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ABSTRACT. The object of investigation is a class of functions analytic in the right half-plane. The half-plane contains
all points whose real part is greater than some fixed a and for all  from the interval (a,4oc0) the corresponding
supremum of modulus of the function F' inside some vertical strip is finite. There is selected subclass consisting of
those functions, for which the right-hand derivative of the supremum logarithm tends to infinity. For these functions
for which there exists an auxiliary function with some local behavior. The following theorem is proved: If an analytic
function belongs to the described class, then for each positive natural k the k-th order derivative equals k-th order
power of the right-hand derivative of the supremum logarithm for every point.
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1. INTRODUCTION

Let f be an entire function of the form
“+oo
(1.1) f(2) :f0+2szk, z€C.
k=1

For r > 0, we denote
My (r) = max{[f(z)]: [z =},
pg(r) = max{| fi|r*: k > 0},
ve(r) = max{k: |felr® = pg(r)}

the maximum modulus, maximal term and central index, respectively. The main theorem of the
Wiman-Valiron theory [6, 7, 13, 23] states that for each non-constant entire function f : C — C,
for any point z, |z| = r, such that | f(2)| = M(r), we have for givenn € N

12) (2 ~ (”f(”)"ﬂz),

z

as |z| =r — +o0, r ¢ E, where E is some set of finite logarithmic measure (f.1.m.), that is

/ dlnr < 4o0.
EN[1,+00)
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Let us denote

Kp(r) =r(InMg(r)),,
where (In My(r))/, is the right-hand derivative. From the theorem obtained in [14] for the entire
Dirichlet series, it follows that for each entire function f

Kf(r)NVf(T) (r — 400, T¢E)v

where E = E(f) is some set of f.1.m.

Various theorems about analogues of relation (1.2) for an absolutely convergent Dirichlet
series, by additional conditions on its positive monotonically increasing to infinity sequence of
exponents, can be found in [4, 11, 13, 14, 18, 19]. In [11, 13, 14] for the entire Dirichlet series, for
absolutely convergent in a half-plane Dirichlet series in [4, 17, 18, 19]. On the other hand, R.
Gorenflo [5] found a class of entire functions for which an exceptional set is absent in relation
(1.2). He proved the following statement.

+oo

Theorem 1.1 ([5]). If f(2) = > fnz™, an > 0 (n > 0) is an entire function with perfectly regular
n=0

growth, that is

o InMg(r)
BoeO+x)Eoe O +x): lim 2200 o
then for any fixed A, B > 0, foreachn € N, n < B one has
(1.3) £ ey = (1 o) (L) e 1) as v = +o0
ze

for arbitrary T, |1| < A/vs(r), and every point z, |z| = r, such that the inequality

|f ()| = M (r),
holds with a given arbitrary o« € (0, 1].

Theorem 1.1 at 7 = 0 implies that for every entire function with non-negative Taylor coeffi-
cients of perfectly regular growth relation (1.2) holds as r — 400 at every point z, |z| = r such
that the inequality

[f(2)| = aM(r)
is true with a given « € (0,1].
R. R. London [8] obtained this result for a wider class of entire functions satisfying the fol-
lowing conditions: There exists a function ¢: R. — Ry := (0, +00) such that ¢’ is a positive
and unbounded function, ¢ is a positive and continuous function,

L) @) _ ¢ (2)
(1.4) Fa,BeR)NVa > x0): ) < 7(2) <p )
and
(1.5) In My (r) ~ ¢(Inr) (r = +00).

In this paper, we will prove a slightly different result of this form. We essentially consider the
class of entire functions which are bounded in the left half-planes

II, :={z€C: Rez < b} forallb e R.

Clearly, this class contains every function
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where f is an entire function on the complex plane C. Any absolutely convergent in the whole
complex plane Dirichlet series with a sequence of positive exponents increasing to +oo repre-
sent the entire function, so it belongs to this class. The partial case of such series is the Riemann
zeta function [9]. Note that a similar statement about the absence of an exceptional set was
earlier proved in the case of validity of the asymptotic relation (Wiman’s type theorem)

M(z,F)=(14+0(1))Br(x)
(1.6) =—(1+0(1))Ar(z)
as r — 400, where
Bp(z) =sup{Re F(z): Re z = z},

Ap(xz) =inf{Im F(z): Re z = z}.

