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A note concerning polyhyperbolic and related splines

JEFF LEDFORD* , LUKE PARIS , RYAN URBAN , AND ALEC VIDANES

ABSTRACT. This note concerns the interpolation problem with two parametrized families of splines related to poly-
nomial spline interpolation. The authors address the questions of uniqueness and establish basic convergence rates for
splines of the form sα = p cosh(α·) + q sinh(α·) and tα = p+ q tanh(α·) between the nodes where p, q ∈ Πk−1.
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1. INTRODUCTION

This note continues the study of splines, popularized by Schoenberg [15, 16, 17]. The goal of
this paper is to develop basic properties of two parametrized families of splines. Specifically,
we address questions of uniqueness and convergence rate similar to those found in [2, 3, 6, 13,
20]. The first family of splines satisfies s ∈ C2k−2[a, b] and

(1.1) (D2 − α2)ks = 0 on [a, b] \X,

where α > 0 and X is a partition of [a, b]. Following [9], we call these k-th order polyhyperbolic
splines. These splines are examples of L-splines, [19, Ch. 10]. The hyperbolic designation was
chosen because the homogeneous solution of (1.1) is given by

sα(x) = p(x) cosh(αx) + q(x) sinh(αx),

where p and q are polynomials of degree at most k − 1. We note that, in the literature, splines
corresponding to the differential equation D2(D2 − α2)u = 0 and are often called hyperbolic
but they are also referred to by the terms tension or exponential. These splines have been
studied extensively, see [11, 12, 13, 20] among many others. We also find a different notion for
hyperbolic splines in [18], these correspond to the differential equation

(D2 − (2k − 1)2) · · · (D2 − 32)(D2 − 1)u = 0 or (D2 − (2k)2) · · · (D2 − 22)Du = 0.

Interpolation schemes which depend on parameters have appeared throughout the litera-
ture. Polyhyperbolic splines are similar to (but distinct from) splines in tension [13] and the
GB splines of [7], although they do share the property that in the appropriate limiting sense,
these schemes lead to polynomial spline interpolation. For the case studied here, we expect to
recover cubic splines, since as α → 0, the differential operator reduces to D4.

The second family of splines are built out of tanh, specifically these are piecewise combina-
tions of t = p+ q tanh(α·), where p and q are polynomials. We can characterize the order these
by the maximal degree of the polynomials; the k-th order splines have polynomials whose
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degree does not exceed k − 1. Owing to the popularity of tanh as an activation function in
neural networks [1] and the use of splines for the same [4, 22], it’s possible these splines have
application in their own right. However in this note, we will concern ourselves with basic ap-
proximation properties of these splines. In principle, interpolating with either spline of order
k corresponds to 2k − 1 degree polynomial spline interpolation. We will explore the problem
for the values k = 1 and k = 2, which correspond to classical linear and cubic interpolation,
respectively.

The rest of the paper is laid out as follows. Section 2 contains definitions and facts necessary
to the sequel. Section 3 contains results for first order splines, while Section 4 contains those
related to the second order splines. The main results are found in these sections as Proposition
3.2 and Theorem 4.2 and its corollary. B-spline bases for low degree splines are developed in
Section 5. A related interpolation problem for higher degree splines is solved using a Fourier
analysis approach in Section 6, whose main result is Theorem 6.4.

2. DEFINITIONS AND BASIC FACTS

Throughout the sequel, we use standard notations for derivatives. For example, D2u and u′′

both correspond to the second derivative of the function u. The set of polynomials of degree
at most k is denoted Πk. By a partition of the interval [a, b], we mean a sequence of increasing
values X = (xj : 0 ≤ j ≤ N) such that a = x0 < · · · < xN = b. Associated to a fixed X , we
have hj := xj − xj−1 and h(X) := max

1≤j≤N
hj .

We denote the set of all k-th order polyhyperbolic splines by Sk
α(X), that is

Sk
α(X) := {s ∈ C2k−2[a, b] : (D2 − α2)ks = 0 on [a, b] \X}.

