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ABSTRACT. This note concerns the interpolation problem with two parametrized families of splines related to poly-
nomial spline interpolation. The authors address the questions of uniqueness and establish basic convergence rates for
splines of the form s, = pcosh(a-) + ¢sinh(a) and to = p + g tanh(a-) between the nodes where p, g € II;_1.
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1. INTRODUCTION

This note continues the study of splines, popularized by Schoenberg [15, 16, 17]. The goal of
this paper is to develop basic properties of two parametrized families of splines. Specifically,
we address questions of uniqueness and convergence rate similar to those found in [2, 3, 6, 13,
20]. The first family of splines satisfies s € C**~2[a, b] and

(1.1) (D? —a*)*s =0 on[a,b] \ X,

where « > 0 and X is a partition of [a, b]. Following [9], we call these k-th order polyhyperbolic
splines. These splines are examples of L-splines, [19, Ch. 10]. The hyperbolic designation was
chosen because the homogeneous solution of (1.1) is given by

Sa(x) = p(x) cosh(ax) + ¢(z) sinh(ax),
where p and ¢ are polynomials of degree at most £ — 1. We note that, in the literature, splines
corresponding to the differential equation D?(D? — o®)u = 0 and are often called hyperbolic
but they are also referred to by the terms tension or exponential. These splines have been

studied extensively, see [11, 12, 13, 20] among many others. We also find a different notion for
hyperbolic splines in [18], these correspond to the differential equation

(D* — 2k —1)%)---(D* =3)(D* ~1)u=0 or (D*—(2k)*)---(D*—2*)Du=0.

Interpolation schemes which depend on parameters have appeared throughout the litera-
ture. Polyhyperbolic splines are similar to (but distinct from) splines in tension [13] and the
GB splines of [7], although they do share the property that in the appropriate limiting sense,
these schemes lead to polynomial spline interpolation. For the case studied here, we expect to
recover cubic splines, since as a — 0, the differential operator reduces to D*.

The second family of splines are built out of tanh, specifically these are piecewise combina-
tions of t = p 4 g tanh(a-), where p and ¢ are polynomials. We can characterize the order these
by the maximal degree of the polynomials; the k-th order splines have polynomials whose
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degree does not exceed k — 1. Owing to the popularity of tanh as an activation function in
neural networks [1] and the use of splines for the same [4, 22], it’s possible these splines have
application in their own right. However in this note, we will concern ourselves with basic ap-
proximation properties of these splines. In principle, interpolating with either spline of order
k corresponds to 2k — 1 degree polynomial spline interpolation. We will explore the problem
for the values £ = 1 and k£ = 2, which correspond to classical linear and cubic interpolation,
respectively.

The rest of the paper is laid out as follows. Section 2 contains definitions and facts necessary
to the sequel. Section 3 contains results for first order splines, while Section 4 contains those
related to the second order splines. The main results are found in these sections as Proposition
3.2 and Theorem 4.2 and its corollary. B-spline bases for low degree splines are developed in
Section 5. A related interpolation problem for higher degree splines is solved using a Fourier
analysis approach in Section 6, whose main result is Theorem 6.4.

2. DEFINITIONS AND BASIC FACTS

Throughout the sequel, we use standard notations for derivatives. For example, D?*u and u”
both correspond to the second derivative of the function u. The set of polynomials of degree
at most k is denoted IIj. By a partition of the interval [a, b], we mean a sequence of increasing
values X = (z; : 0 < j < N)suchthata = 29 < --- < zy = b. Associated to a fixed X, we
have hj =T —Tj-1 and h(X) = 1I<I28%XN hj.

We denote the set of all k-th order p_olyhyperbolic splines by S¥(X), that is
SH(X) :={s € C*2[a,b] : (D* — a*)Fs =0o0n [a,b] \ X}.
We denote by T%(X), the collection
TF(X) := {sech(a-)u : u € SK(X)}.
Note that on each interval [z, z;11], to € T¥(X) takes the form
ta(z) = p(z) + q() tanh(az),

where p,q € IIj_;.

