ge5)( X}quy(i%)  y €[0,1]

is a polynomial in y of degree < j. Moreover, (B, 4¢;)(y) = aoy’ + a1y’ + ...+ a;_1y,y € [0,1],
where ag, a1, ...,a;—1 depend on n and q, and ay = (1 - H‘;) (1 — [[721]]{;) (1 - [j[;]lq]“), ag, ai,
Q-1 >0,a0+a1+...+aj_1 =1.

For the proof see [8, p. 346, Lemma 1].
Lemma 2.2. Let j € {2,3,...} be given, n > jand 0 < q < 1. Then, the equation
(Bn’qej)(y) - xj = 07 MRS [07 1]

has a unique solution r,, 4(x), x € [0,1] such that r,, ;(0) = 0, 7, 4(1) = 1 and 0 < 7y, 4(z) < 1 for
€ (0,1).

Proof. By [15, p. 236, (6)-(7)], we have

(Bnof)(y ZAkr) [,nl],n-,gi}]ﬂ yr,

k—1 ,

where Ao, = A1 =1, A = |1 (1 — [[;]]q ), k=2,3,...,nand flyo,¥y1,-.., Yk is the k-th
i=1 4

order divided difference of f with distinct nodes yg, y1, . - -, Yx:

flvol = Fo)  Flyorsn, ..yl = L2 ¥sl = S Wor- o giema]
Y — Yo

Hence

(2.13) Boge;)( E:Aknej[,lw.w[mq}y@

[n]q

In view of [17, p. 10, (1.33)], there exists &, € (0 LiF ) such that

> [n]q

P 7R
e] |:07 [n]qa' . n q:| k j (é-k?)
0, ' if k=0
(2.14) WG =1 G-k 1)), i 1<k<]
0, if j+1<k<n
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By (2.13) and (2.14), we get

(2.15) (Bnge;) Zx\knej { 7i [kﬂ ky =1 >0

n]q ’ [n]q

for all y € [0, 1], thus the function B,, 4e; is strictly increasing on [0, 1]. Because (B,, 4¢;)(0) =0,
(Bn.ge;)(1) = 1 and B, 4e; € C[0,1], therefore the equation (B, 4¢;)(y) — 27 = 0, z € [0,1]
has a unique solution noted by y = r, (x), * € [0, 1] such that r,, ,(0) = 0, r,, 4(1) = 1 and
0 < ryq(z) <1lforze (0,1). O

The essential properties of r, ; (n = j,j+1,7+2,...) from our point of view are summarized
by the following lemma.

Lemma 2.3. Let j € {2,3,...} be given, n > jand 0 < q < 1. The functions ry, 4 (n > j) determined
in Lemma 2.2 satisfy the following properties:

a) Tyq is differentiable on [0, 1];
b) Thq(x) < Tnt14(z) <z forallz €[0,1];
c) there exists a function r, : [0, 1] — R continuous on the [0, 1] such that lim r, ,(x) = re(z)
n—oo
uniformly for x € [0,1];
d) mhg(x) <re(x) <z forall x € [0,1].

Proof. a) Because the function B, 4e; is continuous and strictly increasing on [0, 1], there exists
the continuous and strictly increasing inverse function (B,, 4¢;) ! on [0, 1], due to the following
continuous inverse theorem: If ¢ : [a,b] — R is a strictly increasing and continuous function,
then the inverse mapping ¢! : [p(a), p(b)] — [a, b] exists and is strictly increasing and contin-
uous function on [p(a), p(b)].