We denote by T k
α(X), the collection

T k
α(X) := {sech(α·)u : u ∈ Sk

α(X)}.

Note that on each interval [xj , xj+1], tα ∈ T k
α(X) takes the form

tα(x) = p(x) + q(x) tanh(αx),

where p, q ∈ Πk−1.
We use the notation ∥u∥L∞ to denote the usual L∞ norm for a function u, while we use

the notation ∥M∥∞ to mean the maximum row sum of the matrix M . A diagonally dominant
matrix is an N ×N square matrix [aij ] which satisfies |aii| −

∑
j ̸=i |aij | > 0 for each 1 ≤ i ≤ N .

The well-known Levy-Desplanques theorem proves this condition implies the invertibility of
[aij ], see [21].

Generally, we will seek to interpolate the data Y = (yj : 0 ≤ j ≤ N) on a fixed, but otherwise
arbitrary, partition X using sα ∈ Sk

α(X) or tα ∈ T k
α(X). When we want to emphasize the

dependence on the data set Y, we write sα[Y ] or tα[Y ]. Finally, we note the value of the constant
C will be depend on its occurrence and is typically independent of the listed parameters unless
stated otherwise.

3. PROPERTIES OF FIRST ORDER SPLINES

As one may expect, things are easier when k = 1. We include these results as more or less
a warm up for the more involved k = 2 case. When k = 1, we have sα =

∑N
j=1 sj , where

sj : [xj−1, xj ] → R is given by sj(x) = aj cosh(αx) + bj sinh(αx). Thus, we need only solve the
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2× 2 matrix equation [
cosh(αxj−1) sinh(αxj−1)
cosh(αxj) sinh(αxj)

] [
aj
bj

]
=

[
yj−1

yj

]
.

The determinant of the matrix is

cosh(αxj−1) sinh(αxj)− cosh(αxj) sinh(αxj−1) = sinh(αhj).

Since hj > 0, this system has a unique solution which after simplification yields

(3.2) sj(x) =
sinh(α(xj − x))

sinh(αhj)
yj−1 +

sinh(α(x− xj−1))

sinh(αhj)
yj .

A similar computation yields

(3.3) tj(x) =
tanh(αxj)− tanh(αx)

tanh(αxj)− tanh(αxj−1)
yj−1 +

tanh(αx)− tanh(αxj−1)

tanh(αxj)− tanh(αxj−1)
yj .

Expanding (3.2) and (3.3) in a Taylor series (in α) yields

sα
∣∣
[xj−1,xj ]

(x) = yj−1 +
yj − yj−1

hj
(x− xj−1) +O(α2)

and

tα
∣∣
[xj−1,xj ]

(x) = yj−1 +
yj − yj−1

hj
(x− xj−1) +O(α2).

We recognize the first two terms as the linear interpolant of (xj−1, yj−1) and (xj , yj). Thus
we expect sα to exhibit similar convergence properties to the linear spline l[Y ]. The expansions
above give us s0[Y ] = t0[Y ] = l[Y ]. We may also estimate the rate of convergence by expanding
a sufficiently smooth function f in a Taylor series about x = xj−1, then on (xj−1, xj) we have

f(x)− tα(x) = (f ′(xj−1)− αhj(coth(αhj) + tanh(αxj))f [xj−1, xj ]) (x− xj−1) +O(h
2
)

= (f ′(xj−1)− f [xj−1, xj ])(x− xj−1) +O(h
2
)

= O(h
2
).

The last equation requires f ∈ C2([a, b]), and follows from the Mean Value Theorem. A com-
pletely analogous result holds for sα. We summarize these findings in the following proposi-
tions.

Proposition 3.1. Let X be a partition of [a, b], for any α > 0 and data set Y , the interpolants sα[Y ]
and tα[Y ] are unique. Furthermore they satisfy

lim
α→0

sα[Y ](x) = l[Y ](x) and lim
α→0

tα[Y ](x) = l[Y ](x)

for all x ∈ [a, b], where l[Y ] is the linear spline interpolant.