We use the notation ||u||z~ to denote the usual L* norm for a function u, while we use
the notation || M|/« to mean the maximum row sum of the matrix M. A diagonally dominant
matrix is an IV x NN square matrix [a;;] which satisfies |a;;| —>_,; |a;j| > 0foreach 1 <i < N.
The well-known Levy-Desplanques theorem proves this condition implies the invertibility of
[a;j], see [21].

Generally, we will seek to interpolate the data Y = (y; : 0 < j < N) on a fixed, but otherwise
arbitrary, partition X using s, € S¥(X) or t, € T¥(X). When we want to emphasize the
dependence on the data set Y, we write s, [Y] or ¢, [Y]. Finally, we note the value of the constant
C will be depend on its occurrence and is typically independent of the listed parameters unless
stated otherwise.

3. PROPERTIES OF FIRST ORDER SPLINES

As one may expect, things are easier when k£ = 1. We include these results as more or less

a warm up for the more involved k£ = 2 case. When k = 1, we have s, = Z;\le sj, where

st [xj—1,2;] = Ris given by s;(x) = a; cosh(ax) + b; sinh(ax). Thus, we need only solve the
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2 x 2 matrix equation

cosh(ax;_1) sinh(ax;—1)| [a;| _ |yj-1
cosh(ax;) sinh(ax;) | |b;] | y; |’

The determinant of the matrix is
cosh(ax;_1) sinh(ax;) — cosh(ax;) sinh(ax;_1) = sinh(ah;).
Since h; > 0, this system has a unique solution which after simplification yields

sinh(a(z; —)) sinh(a(z —x;-1))
sinh(ah;) Yi-t sinh(ah;) Yi-

(32) sj(z) =

A similar computation yields

tanh(ox;) — tanh(ox) y tanh(az) — tanh(az;_1)
j—1

(3.3) ti(z)

Y-

- tanh(ax;) — tanh(az;_1) tanh(oz;) — tanh(oz;_1)

Expanding (3.2) and (3.3) in a Taylor series (in «) yields

@) = g1+ B = ) + O()
J

sa’[xjfl,:(/‘j
and
Yj —Yj—1
b,y ) (7) = wjmt + P (@ = 2g0) 4 O(0).
J

We recognize the first two terms as the linear interpolant of (x;_1,y;-1) and (z;,y;). Thus

we expect s,, to exhibit similar convergence properties to the linear spline {[Y]. The expansions

above give us s[Y] = t[Y] = [[Y]. We may also estimate the rate of convergence by expanding

a sufficiently smooth function f in a Taylor series about z = x;_1, then on (z,_1, z;) we have

-2
f@) = ta(z) = (f'(xj-1) — ahj(coth(ah;) + tanh(aw;)) flzj -1, z;]) (& — z;-1) + O(h")
-2

(xj-1) = flej—1, 2] (2 — i) + O(h)

= 0.

The last equation requires f € C?([a,b]), and follows from the Mean Value Theorem. A com-

pletely analogous result holds for s,. We summarize these findings in the following proposi-

tions.

Proposition 3.1. Let X be a partition of [a,b], for any o > 0 and data set Y, the interpolants s,[Y]
and t,[Y'| are unique. Furthermore they satisfy

lim s, [Y](x) =1[Y](z) and lim t,[Y](z)=1[Y](z)

a—0 a—0

forall x € [a,b], where l[Y] is the linear spline interpolant.

Proposition 3.2. Suppose that f € C?([a,b]) and X is a partition of [a,b]. If t, € T2 (X) such that
to |x= f |x, then for o sufficiently small, we have

—2
Ilf = tallnoe(ap) < Ch,

where C' > 0 depends on f and «.. The same is true if t,, is replaced by s, € SL(X).
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Remark 3.1. Rather than expanding s. in a Taylor series, we could use the fact that for any f €
C?([a, b]), there exists g € C?([a, b]) with f(z) = cosh(az)g(x). Thus
-2
1f = sallLe=(a.s) = [ cosh(a-) (g = ta) [l ((a) < Ch
for sufficiently small «.