On the other hand, by Lemma 2.2, we have (B, 4¢;)(rn 4(z)) — 27 = 0, x € [0,1], which
implies that r,, 4(z) = ((Bn,q4€;) ' 0 €;)(x), x € [0, 1]. Thus r,, 4 is differentiable on [0, 1] and

jal~!
(Bn,q€5) (Tn,q(x))’
because of (2.15) and (B, 4€;)(7n.4(7)) = 27, x € [0,1].

b) By [17, p. 268, (7.56)], we have B,, 4(e1;z) = z, z € [0,1]. Applying Lemma 2.2 and Jensen’s
inequality to the convex function e; on [0, 1], we get

) = By g(ej;rnql@ an 1 (@37 q (2 Git)j > (épn,k(%’rn,q(l‘)) <mz>>ﬂ

= (Bng(e13n,q(2))) = (T’nq(w))j~

Hence r,, 4(z) < a:, x € [0,1]). Furthermore, by [17, p. 270, Theorem 7.3.4], (B, q4¢;)(z) >
(Bn+1,4¢5)(2), © € [0,1]. Because (Bn,q€;)(0) = 0 = (Bny1,4¢;)(0) and (B qe;)(1) = 1 =
(Bn+1, qe])( ), by continuous inverse theorem (see also [10, p. 91, Lemma 2.1]), we find that
(Br,ge;) " (y) < (Bus1,4¢) " (), y € [0,1]. Thenry, o (z) = (Bpq¢;) "' (27) < (Bngr,qe;) ' (@?) =
Fatra(), @ € [0, 1]
c) Due to (2.16) and (2.15), we have r;, ,(z) > 0 for each x € [0,1]. Thus the functions r, 4
(n=4j,j+1,7+2,...) are increasing on [0, 1].

In view of b), the sequence {r, 4(z)},>; is increasing and bounded above for all « € [0, 1],
therefore it is convergent. We set r¢(z) = lim r, 4(z), z € [0, 1].

n— oo

(2.16) Tq(%) = (Bnge;) ") () - €)(x) = € [0,1],
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Let zg,z € [0,1]. By Lemma 2.1, we have

(Bn,q€j)(rn,q(z)) = (Bn,g€j)(rn.q(20))

= a0 {(rnq(@))” = (Pu,q(20)) } + a1 {(rnq (@) " = (rnq(z0) P 71} + ...
+ a1 {rnq(2) = rng(z0)}

= {7n,q(x) = rng(z0)} {ao ((rag (@) "+ 4 (rag(z0)’ ™)

+ay ((1"n7q(:r))j72 +...+ (rnvq(xo))jfz) +.. 4aj_1}.

Hence, by Lemma 2.1 and Lemma 2.2, we get

(Bn,q€j)(rn.q()) = (Bn,g€;)(7n.q(20))]
> [1n.q (%) = Tn.q(0)] a0 {(rn.q (@)1 + ..+ (rng(20))’ "}

> 1o () = g (20)] (1 - m‘?) (1 - [2]‘1) (1 _b= 1]‘1> (rna(0))

@ [n]q [n]q

Due to Lemma 2.2,
g (&) — 7r.q 0)] <1 - [[;]]z) (1 - [[sz) <1 b [n]j]Q) (P (20)) !

<|a? — 2l = |z —xol|l2 L+ .+ )T < jlo— wol.

By passing to the limit in terms of n, we get

[rq(2) = rq(z0)[ad® .. ¢’ (rq(20))’ ™" < jlo — wol.

If ry(zo) # 0, then we obtain the continuity of r; at zy. Furthermore, in view of Lemma 2.2, we
haver, ,(0) =0and 0 < r, 4(x) < 1forz € (0,1). At the same time, the sequence {r, 4(z)},>;
is increasing for all « € (0, 1), therefore if ry(z¢) = 0, then zp = 0. Because 0 < r,, 4(z) < z,
x € [0, 1] (see b)), we have |ry, 4(x) — rq(x0)] < z, z € [0, 1]. By passing to the limit in terms of n,
we find that |ry(x) — rq(x0)| < z, z € [0, 1], therefore r, is continuous at xy = 0.