Proposition 3.2. Suppose that f ∈ C2([a, b]) and X is a partition of [a, b]. If tα ∈ T 1
α(X) such that

tα |X= f |X , then for α sufficiently small, we have

∥f − tα∥L∞([a,b]) ≤ Ch
2
,

where C > 0 depends on f and α. The same is true if tα is replaced by sα ∈ S1
α(X).
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Remark 3.1. Rather than expanding sα in a Taylor series, we could use the fact that for any f ∈
C2([a, b]), there exists g ∈ C2([a, b]) with f(x) = cosh(αx)g(x). Thus

∥f − sα∥L∞([a,b]) = ∥ cosh(α·) (g − tα) ∥L∞([a,b]) ≤ Ch
2

for sufficiently small α.

4. PROPERTIES OF SECOND ORDER SPLINES

The k = 2 problem is more involved. Just as in the case with cubic splines, we must impose
endpoint conditions on our splines sα ∈ S2

α(X) (or tα ∈ T 2
α(X)). For these, we use those found

in [13]:

Type I: s′α(a) = y′0, s
′
α(b) = y′N ,

Type II: s′′α(a) = s′′α(b) = 0,

Type III: s′′α(a) = y′′0 , s
′′
α(b) = y′′N .

Assuming that we are sampling a function f : [a, b] → R, so that yj = f(xj), conditions I and
III become

Type I: s′α(a) = f ′(a), s′α(b) = f ′(b),

Type III: s′′α(a) = f ′′(a), s′′α(b) = f ′′(b).

In light of the remark that follows Proposition 3.2, we find it more convenient to work with
tα ∈ T 2

α(X) in what follows, often suppressing the dependence on α. Since tα |[xj−1,xj ] (x) =

pj(x) + qj(x) tanh(αx), where pj , qj ∈ Π1, t′′α |[xj−1,xj ]= D2[qj tanh(α·)]. Specifying t′′α(xj−1)
and t′′α(xj) allow us to solve for the coefficients of qj then integrating twice and using the
interpolation conditions allow us to solve for the coefficients of pj . One may then generate a
tridiagonal system to enforce smoothness of the first derivative, setting t′′j := t′′α(xj) we have

b0t
′′
0 + c0t

′′
1 = d0,(4.4a)

ajt
′′
j−1 + bjt

′′
j + cjt

′′
j+1 = dj , 1 ≤ j ≤ N − 1,(4.4b)

aN t′′N−1 + bN t′′N = dN .(4.4c)

One needs to evaluate t′ |[xj−1,xj ] at both endpoints to generate the coefficients in (4.4b). Setting

Ej−1 =
αhj cosh(αhj)− sinh(αhj)

2α2hj(tanh(αxj)− tanh(αxj−1)− αhj tanh(αxj−1) tanh(αxj))
,

we have for 1 ≤ j ≤ N − 1

aj =
cosh(αxj−1)

cosh(αxj)
Ej−1 =

hj

6
+O

(
(αh)2

)
;α → 0,

cj =
cosh(αxj+1)

cosh(αxj)
Ej =

hj+1

6
+O

(
(αh)2

)
;α → 0

and

dj =
yj+1 − yj

hj+1
− yj − yj−1

hj
.

The term bj is more complicated, setting

Fj−1 = 4α2hj(tanh(αxj)− tanh(αxj−1)− αhj tanh(αxj−1) tanh(αxj)),
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which is twice the denominator of Ej−1, we can simplify the expression somewhat

bj =
(
sinh(2αxj)− 2αhj − 2 tanh(αxj−1)(cosh

2(αxj)− α2h2
j )
)
/Fj−1

−
(
sinh(2αxj) + 2αhj+1 − 2 tanh(αxj+1)(cosh

2(αxj)− α2h2
j+1)

)
/Fj

=
hj + hj+1

3
+O

(
(αh)2

)
;α → 0.