4. PROPERTIES OF SECOND ORDER SPLINES

The k = 2 problem is more involved. Just as in the case with cubic splines, we must impose
endpoint conditions on our splines s, € S2(X) (or t, € T2(X)). For these, we use those found
in [13]:

(Cl) Ov a( ) - y?\f’

ala) = s4(b) =0,
Type I1L: 5, (a) = yg, sa(b) = Y-
Assuming that we are sampling a function f : [a,b] — R, so that y; = f(x;), conditions I and
III become

TypeI: s!
Type II: s,

Type I: s,y (a) = f'(a), s, (8) = £'(b),
Type IIL: s%,(a) = £"(a), sL,(b) = £ (b).

In light of the remark that follows Proposition 3.2, we find it more convenient to work with
to € T2(X) in what follows, often suppressing the dependence on a. Since to |z, .o, (¥) =
pj(x) + ¢;(z) tanh(ax), where p;,q; € Iy, t), |z, , o= D?[q; tanh(a-)]. Specifying ¢/ (x;_1)
and t/(z;) allow us to solve for the coefficients of ¢; then integrating twice and using the
interpolation conditions allow us to solve for the coefficients of p;. One may then generate a
tridiagonal system to enforce smoothness of the first derivative, setting t// := t;,(z;) we have

(4.4a) boty + cot = do,
(4.4b) ajti o+ bt +eitf =dj, 1<j<N -1,
(4.4¢) antR_q + byt =dy.

One needs to evaluate t' [[,,_, ..,) at both endpoints to generate the coefficients in (4.4b). Setting
ahj cosh(ah;) — sinh(ah;)

202h;(tanh(ax;) — tanh(axj_1) — ah; tanh(az;_1) tanh(az;))’

wehavefor1 <j <N -1

Ej—l =

cosh(ax;—1) h;j —9
_cosmadyoy) 7)2) -
4 cosh(az;) '~ 6 +O((@h)) ;0 =0,
cosh(az;1) hjy1 2
- E; = R)?) ;
cj cosh(ar,) G + O ((ah)?) ;00 =0

and

Yi+1 Y Yj —Yj-1
hjt1 h;

The term b; is more complicated, setting

d; =

Fj_1 = 4a®hj(tanh(az;) — tanh(az;_;) — ahj tanh(ax;_1) tanh(az;)),
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which is twice the denominator of E;_;, we can simplify the expression somewhat
b; = (sinh(2az;) — 2ah; — 2 tanh(awx;_;)(cosh?®(ax;) — azh?)) JFj-1
— (sinh(2az;) + 2ahjqq — 2 tanh (a4 1) (cosh®(ax;) — azh?H)) /F;
_hjthin
3
For type I endpoint conditions, the coefficients in (4.4a) and (4.4c) are given by

+ O ((ah)?) ;o0 — 0.

bo = — (sinh(20o) + 2avhy — 2 tanh(az;)(cosh? (axg) — o’h})) /Fo
hy

cosh(axy) hq —9
R =4 n)2) -
€0 cosh(azg) "6 +0 ((ah)%) ;= 0,
Y1 — Yo
dO = hl - y(l)7
cosh(azn_1) hn 2
= 7E = — M
an cosh(azn) N_1 5 +O((ah) ) ca— 0,

by = (sinh(2azy) — 20hy — 2 tanh(oy_1)(cosh? () — o?h3)) /Fn-1

= h?N—i—(’)((aE)z);a—)O,

_ YN —Yn-1
hy

The adjustments for the other types are

dy =Yy

II: boZbN:LCLO:CO:O,dQZdN:O
III : bo:szl,a():CO:O,d():yg,dNZyxf.
Direct computation now provides the following analog of Proposition 3.1.

Theorem 4.1. Let X be a partition of [a, b]. For sufficiently small o and data set Y with end condition
type I, 11 or 111, the interpolants s,[Y] € S2(X) and t,[Y] € T2(X) are unique. Furthermore,

lim 5o [Y](2) = o[Y](x) and  lim ¢,[Y](z) = o[Y](2)
forall x € [a,b], where o[Y| is the cubic spline interpolant with the same type of endpoint condition.