Based on the properties established for the functions r, and r,, , (n = 1,2,3,...), we obtain
the uniform convergence nl;ngo Tn,q(x) = rq(z) on [0, 1] by Pélya’s theorem of uniform conver-

gence (see [18, p. 81, Problem 127]).

d) Due to b), we have 7, 4(z) < 7, 4(2) < x for each z € [0,1] and n < m. By passing to the
limit in terms of m, in view of ¢), we get r,, 4(z) < r¢(z) < z, z € [0,1], which completes the
proof of the lemma. O

Taking into account (1.10), (1.5) and (1.6), we have V,, (f; ) = By q(f; rn,q(x)), therefore the
corresponding limit operator is defined by

(VaeaaP)(#) = Vo :7) = Buo (i) = { 2, Pen(@sTa DL =), if o el)
F(), if z=1.
We have the following result.
Theorem 2.1. Let g € (0, 1) be given. Then for each f € C|0, 1] we have
lim (Vi o) (@) = (Vo ) @)

uniformly for x € [0, 1].
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Proof. For all z € [0,1], we have

|(Vaaf)(@) = (Voo q.f) (@)
(2.17) < B (£i7n,4(®)) = Boo,g(fi70,q())] + |Boo,q(fi7n,q(%)) — Boo g (f;74(2))]-

Because w(f;¢™) — 0asn — oo, by (1.7), for each ¢ > 0 there exists n. € N such that for all
n > n. and z € [0, 1], we have

(2.18) [Bualfiaa(®@)) = BosafiTag(@)] < 5.

On the other hand, [12, p. 104, Theorem 2] implies that lim (B, ,f)(z) = (Boo,qf)(z) uniformly
n—00

on [0, 1]. Thus B f € C|0, 1], therefore By 4 f is uniformly continuous on [0, 1] for each ¢ > 0
there exists § = §(¢) > 0 such that for all u, v € [0, 1], |u — v| < §, we have

(2.19) [Boc.g(310) = By (f30)] < 5.

In view of Lemma 2.3, ¢), we have lim 7, 4(z) = r4(x) uniformly on [0, 1]. Then there exists
n— oo

n” € N such that for each n > n! and z € [0, 1], we have
(2.20) |7n,q(z) — 1q(z)] < 6.

Combining (2.19) and (2.20), we obtain for all n > n” and = € [0, 1] that
€

(2.21) | Boo,g(f3Tn,q(%)) — Boo,q(fi74(7))] < 3
In conclusion, by (2.17), (2.18) and (2.21), we get that for each ¢ > 0 there exists n, =
max(n.,n”) such that for all n > n. and = € [0,1], we have |(V,,f)(z) — (Voo,qf)(z)| <
which means that li_)rn (Vig ) (@) = (Voo f) () uniformly for = € [0, 1]. O

m
~

Theorem 2.2. Let j € {2,3,...} be given and q € (0,1). If f € C[0,1] and x € [0, 1], then

(2.22) |(Veog ) () = f(2)]| < (1 +\/ + 2{/ -1 ) (f; /1

Proof. Because Z Pook(q;x) = 1, € [0,1) (see [12, p. 103, (13)]), and applying the proof of

general Popov1c1u s theorem [14, p. 20, Theorem 1.6.1], we obtain

1/2
(2.23) |(Voo,g f)(2) = f(2)] < w(f;9) {1+5_ (Zpook (g5 7q(x )(1—¢* —x)2> }7

where § > 0and z € [0,1). Because of (a+b)? < 2(a? +b?), a,b € Rand Be 4((e1 — weg)?; x) =
(1—q)z(1 —z) (see [19, p. 221, (7.12)]), we get

Zpook (q;rq(2))(1 = ¢" — 2)°

<2 Zpoc,k(q; rg(@))(1 = ¢" = r4(2))* + 2 poo(@rgz) (@ — ry(x))?