For type I endpoint conditions, the coefficients in (4.4a) and (4.4c) are given by

b0 = −
(
sinh(2αx0) + 2αh1 − 2 tanh(αx1)(cosh

2(αx0)− α2h2
1)
)
/F0

=
h1

3
+O

(
(αh)2

)
;α → 0,

c0 =
cosh(αx1)

cosh(αx0)
E0 =

h1

6
+O

(
(αh)2

)
;α → 0,

d0 =
y1 − y0

h1
− y′0,

aN =
cosh(αxN−1)

cosh(αxN )
EN−1 =

hN

6
+O

(
(αh)2

)
;α → 0,

bN =
(
sinh(2αxN )− 2αhN − 2 tanh(αxN−1)(cosh

2(αxN )− α2h2
N )
)
/FN−1

=
hN

3
+O

(
(αh)2

)
;α → 0,

dN = y′N − yN − yN−1

hN
.

The adjustments for the other types are

II : b0 = bN = 1, a0 = c0 = 0, d0 = dN = 0

III : b0 = bN = 1, a0 = c0 = 0, d0 = y′′0 , dN = y′′N .

Direct computation now provides the following analog of Proposition 3.1.

Theorem 4.1. Let X be a partition of [a, b]. For sufficiently small α and data set Y with end condition
type I, II or III , the interpolants sα[Y ] ∈ S2

α(X) and tα[Y ] ∈ T 2
α(X) are unique. Furthermore,

lim
α→0

sα[Y ](x) = σ[Y ](x) and lim
α→0

tα[Y ](x) = σ[Y ](x)

for all x ∈ [a, b], where σ[Y ] is the cubic spline interpolant with the same type of endpoint condition.

Proof. The matrix (4.4) for tα ∈ T 2
α(X) is diagonally dominant for sufficiently small α. Now

consider Ỹ = (sech(αxj)yj : 0 ≤ j ≤ N), we have a unique t̃α ∈ T 2
α(X) which interpolates Ỹ

and sα = cosh(α·)tα ∈ S2
α(X) interpolates Y . □

We use an argument similar to the one given in [13] to prove a result similar to Proposition
3.2. We begin by setting δ = σ − tα and δ′′j = δ′′(xj). We use (4.4) and the tridiagonal system
for σ to generate a system for δ′′:

(4.5a) δ′′0 +
c0
b0
δ′′1 =

3b0 − h1

3b0
σ′′(x0) +

6c0 − h1

6b0
σ′′(x1),

(4.5b)
aj
bj

δ′′j−1 + δ′′j +
cj
bj
δ′′j+1 =

6aj − hj

6bj
σ′′(xj−1) +

3bj − hj − hj+1

3bj
σ′′(xj) +

6cj − hj+1

6bj
σ′′(xj+1),
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(4.5c)
aN
bN

δ′′N−1 + δ′′N =
6aN − hN

6bN
σ′′(xN−1) +

3bN − hN

3bN
σ′′(xN ).

Now, we may write this as the matrix equation (I +M)δ′′ = b, where δ′′ represents the vector
with components δ′′j and b is the vector version of the right hand side (4.5). More computation
with the coefficients in (4.4) shows that ∥M∥∞ = O( 12 ) as α → 0, hence for sufficiently small α

∥δ′′∥∞ = ∥(I +M)−1b∥∞ ≤ 3∥b∥∞.

To estimate ∥b∥∞, we note that the Mean Value Theorem provides the estimate for the first and
last rows O

(
(αh)2

)
∥σ′′′∥L∞([a,b]\X), while the triangle inequality provides the estimate for the

middle rows O
(
(αh)2

)
∥σ′′∥L∞(X) as α → 0. Thus, for sufficiently small α

(4.6) ∥δ′′∥∞ ≤ C(αh)2 max{∥σ′′′∥L∞([a,b]\X), ∥σ′′∥L∞(X)}.
Now the argument follows in a manner similar to Proposition 3.2. We may use Rolle’s Theorem
for the function δ, which allows us to find ξj ∈ (xj−1, xj) such that δ′(ξj) = 0, this together with
the fact that δ(xj) = 0 allows us to write

δ
∣∣
[xj−1,xj ]

(x) =

∫ x

xj

δ′(u)du and δ′
∣∣
[xj−1,xj ]

(x) =

∫ x

ξj

δ′′(u)du.