Proof. The matrix (4.4) for t, € T2(X) is diagonally dominant for sufficiently small o. Now
consider Y = (sech(az;)y; : 0 < j < N), we have a unique ¢, € TZ(X) which interpolates Y
and s, = cosh(a-)t, € S2(X) interpolates Y. O

We use an argument similar to the one given in [13] to prove a result similar to Proposition
3.2. We begin by setting § = o — t, and ¢} = ¢"(z;). We use (4.4) and the tridiagonal system
for o to generate a system for ¢":

3bo — 1

600 — hl 7
e — g
3bg

Co
(4.5a) 50+ %5;’ = o (z0) + by (x1),

(4.5b)
aj o i Cien 6aj_hj " 3bj_hj_hj+1 " 6Cj_hj+1 "
Gigr o Sy =2 gy DT T gy 06 L
by I g 6b; ! 3b; ! 6b; !
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bay —h 3by — h

(450) N ey 6 = SN TN G ) 4 N G (),
by 6bn 3bn

Now, we may write this as the matrix equation (I 4+ M)¢"” = b, where " represents the vector

with components ¢ and b is the vector version of the right hand side (4.5). More computation

with the coefficients in (4.4) shows that || M || = O(3) as & — 0, hence for sufficiently small o
16" oo = II(Z + M) ™Dl oo < 3][blloc

To estimate ||b]| o, we note that the Mean Value Theorem provides the estimate for the first and
last rows O ((@h)?) [|6”"|| s (ja.)\ x), While the triangle inequality provides the estimate for the

middle rows O ((ah)?) [|0” || L= (x) as a — 0. Thus, for sufficiently small o

(4.6) 18"l < C(a)? max{lo”|| Lo (ja.b1\ ) 1" oo ) }-

Now the argument follows in a manner similar to Proposition 3.2. We may use Rolle’s Theorem
for the function ¢, which allows us to find &; € (x;_1, ;) such that §’(§;) = 0, this together with
the fact that §(x;) = 0 allows us to write

o, (@)= / §(wdu and &, (@)= [ o"wdu.
j—1-%;j «; Lj—1,Tj ¢

We need only estimate [|0” || o ([4,5))- To this end, note that we can write things in terms of the
values at the partition
" (z) = 0" (z) — to(x)

o
w ()87 _y 4+ wa(2)d] + z1(x)0_| + 22(x)07,

where
4a2h? cosh(az;—1)((—1 + a(z; — z) tanh(az;)) tanh(ax) + tanh(azx;))
w1 (33) = 2
cosh™(ax)Fj_1
xTj—x —
z1(x) = ]h‘ —wy(z) =0 ((ah)Q) ||0‘”I||L(x>([a7b]\x);ol —0
J
4a®h? cosh(aw;)((1+ o — zj_1) tanh(ax; 1)) tanh(ax) — tanh(az; 1))
wg(l‘) = 2
cosh”(ax)Fj_1
T — X
zo(x) = le — wa(x).
J
Thus

167l os (a1 = © ((@h)?) mavx {[|o" || o fa,pp ) 1o | L2 (x) } 500 = 0.
Putting these estimates together yields the following theorem.

Theorem 4.2. Let X be a partition for [a,b]. Given a data set Y, suppose that t,[Y] € T2 (X) interpo-
lates Y with type I (11, I1I) end conditions. For i = 0, 1, or 2 and sufficiently small c,

1D (Y] = talY Dl (o)) < Clah)* ™ max {|lo” || L (appx): 0|20 } »
where o[Y'] is the cubic spline interpolant with type I (I, I1I) end conditions and C' > 0 is a constant
independent of h.

Corollary 4.1. Let X be a partition for [a,b] and f € C*[a,b]. Suppose that t,[f] := ta[f(X)] €
T2(X) interpolates f(X) with type I (II, I11) end conditions. For i = 0,1, or 2 and sufficiently small «,

i —4—1
D" (talfl = Pllize(asy < Ch
where C := Cy 5. x > 0. The same is true for s, [f] € S2(X).