These results were presented in [3] and obtained in the class of entire functions which are
bounded in the every left half-plane II;,. For other results on the conditions under which the re-
lation (1.6) holds as x — 400 outside exceptional sets, see, for example, also [17, 20, 22]. In [20],
this result is deduced for entire Dirichlet series with increasing to +oc of a sequence of positive
exponents. A similar estimate was presented for functions represented by some positive inte-
grals in [21]. In [17], the estimate was considered in the class of absolute convergent Dirichlet
series in the left half-plane {z € C: z = Re z < 0} as + — —0 without some exceptional set.

2. LEMMAS

Let S(a), —oo < a < +00, be a class of functions analytic in II(a) = {2 : a < Re z} which are
bounded in the vertical stripes, i.e.
(Vz € (a,400)): M(z,F):=sup{|F(t+iy)|:a<t<zyeR}<+o0.

By Maximum Modulus Principle the supremum in the vertical stripe is attained at its boundary,
i.e. at the vertical line. Therefore, the boundedness in the vertical stripe is replaced by the
boundedness on vertical line. Moreover, by Maximum Modulus Principle the function

M(z, F) = sup{|F(z + iy)|: y € R}

is non-decreasing on (a, +c0), and by Hadamard Three Lines Theorem the function In M (z, F’)
is convex on (a, +00) (see [15, pp.14-16], [22, p.145, p.266]). Therefore, for all x € (a, +o0) there
exists the non-decreasing right-hand derivative

L(z) = L(z, F) < (In M(z, F)),

at the interval (a, +00). Let us denote by S, (a) the class of the functions F' € S(a) such that
L(z,F) = +00 (x — +00).

Similarly as in [3], by Sy, we denote the class of functions F' € S (0) for which there exists a
function () : Ry — Ry with the following properties

(1) 6(x) /400 (0< 2zt +00);

@ EE S too (0 <@t +oo);

(3) forall z > zy with sufficiently large x( one has

2.7) ‘L(m: L?g%,@ - L(x,F)’ < L@ k)
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One should observe that the class Sy is non-empty. Indeed, for every p € N the function

Fy(z) = exp{exp{2"}}

belongs to the class Sy. In paper [3], it was essentially proved Lemma 2.1 and also Lemma 2.2
which are formulated below.

Lemma 2.1. Ifa function 6(-): Ry — Ry such that

(1) 6(x) S +o0;
(2) Bl Ao (0 < ot +oo)

then condition (2.7) and

2.8) ‘L<x+ ‘Zx) F) - L(x,F)‘ <

are equivalent.
Lemma 2.2. Let F' € Sy. Then, for all x > xo and every n € C, satisfying

o(x)
Il < L(z, F)’

the asymptotic relation
F(w+n) = (1+w(n))F(w)e"™ >

holds, where

()] < Ineta) “57

c(z) =1+ e(1 +e(x)),
and the point w is chosen such that Re w = x and

M(z, F)
|F(w)| > TE(I)

for a given function e(x) such that e(x) — +0 (z — +00).

We need also the modified Cauchy inequality. The complete proof of the following lemma
can be found in the solution of Problem 236 (see, [10, Part III, Ch. 5, § 2, 236, p.355]).

Lemma 2.3. Let
+oo
n=0
be an analytic function in the disk
Dr={z:|z| <R}, R>0.
Iffor all z € D real part of the function f is upper bounded by some constant M, i.e.
Re f(2) < M,

then for all z € Dg one has
[fnl B < 2(M = Re fo).
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3. MAIN RESULT
Let us prove the following main result of the present article.

Theorem 3.2. Let F' € Sy. Then, for each n € N the asymptotic relation

(3.9) F"(w) = (140(1)) L"(z, F) F(w)  (z — +00)
holds for every point w with Re w = x such that the inequality
M(z, F)
>\
[F(w)l 2 1+e(x)

is valid for a given positive function e(x) with e(z) — +0 (z — +00).