We need only estimate ∥δ′′∥L∞([a,b]). To this end, note that we can write things in terms of the
values at the partition

δ′′(x) = σ′′(x)− t′′α(x)

= w1(x)δ
′′
j−1 + w2(x)δ

′′
j + z1(x)σ

′′
j−1 + z2(x)σ

′′
j ,

where

w1(x) =
4α2h2

j cosh(αxj−1)((−1 + α(xj − x) tanh(αxj)) tanh(αx) + tanh(αxj))

cosh2(αx)Fj−1

z1(x) =
xj − x

hj
− w1(x) = O

(
(αh)2

)
∥σ′′′∥L∞([a,b]\X);α → 0

w2(x) =
4α2h2

j cosh(αxj)((1 + α(x− xj−1) tanh(αxj−1)) tanh(αx)− tanh(αxj−1))

cosh2(αx)Fj−1

z2(x) =
x− xj−1

hj
− w2(x).

Thus
∥δ′′∥L∞([a,b]) = O

(
(αh)2

)
max

{
∥σ′′′∥L∞([a,b]\X), ∥σ′′∥L∞(X)

}
;α → 0.

Putting these estimates together yields the following theorem.

Theorem 4.2. Let X be a partition for [a, b]. Given a data set Y, suppose that tα[Y ] ∈ T 2
α(X) interpo-

lates Y with type I (II, III) end conditions. For i = 0, 1, or 2 and sufficiently small α,

∥Di(σ[Y ]− tα[Y ])∥L∞([a,b]) ≤ C(αh)4−i max
{
∥σ′′′∥L∞([a,b]\X), ∥σ′′∥L∞(X)

}
,

where σ[Y ] is the cubic spline interpolant with type I (II, III) end conditions and C > 0 is a constant
independent of h.

Corollary 4.1. Let X be a partition for [a, b] and f ∈ C4[a, b]. Suppose that tα[f ] := tα[f(X)] ∈
T 2
α(X) interpolates f(X) with type I (II, III) end conditions. For i = 0, 1, or 2 and sufficiently small α,

∥Di(tα[f ]− f)∥L∞([a,b]) ≤ Ch
4−i

,

where C := Cα,f,X > 0. The same is true for sα[f ] ∈ S2
α(X).
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Proof. The result for tα[f ] follows from Theorem 4.2, the triangle inequality, and known con-
vergence rates for σ[f ] := σ[f(X)]:

∥Di(σ[f ]− f)∥L∞([a,b]) ≤ Cf,Xh
4−i

; i = 0, 1, 2

and

∥D3(σ[f ]− f)∥L∞([a,b]) ≤ Cf,Xh

found in [3] and [6], respectively. The constants depend on the norms of various derivatives of
f and the mesh ratio, |X| = h/minhj . To see the result for sα[f ] ∈ S2

α(X), note that any function
f ∈ C4[a, b] may be written f(x) = cosh(αx)g(x), where g ∈ C4[a, b] as well. We have

∥Di(sα[f ]− f)∥L∞([a,b]) = ∥Di(cosh(α·)(tα[g]− g))∥L∞([a,b])

so the result follows from the Leibniz rule and the corresponding result for tα ∈ T 2
α(X). □

Remark 4.2. One powerful aspect of modeling with cubic splines is the ability to preserve certain qual-
ities of the underlying data set to be interpolated. Unfortunately, sα[Y ] ∈ S2

α(X) (or tα[Y ] ∈ T 2
α(X))

need not share properties of Y such as positivity, monotonicity, or convexity. As seen with interpolation
with cubic splines, the trade off for preserving the shape of the data is giving up some smoothness of the
interpolant. If we choose to specify the first derivatives rather than enforcing continuity of the second de-
rivative at each internal xj ∈ X , then we can solve (1.1) in terms of the values Y = (yj) and Y ′ = (y′j)
on the interval [xj−1, xj ]:

sα(x) = yj + y′j(x− xj)

+

(
3(yj+1 − yj)− hj+1(2y

′
j + y′j+1)

h2
j+1

+O(α2)

)
(x− xj)

2

+

(
hj+1(y

′
j + y′j+1)− 2(yj+1 − yj)

h3
j+1

+O(α2)

)
(x− xj)

3 +O(α2)

= σ(x) +O(α2h2
max).