A note concerning polyhyperbolic and related splines 125

Proof. The result for ¢,[f] follows from Theorem 4.2, the triangle inequality, and known con-
vergence rates for o[f] := o[f(X)]:

- i
ID*(o[f] = Pllze(ap) < Crxh 3 i=0,1,2
and

1D (a[f] = f)ll 2o (o)) < Cr.xh

found in [3] and [6], respectively. The constants depend on the norms of various derivatives of
f and the mesh ratio, | X| = h/ min h;. To see the result for s, [f] € S2(X), note that any function
[ € C*a,b] may be written f(z) = cosh(ax)g(z), where g € C*[a, b] as well. We have

ID" (sl f] = F)ll o= (lapy = I1D" (cosh(a) (talg] = 9))ll Lo (ja0)

so the result follows from the Leibniz rule and the corresponding result for t,, € T2(X). O

Remark 4.2. One powerful aspect of modeling with cubic splines is the ability to preserve certain qual-
ities of the underlying data set to be interpolated. Unfortunately, s,|Y] € S2(X) (or t,[Y] € T2(X))
need not share properties of Y such as positivity, monotonicity, or convexity. As seen with interpolation
with cubic splines, the trade off for preserving the shape of the data is giving up some smoothness of the
interpolant. If we choose to specify the first derivatives rather than enforcing continuity of the second de-
rivative at each internal x; € X, then we can solve (1.1) in terms of the values Y = (y;) and Y' = (y)
on the interval [x;_1, x;]:

sa(T) = yj + yj(x — ;)
N <3(yj+1 — i) — hy1 (20 + ¥

2
hj+1

+ O(a2)> (x — xj)2
4.7)

n (hijl(y;‘ + Y1) = 2(Y541 — Y5)

h3

, + 0<a2>> (z = ;)" + 0(a?)
j+1

= o(x) + O(a*h?

max)'

Here o is the cubic Hermite spline interpolant for the same data. In order for s, to be approximately
shape preserving, we may first generate a cubic interpolant with the property. Algorithms to preserve
positivity, monotonicity, and convexity for cubic splines have been well established. See, for instance, [5]
and the references therein. Essentially, these algorithms provide an interval from which to choose each
parameter y; € Y in such a way that certain inequalities hold for o. In order to ensure that s, has the
same property, we first choose the parameters of o to satisfy the strict inequalities. This gives us room to
reduce o small enough so that the error term does not affect the relevant inequality for o.

5. LOCAL BASES

In this section, we develop a B-spline basis for both families S*(X) and T (X), for k = 1, 2.
These bases will have minimal support, in the k = 1 case, we need 2 intervals of the form
[, zj4+1] while the k = 2 case requires 4 such intervals. We will also see that they are Riesz
bases on their span. We begin with the following result.

Lemma 5.1. Let f € S¥(X) (or T (X)), for k = 1,2, with appropriate endpoint conditions specified.
If supp(f) C [zjy, Tjo+m]| where m < 2k, then f = 0.
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Proof. If m < 2k, we get a system of linear equations whose only solution is f = 0. When
k =1, we have the equations f(z¢) = f(z1) = 0, solving the invertible system of equations for
the coefficients yields f = 0. The k = 2 case works similarly. Suppose that m = 3. Then, we
would need to solve for 12 coefficients using the 6 endpoint conditions: f()(a) = f((b) = 0
fori = 0,1, 2 and the 6 interior smoothness conditions. Hence the result follows from Theorem
4.1 and the fact that the system of equations for the coefficients is linear and homogeneous. [

Let us now build the bases for & = 1. Interior bases (1 < j < N — 1) are of the form

tanh(ax) — tanh(ax;_1)

-y _ ) tanh(ax;) — tanh(ax;_q)
ta,] (1’) - tanh(a;gj_i_l) - tanh(?x:ﬂ)
tanh(aw;1) — tanh(ax;)’

;T € [Tjo1, 4]

T e [Ijvxj+1]

and
sinh(a(x — xj-1))
5o () = sinh(ah;) ’
a,j sinh(a(z;11 — x))

sinh(ah;11)

€ w1, ;]

;T E [X),T541]

and satisfy to ;(xr) = Sa,j(xx) = 0jk, 0 <k < N. The graphs are shown below.

y y

1.0, 1.0
8 0,
0.6 0.6
0.4 0.4
0.2 0.2
X X
.0 0.5 1.0 15 -15 -1.0 -0.5 o.