Proof. For proof we will use ideas from [4, 12, 16, 18, 19]. Denote

_ _I(@)
w(‘r) - L(l‘, F) .
Let a given point w, and = Re w be such that condition
Mz, F)
>\ 7
Fo) 23720

(x > 20)
is satisfied. Then, for all € C,

nl < ——

x)’

ole) ) <1,

P(x)

and for all x > x,

from Lemma 2.2, we obtain
[F(w+mn)| > (1= |wn)])|F(w)er™ )|

> (1= et 2525

Since the function )
F(w+7)
Fw+T)

is an analytic function of the variable 7 in the open disk

for given w, we yield that the following function

Fln) = / mcir — nL(z, F) with £(0) = 0

frin<22).

£ 0 = ifgﬁ’f - L, F).

0
is an analytic function in the disc

One should observe that

)|F(w)e7’L(’”’F)| > 0.

73
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Further, let g = q(z) € (0, f((::))) for fixed x, © > x. Then, for all n with |n| < ¢ we have

F(’LU + 77) —nL(z,F)

Re f(n) =1n Fw) e

— In|1+w(n)|

< In(l+ |w(n)]) <In <1 + (f;((af)))

Consider the function f in the disc D, = {n: |n] < ¢} with ¢ < f((f)) We will apply now
Lemma 2.3 and obtain

F(w) e —
T 1. F)| =170 = |7
< 2max{Re f(n): [n| = ¢}
(3.10) <2ln <1 + f;((j))) < 21‘2?;”;)
Therefore, for all w, Rew = x such that
M(z, F)
F(w) = T+ @) (z = xo)

and L(x, F') — 400 as x — 400, one has
Frlw) 1 2¢(x) ~clx) o
e S T g o

(3.11)

Further, applying Lemma 2.3 to the function f at the disc D, with arbitrary ¢ € (0, f((j)) ) , for

given arbitrary k € N we obtain
1 2
11 /OO = 1l < e max{Re f(n): ] = a}
< 207" In(1 + ge(z)/¢(x))
(3.12) < gqkh1 40

- ()
¥ (@)

Continuing further, for all n with |n| < ¢ < ) one has
F(w+n) = F(w) exp{f(n) +nL(z, F)}
_ Fi(w) = SM0) 4
= F(w)exp{ Fw) 77+Z o

k=2

(3.13) 1= F(w)Fo(n),
where Fy(n) is an analytic function of the variable  and F;(0) = 1. We put

+oo
(3.14) Fo(n)=1+Y_ Fun" [|nl<q
k=1

Since for the function

fi(n) = f(n) +nl(z, F)
we have

) =B m) k= 2),
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SO

Foo (0 °
1+Z ! ( Zf )
(3.15) =1+Z;< N Onk> .
s=1"" k=1

Therefore, the Taylor coefficients in (3.14) are formed by sums of the following form

" [e % (k) g
> Ba(f{(0)>“‘< 12(!0)> < lk!(0)>

lallo=k
with finite quantities of the summands, where o = (aq,..., ) € Z’_i is the multi-index, and
lallo = Zle joy its weight, B, € R is generated by finite sum of positive numbers by

equating coefficients at n* from (3.14) and (3.15). From the Taylor expansion

Z+oo FHR (w)

Flotn) =) o

and (3.13) it follows that

Hence,
Gl LU 1 (Fl(l") : )k— 1+ > B ﬁ Co)”

| Flw) Lz, F) Flw) L(z, F) P 2 iy A
Since c¢(z) = O(1) and 6(x) 400 (r — +00), we have

clo) _ 0 T 00
@ (1) (r — 400).
So, from inequality (3.11), we have
(F’(w) 1 )’“_1 :‘F’(w) L S Fw) 1
F(w) L(z, F) F(w) L(z, F) F(w) L(z, F)

o(x) = d(z)
k
(3.17) - 1+§g;> —1=o0(1)

as x — +oo. We put
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Using inequality (3.12), we get

k () “ ofa) ) 1!
> BaH< 1 '(0)> < > Bal(qL(ﬂvvF))_k(2§(§c))>

|
llello=F Jj=1 J llello=Fk
<k <k

k
(3.18) =Y Ba|(2;(%)> = o(1)

llello=k
ag <k

as © — —+o00. By applying relations (3.17) and (3.18), from equality (3.16) we obtain

F®) (w) 1
‘ Flw) LF(x,F)

_1‘ = o(1)

as © — +o0. Thus, asymptotic relation (3.9) is proved. O

4. SOME COROLLARIES AND OPEN PROBLEMS

Let f be an entire transcendental function of the form (1.1). Since at x = Inr
L(z,F)=Ky¢(r) /' 400 (r — 400)
for the function F'(z) = f(e*), the function F belongs to the class S..(0). From Theorem 3.2, it

follows the following corollary.