k=0 k=0
= 2B ¢((e1 — rq(x)e ) i1q(2)) +2( — Tq(CC))Q
(2.24) =2(1 = q)rg(2)(1 = rq(2)) + 2(x — 1o (x))*.
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Due to the estimation |z — ry, 4(2)| < ([1]g+ [2g+ ...+ [J — 1]q)1/j [n}q_l/j given in [8, p. 350,
(10)], we find
(@ = rag(@)? < (g + 2+ + [ = ) )77 < Q4244 = 1)),
By passing to the limit in terms of n and using Lemma 2.3, ¢), we obtain

2/j

@@ < (36-1)  @-aPs acp.
Hence, by (2.24),

D oo k(@i rg(@)(1 = ¢* = ry(2))?
k=0

2/j
(-a+2(3i6-D) 00 < (; v 25 - 1>2) (1- .

Now, (2.23) implies that

(Vaoa) (@) — £(@)] < w(7:9) {1 + 51\/ S 216 -2~ qu} .

Taking § = (1 — ¢)'/7, we obtain (2.22) for x € [0,1). Finally, if z = 1, then (Voo ,f)(1) =
(Boo,qf)(rq(1)) = (Boo,gf)(1) = f(1), because 1 = r, 4(1) = li_>m Tn,q(1) = r¢(1) in view of
Lemma 2.2 and Lemma 2.3, ¢). Thus (2.22) is true for all z € [0, 1]. O

<

DN =

Remark 2.1. The limit operator of the sequence of operators given by (1.9) is the following:

o (g _ .k : T
(V;,qf)(fv)(Boo,qf)(TZ(x)){ ZyPerlra@ =), 7 weloy

f(l)a lf xr = 1,
where r;(z) = 2—1q (—1 +qg+ 22+ (1 - q)2>, x € [0,1].

3. THE CASE OF g-ALDAZ-KOUNCHEV-RENDER OPERATORS
The g-Aldaz-Kounchev-Render operators (see (1.12)) depend on the nodes

Up k = an,k(qa .7)

i/[k]q[k—l]q...[k—j—kl]q </(1—qk)(l—qk1)..‘(1—qkj+1) ——

nlgln—1]g...[n—j+1], (1—q”)(l—q”—l),_,(l_qn—j+1)’ .,

With the notation
aoc,k = aoo,k(qaj) = (/(1 - qk)<1 - qkil) e (1 - qkijJrl)v k = 07 ]-7 23 vy

the corresponding limit operator of the sequence of operators given by (1.12) is the following;:

(3.25) (Uso,gf) (@) = Uso o(f32) = { kgopoo’k(q;x)f(aoo’q)’ it el
f (), if z=1

The next result contains the properties of the nodes a,,  and a .
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Lemma 3.4. Let j € {2,3,...} be given and n > j. Then for the numbers a, (k= 0,1,...,n) and
Goor (k=0,1,2,...), we have

a) no=an1=...= anj-1="0,an, =1 and Goo,0 = Qoo 1 = ... = Qoo j—1 = 0;

D) 0<ank — Qoo <q" T fork=gj+1,....n;

c) []Jﬁqk_j“‘l <1 = Qoo <" fork=347+1,j+2,...
Proof. a) It follows immediately from the definitions of a,,  and ao . For k =0,1,...,5 — 1,
the value of a,, ;, can be calculated using its second form.
b) Because 0 < ¢** <land 0 < ¢" ' < 1fork e {j,j+1,...,n}andic {0,1,...,5 — 1}, we
get

An k — oo,k

_ </(1 —qF)(1— k1) . (1 — ghith)
(1—g")A =g 1)...(1—qgn7t])

On the other hand, by the inequality of geometric and harmonic means and the inequalities
1—=¢">1—¢" ' >...>1—¢" 7%, n > j, weobtain

YA=g)(1—gh).. (1= g7

(1- /T=g)T =g . (=g >0.