-1.5 -1.0 -0.5 0 0 0.5 1.0 15

FIGURE 1. The graphs of y = t15,0(z) (left) and y = s2.50(z) (right) plotted

For k = 2, we present the uniform case h; = h centered at x = 0. We have

1
si(x)
50(1) = D o japezan 7 Xlth+0m (2);
1=—2

which is an even function, with
s_o(x) = e (1 + a(2h + 2)) + e e (1 4 a(2h + z)),
s_q(x) = —e (1 + ax) — 22" (1 + a(h + z))
—2¢%ehtor( 1 4 (b4 x)) 4 etehtor(1 — ax),
so(z) = —e*®(1 — az) — 262" 2% (1 4 a(h —2))
—2¢%eh=ow( 1 4 o(h —x)) 4 " (1 4 ax),
s1(z) = e*®(1 + a(2h — x)) + e**h =% (1 4+ a(2h — z)).
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Similarly for ¢, we have

_ ti(z)
ta (@) = Z 2ach — sinh(?ah)x[lh’(l+1)h] (z)

I=—2

where

t_o(x) = sech(ax) [sinh(a(2h + z)) — a(2h + x) cosh(a(2h + z))]
t_1(x) = 2ah + 20z + axsech(ax) cosh(w(2h + x))
— sech(az) sinh(«(2h + z)) — 2 tanh(ax),
to(x) = —sech(ax) [ax cosh(a(2h — x)) — 2a(h — x) cosh(ax)
+ sinh(a(2h — z)) — 2sinh(ax)],
t1(x) = sech(ax) [sinh(a(2h — x)) — a(2h — x) cosh(a(2h — x))] .

=3 -1 ! 1 2

FIGURE 2. The graphs of y = t1.5,0(z) (left) and y = s1.5,0(z) (right) plotted
In general, for a k-th order spline, we could solve the (2k?) x (2k?) system
sW(z;_x)=0; 0<1<2k—2
sO(@n—) =sD(@p+); 0<1<2k—2, j—k+1<m<j—1
s(l)(xj) = (5071; 0 S l S k—1
then extend to the right side of z;.

Remark 5.3. We note that = € [a, b] is in the support of at most 2k B-splines. For x; € X, we need
only 2k — 1 B-splines.

An important property of these splines is that they are stable. We justify this by providing
estimates for the Riesz bounds. In what follows, we assume that our partition satisfies 0 < r <
h; < R for all j. We begin with f € S (X), for which we have f(z) = > ¢isi(x) and

[t IO B SR e | A BRI

([ el ) () )

J

(5.8)
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We may directly compute the eigenvalues of this 2 x 2 matrix, which yields
Othj_;,_l + sinh(ozhj+1)
dahjiq cosh? (o‘h-27+1)

aR + sinh(aR)
4a R cosh? (%)

\%

Ajumin = jt1 r

and
ar + sinh(ar)

4ar sinh? (%) '

()éhj+1 + sinh(ahj+1)

h <h
Ao sinh? (" ;+1)

Ajmax = Myt

Using these uniform bounds in (5.8) yields

aR + sinh(a 2 o / ar + sinh(« )
) e dz < gp 2 THRRAT) E, .
4aR cosh2 TR Z il /(@ ‘ dar smh2 % e

A similar methodology can be used to find the bounds for t, € T2(X). In this case, the
eigenvalues are in an interval governed by the two functions

2r 2

Amin a,r)=r+ -
() tanh®(ar)  atanh(ar)

— 31n (cosh(ar))

and

In (cosh(aR))

Amax( F) = R = atanh(aR) ’

thus
b
min{Amin; )\max} Z |Cj|2 S / |f($>|2d$ S maX{Amin; )\max} Z |Cj|2~
J @ J

One could extend the method above to the corresponding second order splines; however, the
analysis is more tedious due to the integrals involved. For this reason, we use the Fourier
techniques in the next section to analyze s, € S2(Z). The Riesz bounds are found in Corollary
6.2. The situation for t, € T?2(Z) is somewhat worse, since the corresponding integrals above
are not elementary and the Fourier transform does not have a closed form. Thus, we resort to
a computer algebra system to approximate the lower bound A(«) and the upper bound B(«)
for various a with h; = 1.