Corollary 4.1. Let f be an entire transcendental function of the form (1.1), and F(z) = f(e*). If
F € Sy, then for given n € N and for any point z, |z| = r, such that | f(z)| = My (r), the asymptotic

relation
1)~ (FL) pea),

z
holds as |z| = r — +oc.

The proof of the Corollary 4.1 can be obtained from the proof of Theorem 3.2 using simple
calculations and transformations.

Remark 4.1. The condition F € Sy for the function F(z) = f(e*) can be written as the following
properties: Ky(r) — 400 (r — +o00) and there exists a function §(-): Ry — Ry such that

(1) §(r) /400 (1< 71 +00);

(2) I?ES) S too (1 <7t +4o0);

(3) forall r > ro with sufficiently large ro one has

(= 2y ) 00| <

Question 4.1. A natural question arises: How are the conditions (1.4), (1.5) and the condition (2.7)
(also (2.8)) related to each other?

Question 4.2. It is well known that in the general class of entire functions it is impossible to obtain a
basic relation (1.2) without exceptional sets. This fact leads to the following question: How much can
the conditions of Gorenflo’s Theorem or Theorem 3.2 be weakened so that the exceptional set is absent?

Question 4.3. What is analog of Theorem 3.2 for analytic functions in a vertical strip?
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Question 4.4. What are analogs of relations
M(z,F)=(140(1))Bp(z) = —(1+0(1))Ap(x) as t — 400

and
F™(w) = (140(1)) L"(x,F) F(w)  (Rew =z — +00)

for the class of entire vector-valued functions [1] and for the class of entire slice reqular functions of
quaternionic variable [2]?

ACKNOWLEDGMENTS

The authors express their sincere gratitude and respect to the Armed Forces of Ukraine, who
made it possible to complete the preparation of this article for publication.