1 .
(3.26) > — - > =1 gt
1—qn + W + e + liqn—j#»l liqn,fjﬁ»l
But i:gk: <1forie{0,1,...,5—1}, since ¢"~* < ¢*~*, wheren > j,k € {j,j+1,...,n}and
i€{0,1,...,5 —1}. In conclusion a, y — oo < ¢" T fork=j,j+1,...,n.

¢) By the inequality of arithmetic and geometric means, for k = j,j + 1,...,n, we have

=) —g=). (-t

B 1" +1—g" . 41—t I (1t g g 717@(];@7%1
J J J
or
(327) Bla gesin oy - (=) — g1 (1 g ) = 1~ as.
J
Analogously to (3.26), we have for k = j,j + 1, ... that
(3.28) (/(1 — ") (1 —gF1) . . (1 —gh=i+1) > 1 —¢" T or 1 —agy < "It
Then, (3.27) and (3.28) imply the desired inequalities. O

We have the following result.
Theorem 3.3. Let j € {2,3,...} be given,n > jand 0 < g < 1. Then
|(Un,g f)(@) = (Uso,.f) ()]

=2 <1+ q<12_q> In (ﬁq)) w(f5q" ) +1£(0) ff(1)|q<12_q> In (ﬁq) ¢t
(3.29)

foreach z € [0,1] and f € C[0,1].
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Proof. By (1.12) and (3.25), we have (U, of)(1) = f(1) = (Uso,¢f)(1), which implies the validi-
tity of (3.29) for z = 1.

Now, let z € [0,1). In view of Z Pn.k(g;x) = 1 (see [17, p. 268, (7.55)]), i Pooki(q;x) =1
k= k=0
(see [12, p. 103, (13)]) and Lemma34 a), we have

|(Un,qf)(2) = (Uso,q f) ()|
- an,k(q; an k: Zpoo k qa aoo,k) ‘
k=0

n o0
= puila;z)flank) Zpoc k(43 2) f(@oo k) {an @) =D poor(@i)} ’
k=0 k=0

| S pk(@:0) — Pl 2 HFO) — ()} + an (g 2) ()
k=0

- Zpoo,k(Qa 1' aoo k {an k qa Zpoo,k(Qvir)} ‘
k=j k=j

=‘ > P (@2) = poo k(@ 2)H{FO) = FD)} + D pus(@; 2){f (ank) = faoor)}
k=0 k=j

+ Z{pn,k(q;x) — Poo k(@G0 HF (a0o k) = F(D} = Y pookl(ai 2){f(aoor) — F(1)}

k=n-+1

< |f | Z |pn k\q; T poo,k(q; {,C)| + an,k(q;f)‘f(an,k) - f(aoo,k)|

k=j

+ Z [P0k (6 %) = Poo k(@ 2)[[ f(aco k) = F(D+ D Pookl(d; )| f (s k) — F(1)]
e~

= k=n-+1
=L +L+ I3+
(3.30)

First, we estimate ;. In view of [20, p. 156, (2.9)], we have

= 2¢™ 1
(3.31) > i (@:2) — (@ z)| <~ hl( ) :
P g1-q) \1-—g¢q
Therefore
j—1
L= 1£(0) = FMlg 7> ¢ pni(g: %) — poo k(g 2)]

k=0

j—1
<1F0) = FW)IgFD 7 ¥ (pnk(: 2) = pooi(g; )]

<1£0) = Mg 7D ¢Fpnr(g37) — pooi(gi 7))
k=0
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632 <170 - 1) (2 ) ot

For the estimation of I, we apply Lemma 3.4, b):

.[2<an1€ Q, f,ank—aook <ankq, ) (f;qn*j+1)

k=j
(3.33) Sw(f;q”_j“)an,k(q; z) =w (f;¢" 7).
k=0

At the estimation of I3 we use the property w(f; Ad) < (1+MNw(f; ), where A > 0, > 0. Then,
by Lemma 3.4, ¢), we have for k € {j,j + 1,...,n} that