« A(a) B(a)
0.001 | 0.121429 | 2.249999
0.01 | 0.121443 | 2.249910
0.1 | 0.122909 | 2.241043
1 0.244451 | 1.628952
10 | 0.144801 | 0.144802
100 | 0.014480 | 0.014480

The table above suggests that as a — 0,

A(a)—%+0( ) and B(a) =

As a — 0o, both bounds are O(a™1).
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6. HIGHER ORDER SPLINES

Having exhibited properties for splines of order k = 1 and & = 2, one is naturally led to
seek results for higher order splines S*(X) and 7%(X), where k > 2. The expectation is that
properties from polynomial splines carry over for sufficiently small o > 0. In the remainder of
this note, we prefer to explore the interpolation problem when X is allowed to be infinite. This
problem was studied in [9], and our goal is to establish the existence of spline interpolants for
scattered data.

In particular, we assume that X = (z; : j € Z) is a Complete Interpolating Sequence (CIS)
which means that the sequence (¢®* : j € Z) is a Riesz basis for La([—m,7]). Among other
things, we have the Riesz basis inequality

2
(6.9) 0§12|aj|2 g/ Zaje—ma d¢ < CXZ|aj\2,

JEZ Tljez JEZ

for some Cx > 0 and all (a;) € ¢2. Associated to a Riesz basis X, we define for n € Z, the
prolongation operator A,, : L*([—n,7]) — L?([—, 7]) by

(6.10) Anlf1(€) = Ap | D azem™8 | i= Y "aze eS¢ <

JEZ JEZ

In light of 6.9, the operators A,, and their adjoints A}, are uniformly bounded.
We will make extensive use of the Fourier transform, which for g € L' (R) is given by

§(6) = /R g(x)e"Eda,

and its extension to g € L*(R) is denoted F|g]. Using this convention, the inversion formula is
given by

1

o) = 5= [ ae)eas

and Plancherel’s formula is
Vv 27T||9||L2(1R) = ||]:[Q]||L2(R)

We will restrict our attention to band-limited data. To this end, we assume that the data Y are
samples taken from a function in the Paley-Wiener space

PW, :={f € L*(R): F[f] =00onR\ [-7,7]}.

Thatis, Y := Y[f(X)] = (f(z;) : j € Z), where f € PW, and X is a CIS. Our argument
closely follows the one found in [8]. However, our splines are not covered under the umbrella
of regular interpolators found there. In the Fourier domain, we have that s € S (X) enjoys the
representation

89 = (¥ +a?)TFY ajemi s,

JEZ

in the distributional sense for some (a;) € ¢2.
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Our next result concerns two operators associated to the interpolation problem, B, ., M i :
L?([-m,7w]) = L?([—m,]) which are defined as follows:

= 3 s (02 4 e2) " a0 9

n#0
Mo k[g)(€) := (a® +€%)"g(9).

Theorem 6.3. Suppose that « > 0 and k € N. For any g € L*([—m,n]) there exist constants
Co, Cy > 0, independent of g, such that

Collgll7z(—nmpy < H(Mak + Bak)g], 9| < Cillgl 21— r))-

Proof. We begin with the upper bound.
[{((Ma,x + Ba,x)lg], 9)| = ‘/ (Mo + Ba,k)[g](i)g()dé'

<Z/ AL (- + 27m)% + 02)* A, [g]) (€)aE)|d
neZ

<ox Y [ (642 + @)t A, g 0)5E0e

nez
<Ox Y sup (¢ 27 +07) | Add©terae
nez t|<m -7
<G} 3 sup e+ 2mn)? +at) [ jg(o)Pag
nez\ﬂgﬂ' —
<C% (OZ% + Z((QW —-1)’7° + Oéz)k) 191 Z2 (| —x.m))-
n#0

We have used the triangle inequality and then Tonelli’s theorem to switch the sum and the in-
tegral in the first inequality. The second and fourth inequality follow from (6.9), while the third
is monotonicity of the integral. Finally, the Extreme Value Theorem from Calculus provides the
final inequality.