REFERENCES

[1] V. Baksa, A. Bandura and O. Skaskiv: Maximum modulus of slice entire regular functions of quaternionic variable with
bounded index, ALTAY Conf. Proc. Math., 2 (1) (2025), 32-39.
[2] V. Baksa, A. Bandura and O. Skaskiv: Growth estimates for analytic vector-valued functions in the unit ball having
bounded L-index in joint variables, Constr. Math. Anal., 3 (1) (2020), 9-19.
[3] S. 1. Dubei, O. B. Skaskiv and O. M. Trusevych: On the absence of an exceptional set in the relation from Wiman's
theorem, Precarp. Bull. Shev. Sci. Soc. Number, 21 (79) (2025), 28-34.
[4] S.I. Dubei, O. B. Skaskiv: On the main relation of the Wiman-Valiron theory and asymptotic h-density of an exceptional
sets, Precarp. Bull. Shev. Sci. Soc. Number, 19 (73) (2024), 18-23.
[5] R. Gorenflo: Uber ganze transzendente funktionen von regelmifigem wachstum, Math. Ann., 146 (3) (1962), 226-231.
[6] W. K. Hayman: The local growth of power series: a survey of the Wiman—Valiron method, Canad. Math. Bull., 17 (3)
(1974), 317-358.
[7] W.K. Hayman: Subharmonic functions: Volume 2, Academic Press, London (1989).
[8] R.R. London: The behaviour of certain entire functions near points of maximum modulus, J. Lond. Math. Soc. (2), 12 (4)
(1976), 485-504.
[9] M. Milgram, R. Hughes: On a generalized moment integral containing Riemann’s zeta function: Analysis and experi-
ment, Modern Math. Methods, 3 (1) (2025), 14-41.
[10] G. Polya, G. Szego: Problems and theorems in Analysis. I, Springer-Verlag, Heidelberg (1964).
[11] T.M. Salo, O. B. Skaskiv and Ya. Z. Stasyuk: On a central exponent of entire Dirichlet series, Mat. Stud., 19 (1) (2003),
61-72.
[12] M. N. Sheremeta: The Wiman-Valiron method for Dirichlet series, Ukrainian Math. J., 30 (4) (1978), 376-383. Trans-
lated from Ukr. Mat. Zh., 30 (6) (1978), 488—497.
[13] M. N. Sheremeta: Asymptotic properties of entire functions defined by Dirichlet series and of their derivatives, Ukrainian
Math. J., 31 (6) (1979), 558-564. Translated from Ukr. Mat. Zh., 31 (6) (1979), 723-730.
[14] M. N. Sheremeta: On the derivative of an entire Dirichlet series, Math. USSR Sb., 65 (1) (1990), 133-145.
[15] M. M. Sheremeta: Entire Dirichlet series, ISDO (1993). (In Ukrainian).
[16] O. Skaskiv, A. Bandura, T. Salo and S. Dubei: Entire functions of several variables: analogs of Wiman’s Theorem,
Axioms, 14 (3) (2025), Article ID: 216.
[17] O. B. Skaskiv, Ya. Z. Stasyuk: On the Wiman theorem for absolutely convergent Dirichlet series, Mat. Stud., 20 (2)
(2003), 133-142.
[18] O.B. Skaskiv, Ya. Z. Stasyuk: On derivatives of Dirichlet series, Nauk. Visn. Chernivets’kogo Univ. Mat., 239 (2005),
107-111. (In Ukrainian).
[19] O. B. Skaskiv, Ya. Z. Stasyuk: On equivalence of the logarithmic derivative and the central exponent of the Dirichlet
series, Mat. Stud., 33 (1) (2010), 49-55.
[20] O. B. Skaskiv: A generalization of the little Picard theorem, J. Math. Sci., 48 (5) (1990), 570-578. Translated from
Teoriya Funktsii, Funktsional'nyi Analiz i Ikh Prilozheniya, 46 (1986), 90-100.
[21] O. Skaskiv, A. Bandura and A. Bodnarchuk: About Borel type relation for some positive integrals, ALTAY Conf. Proc.
Math., 2 (1) (2025), 40-47.
[22] Sh. 1. Strelitz: Asymptotic properties of analytical solutions of differential equations, Vilnius: Mintis (1972). (In Russian).
[23] H. Wittich: Neuere untersuchungen iiber eindeutige analytische functionen, Springer-Verlag, Berlin (1955).



78

Andriy Bandura, Anastasiia Mokhnal, Sviatoslav Dubei and Oleh Skaskiv

ANDRIY BANDURA

IVANO-FRANKIVSK NATIONAL TECHNICAL UNIVERSITY OF OIL AND GAS
DEPARTMENT OF PHYSICS AND MATHEMATICS

15 KARPATSKA STREET, 76019, Lviv, UKRAINE

Email address: andriykopanytsia@gmail.com

SVIATOSLAV DUBEI

IVAN FRANKO NATIONAL UNIVERSITY OF LVIV

DEPARTMENT OF FUNCTION THEORY AND FUNCTIONAL ANALYSIS
1 UNIVERSYTETSKA STREET, 79000, Lviv, UKRAINE

Email address: sviatoslav.dubei@lnu.edu.ua

ANASTASITA MOKHNAL

IVAN FRANKO NATIONAL UNIVERSITY OF LVIV
FACULTY OF MECHANICS AND MATHEMATICS

1 UNIVERSYTETSKA STREET, 79000, LvIV, UKRAINE
Email address: smohnal9@gmail.com

OLEH SKASKIV

IVAN FRANKO NATIONAL UNIVERSITY OF LVIV

DEPARTMENT OF FUNCTION THEORY AND FUNCTIONAL ANALYSIS
1 UNIVERSYTETSKA STREET, 79000, Lviv, UKRAINE

Email address: oleh.skaskiv@lnu.edu.ua



	1. Introduction
	2. Lemmas
	3. Main Result
	4. Some Corollaries and Open Problems
	Acknowledgments
	References