(4.7)

Here σ is the cubic Hermite spline interpolant for the same data. In order for sα to be approximately
shape preserving, we may first generate a cubic interpolant with the property. Algorithms to preserve
positivity, monotonicity, and convexity for cubic splines have been well established. See, for instance, [5]
and the references therein. Essentially, these algorithms provide an interval from which to choose each
parameter y′j ∈ Y ′ in such a way that certain inequalities hold for σ. In order to ensure that sα has the
same property, we first choose the parameters of σ to satisfy the strict inequalities. This gives us room to
reduce α small enough so that the error term does not affect the relevant inequality for σ.

5. LOCAL BASES

In this section, we develop a B-spline basis for both families Sk
α(X) and T k

α(X), for k = 1, 2.
These bases will have minimal support, in the k = 1 case, we need 2 intervals of the form
[xj , xj+1] while the k = 2 case requires 4 such intervals. We will also see that they are Riesz
bases on their span. We begin with the following result.

Lemma 5.1. Let f ∈ Sk
α(X) (or T k

α(X)), for k = 1, 2, with appropriate endpoint conditions specified.
If supp(f) ⊂ [xj0 , xj0+m] where m < 2k, then f = 0.
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Proof. If m < 2k, we get a system of linear equations whose only solution is f = 0. When
k = 1, we have the equations f(x0) = f(x1) = 0, solving the invertible system of equations for
the coefficients yields f = 0. The k = 2 case works similarly. Suppose that m = 3. Then, we
would need to solve for 12 coefficients using the 6 endpoint conditions: f (i)(a) = f (i)(b) = 0,
for i = 0, 1, 2 and the 6 interior smoothness conditions. Hence the result follows from Theorem
4.1 and the fact that the system of equations for the coefficients is linear and homogeneous. □

Let us now build the bases for k = 1. Interior bases (1 ≤ j ≤ N − 1) are of the form

tα,j(x) =


tanh(αx)− tanh(αxj−1)

tanh(αxj)− tanh(αxj−1)
, x ∈ [xj−1, xj ]

tanh(αxj+1)− tanh(αx)

tanh(αxj+1)− tanh(αxj)
, x ∈ [xj , xj+1]

and

sα,j(x) =


sinh(α(x− xj−1))

sinh(αhj)
, x ∈ [xj−1, xj ]

sinh(α(xj+1 − x))

sinh(αhj+1)
, x ∈ [xj , xj+1]

and satisfy tα,j(xk) = sα,j(xk) = δj,k, 0 ≤ k ≤ N . The graphs are shown below.

FIGURE 1. The graphs of y = t1.5,0(x) (left) and y = s2.5,0(x) (right) plotted
with hj = 1.

For k = 2, we present the uniform case hj ≡ h centered at x = 0. We have

sα(x) =

1∑
l=−2

sl(x)

e4αh − 4αhe2αh − 1
χ[lh,(l+1)h](x),

which is an even function, with

s−2(x) = e−αx(1 + α(2h+ x)) + e4αh+αx(−1 + α(2h+ x)),

s−1(x) = −e−αx(1 + αx)− 2e2αh−αx(1 + α(h+ x))

− 2e2αh+αx(−1 + α(h+ x)) + e4αh+αx(1− αx),

s0(x) = −eαx(1− αx)− 2e2αh+αx(1 + α(h− x))

− 2e2αh−αx(−1 + α(h− x)) + e4αh−αx(1 + αx),

s1(x) = eαx(1 + α(2h− x)) + e4αh−αx(−1 + α(2h− x)).
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Similarly for tα we have

tα(x) =

1∑
l=−2

tl(x)

2αh− sinh(2αh)
χ[lh,(l+1)h](x)

where

t−2(x) = sech(αx) [sinh(α(2h+ x))− α(2h+ x) cosh(α(2h+ x))]

t−1(x) = 2αh+ 2αx+ αxsech(αx) cosh(α(2h+ x))

− sech(αx) sinh(α(2h+ x))− 2 tanh(αx),

t0(x) = −sech(αx) [αx cosh(α(2h− x))− 2α(h− x) cosh(αx)

+ sinh(α(2h− x))− 2 sinh(αx)] ,

t1(x) = sech(αx) [sinh(α(2h− x))− α(2h− x) cosh(α(2h− x))] .