The lower bound is somewhat easier since the upper bound allows us to use the dominated
convergence theorem to interchange the integral and the sum.

(M + Bar)lghg)| = / (Mo + Bot)lg)(©)(0)de

- Z/_ﬂA* ((-+270)? + 02)~* A, [g)) () (@) dé

neZ

= / € +21n)% + a2)~F A, [g)(6) A [g] (€)de

neEZ

> / (& + a®)Fg(&)Pd¢

—Tr

>(72 +a®) gl 2 ()
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The second equality may be justified by the dominated convergence theorem, and the third is
just the adjoint relation. The first inequality follows from the positivity of the summands, while
the final inequality follows from the monotonicity of the integral. O

As a Corollary, we can find the Riesz bounds for the local base s, when k = 2.

Corollary 6.2. Let f € SZ(Z), then f(x) = 3, ¢;js;(x) and

b : 1
20(s* o) Dol < [ 1o < an (a4 35) Zle®

J

Proof. We need only note that in this case Plancherel’s theorem provides
2
/ d§=2ﬂ'2|aj|2,
N j

so that Cz = 2 and the upper bound is majorized by the quantity o

olI€
J

—4+M 0

md

Throughout the sequel, we consider an arbitrary but fixed f € PIW, sampled at a fixed but
otherwise arbitrary CIS X = (z; : j € Z). Since f € L*([—n, 71]), we may define the function ¢
via
(6.11) p5(6) = (1) (Map + Bag) T () = D_elflye™ gl <.

JEL
Consider the function I[f], defined by its Fourier transform:
(612) IIf1(€) = ()" (a® + )" ps(9).

Since p; € L? .(R), we have I/[f] € (L' n L?)(R), which means that the Fourier inversion
theorem applies, and I[f] € (L? N Cp)(R). In particular, I[f](z) is well-defined and for all
n € Z, we have

2 1[f)(2a) = / IT7i(eye=~sas
04 [ 302 4 6+ 2 Aol © Ayl €0

T jeL

0 [0 (@7 2 A er]) (@

T jEL

N /” (Ma,y: + Ba,g)lps](€)e' ™t de

/_wf £)eimnédg

=27 f(zy).

Hence I[f] interpolates f at X. Given the form of I/[?], it is clear that I[f] satisfies I[f] €
C?F~2(R) and the ordinary differential equation

(6.13) (D* = ®)F(I[f]) = > clf1;6(- — x;),

JEL
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where c[f] € ¢? is chosen by (6.11). That is, I[f] is a polyhyperbolic spline. As a consequence of
the celebrated Paley-Wiener theorem, we can interpolate any sequence (a;) € (2 by first finding
f € PW, which satisfies f(z;) = a;, then using Theorem 4.1 to get c[f] € (2.

We summarize these results in the following theorem.

Theorem 6.4. Suppose that b € (? and X = (z;) is a CIS. There exists a solution of (1.1), denoted
I[b], that satisfies

(1) 1] € (CZ*2n L?)(R), and
(2) I[b)(xy) = by, foralln € Z.

Remark 6.4. If we require that our sampled function f € PW, satisfies
|f(z)|] < Ccosh(ax),
then we may solve the interpolation problem for t, € T (X).

Having provided a solution to the interpolation problem, we may now follow the outline of
[8, 10, 14] to prove the following recovery result concerning polyhyperbolic splines.

Theorem 6.5. Suppose that f € PW, and X = (z;) is a CIS. Let I;[f] denote the polyhyperbolic
interpolant whose Fourier transform is defined in (6.12). Then, we have the following

(1) kh_g)lo 1% [f] = fllz2®) = 0, and
(2) klim [Ix[f](x) = f(x)] = 0, uniformly on R.
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