(@ k) = F)] S w (fi1 = aoor) < (T4+¢ ™71 —asop)) w (f¢"7F)
=g —n+j—1 (qn g+l (1 7aoo,k))w(f;qn J+1)
<qg (T T w (f7 T
<2 T (fg" ) = 205w (0"

Then, by (3.31),
I3 <2¢7"w (f;4"771) Zq 1Pk (45 %) = Poo (g5 )]
=J
<2¢7"w (f;q" ) Zq Pk (€5 7) = Poc,ie(q; 7))
4 1 .
3.34 < In w (f;gn It
(339 q(1—q) <1—q> ( )

If £ > n+ 1, then, in view Lemma 3.4, ¢), we get

[flasew) = F] S w (fil = acer) Sw (f1¢"77F) Sw (f14"77H).

Hence, we obtain the estimation of I,:

335 < Y peenr(@rw(fid" ) <w (50" peoklg ) =w (£;¢"0).
k=n-+1

Combining (3.30), (3.32)-(3.35), we obtain (3.29). O
Theorem 3.4. Let j € {2,3,...} be given and q € (0,1). If f € C[0,1] and x € [0, 1], then

(3.36) |Uscaf)@) = J(@)] < <1+ LGy ) (ivT=a).

Proof. Analogously to the proof of Theorem 2.2, we have

~ 1/2
|(Use.qf)(2) = f(@)] < w(f;0) {1 +o7! (Zpoo,k(q; ) (aoo,k — x)2> }
k=0

(3:37) = w(£30) {1487 (Usgller - ze)%2)) *}
where § > 0and z € [0,1).
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On the other hand, taking into account (1.12), the inequality (a + b)? < 2(a® + b?), a,b € R,
By 4((e1 — zeg)?; ) = ﬁx(l — ) [17, pp. 268-269, (7.55)-(7.57)] and Lemma 3.4, a), we get

Ung((er —2e0)®i2) = > p(q;2)(an s — 7)°
N A P S SN
S2kzzopn,k(Q7 )( n,k — [n]q> +22)pn,k(% )<[n]q )
= 2an,k(q7 [ ]
k=0

(o
:2§pn,k<(b (i) +2ank ¢ (ank i)+ z(l — )
(%

2 iac —x

= 1, [k]
<2 n, ( ; +2 n yZ) | Gp, T
2 sl ) Z“q ) o w)
(3.38) + ﬁx(l — ).
Because
[k —j+1], k=1, _ [klg -
mﬁ---ﬁ[n_”qﬁmv ke{jj+1,...n},

we obtain that

L N [ M s VPR R 1y
=i+t = i+,

where k € {j,7+1,...n}. Hence

Klg Klg [F=jg+1]y
0=y =™ ST, -t 1,
ol =3+ g = ol =3+ g _ e ja =Ky =1y _ i1,

[n]q[n —j+ 1] n—j+1g [nlg
fork € {j,j+1,...n}. Then, by (3.38) and (B,, 4e0)(x) = 1[17, p. 268, (7.55)], we find

Un,q((e1 — meo)z; x)

Jj—1 . 2 n . 2
-x [J_l]q - []_1}q 2$ _x
<22, pale (Tm) 22 o () +pgea o

<2 ([j[;1ql]q)2 vy < (015 5) < (520 -17) g

By passing to the limit n — oo, in view of Theorem 3.3 and 11_>m ]y =(1—¢q)~!, we get
n—oo

Unaller ~ea)io) < (52617 ) (10
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Hence, by (3.37), we have

(Usea)(&) — F@)] < wl(F:) 146745 +26 - 12T —q .

Choosing § = /T — ¢, we obtain (3.36) for z € [0, 1).
Finally, if x = 1, then (3.25) implies that (U 4f)(1) = f(1), which means that (3.36) is true
for = 1. Thus the theorem is proved. O
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