FIGURE 2. The graphs of y = t1.5,0(x) (left) and y = s1.5,0(x) (right) plotted
with hj = 1.

In general, for a k-th order spline, we could solve the (2k2)× (2k2) system

s(l)(xj−k) = 0; 0 ≤ l ≤ 2k − 2

s(l)(xm−) = s(l)(xm+); 0 ≤ l ≤ 2k − 2, j − k + 1 ≤ m ≤ j − 1

s(l)(xj) = δ0,l; 0 ≤ l ≤ k − 1

then extend to the right side of xj .

Remark 5.3. We note that x ∈ [a, b] is in the support of at most 2k B-splines. For xj ∈ X , we need
only 2k − 1 B-splines.

An important property of these splines is that they are stable. We justify this by providing
estimates for the Riesz bounds. In what follows, we assume that our partition satisfies 0 < r ≤
hj ≤ R for all j. We begin with f ∈ S1

α(X), for which we have f(x) =
∑

j cjsj(x) and∫ b

a

|f(x)|2dx =
∑
j

∫ xj+1

xj

〈[
s2j (x) sj(x)sj+1(x)

sj(x)sj+1(x) s2j+1(x)

] [
cj

cj+1

]
,

[
cj

cj+1

]〉
dx

=
∑
j

〈(∫ xj+1

xj

[
s2j (x) sj(x)sj+1(x)

sj(x)sj+1(x) s2j+1(x)

]
dx

)[
cj

cj+1

]
,

[
cj

cj+1

]〉
.

(5.8)



128 Jeff Ledford, Luke Paris, Ryan Urban and Alec Vidanes

We may directly compute the eigenvalues of this 2× 2 matrix, which yields

λj,min = hj+1
αhj+1 + sinh(αhj+1)

4αhj+1 cosh
2
(

αhj+1

2

) ≥ r
αR+ sinh(αR)

4αR cosh2
(
αR
2

)
and

λj,max = hj+1
αhj+1 + sinh(αhj+1)

4αhj+1 sinh
2
(

αhj+1

2

) ≤ R
αr + sinh(αr)

4αr sinh2
(
αr
2

) .
Using these uniform bounds in (5.8) yields

r
αR+ sinh(αR)

4αR cosh2
(
αR
2

) ∑
j

|cj |2 ≤
∫ b

a

|f(x)|2dx ≤ 2R
αr + sinh(αr)

4αr sinh2
(
αr
2

) ∑
j

|cj |2.

A similar methodology can be used to find the bounds for tα ∈ T 1
α(X). In this case, the

eigenvalues are in an interval governed by the two functions

λmin(α, r) = r +
2r

tanh2(αr)
− 2

α tanh(αr)
− 3 ln (cosh(αr))

and

λmax(α,R) = R− ln (cosh(αR))

α tanh(αR)
,

thus

min{λmin, λmax}
∑
j

|cj |2 ≤
∫ b

a

|f(x)|2dx ≤ max{λmin, λmax}
∑
j

|cj |2.

One could extend the method above to the corresponding second order splines; however, the
analysis is more tedious due to the integrals involved. For this reason, we use the Fourier
techniques in the next section to analyze sα ∈ S2

α(Z). The Riesz bounds are found in Corollary
6.2. The situation for tα ∈ T 2

α(Z) is somewhat worse, since the corresponding integrals above
are not elementary and the Fourier transform does not have a closed form. Thus, we resort to
a computer algebra system to approximate the lower bound A(α) and the upper bound B(α)
for various α with hj = 1.

α A(α) B(α)
0.001 0.121429 2.249999
0.01 0.121443 2.249910
0.1 0.122909 2.241043
1 0.244451 1.628952
10 0.144801 0.144802

100 0.014480 0.014480

The table above suggests that as α → 0,

A(α) =
17

140
+O(α2) and B(α) =

9

4
−O(α2).

As α → ∞, both bounds are O(α−1).
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6. HIGHER ORDER SPLINES

Having exhibited properties for splines of order k = 1 and k = 2, one is naturally led to
seek results for higher order splines Sk

α(X) and T k
α(X), where k > 2. The expectation is that

properties from polynomial splines carry over for sufficiently small α > 0. In the remainder of
this note, we prefer to explore the interpolation problem when X is allowed to be infinite. This
problem was studied in [9], and our goal is to establish the existence of spline interpolants for
scattered data.

In particular, we assume that X = (xj : j ∈ Z) is a Complete Interpolating Sequence (CIS)
which means that the sequence (eixj · : j ∈ Z) is a Riesz basis for L2([−π, π]). Among other
things, we have the Riesz basis inequality

(6.9) C−1
X

∑
j∈Z

|aj |2 ≤
∫ π

−π

∣∣∣∣∣∣
∑
j∈Z

aje
−ixjξ

∣∣∣∣∣∣
2

dξ ≤ CX

∑
j∈Z

|aj |2,

for some CX > 0 and all (aj) ∈ ℓ2. Associated to a Riesz basis X , we define for n ∈ Z, the
prolongation operator An : L2([−π, π]) → L2([−π, π]) by

(6.10) An[f ](ξ) = An

∑
j∈Z

aje
−ixjξ

 :=
∑
j∈Z

aje
−2πinxje−ixjξ; |ξ| ≤ π.

In light of 6.9, the operators An and their adjoints A∗
n are uniformly bounded.

We will make extensive use of the Fourier transform, which for g ∈ L1(R) is given by

ĝ(ξ) :=

∫
R
g(x)e−ixξdx,

and its extension to g ∈ L2(R) is denoted F [g]. Using this convention, the inversion formula is
given by

g(x) =
1

2π

∫
R
ĝ(ξ)eixξdξ

and Plancherel’s formula is
√
2π∥g∥L2(R) = ∥F [g]∥L2(R).

We will restrict our attention to band-limited data. To this end, we assume that the data Y are
samples taken from a function in the Paley-Wiener space

PWπ :=
{
f ∈ L2(R) : F [f ] = 0 on R \ [−π, π]

}
.

That is, Y := Y [f(X)] = (f(xj) : j ∈ Z), where f ∈ PWπ and X is a CIS. Our argument
closely follows the one found in [8]. However, our splines are not covered under the umbrella
of regular interpolators found there. In the Fourier domain, we have that s ∈ Sk

α(X) enjoys the
representation

ŝ(ξ) = (−1)k(ξ2 + α2)−k
∑
j∈Z

aje
−ixjξ,

in the distributional sense for some (aj) ∈ ℓ2.
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Our next result concerns two operators associated to the interpolation problem, Bα,k,Mα,k :
L2([−π, π]) → L2([−π, π]) which are defined as follows:

Bα,k[g](ξ) :=
∑
n ̸=0

A∗
n

((
(·+ 2πn)

2
+ α2

)−k

An[g]

)
(ξ)

Mα,k[g](ξ) := (α2 + ξ2)−kg(ξ).

Theorem 6.3. Suppose that α > 0 and k ∈ N. For any g ∈ L2([−π, π]) there exist constants
C0, C1 > 0, independent of g, such that

C0∥g∥2L2([−π,π]) ≤ |⟨(Mα,k +Bα,k)[g], g⟩| ≤ C1∥g∥2L2([−π,π]).

Proof. We begin with the upper bound.

|⟨(Mα,k +Bα,k)[g], g⟩| =
∣∣∣∣∫ π

−π

(Mα,k +Bα,k)[g](ξ)g(ξ)dξ

∣∣∣∣
≤
∑
n∈Z

∫ π

−π

|A∗
n(((·+ 2πn)2 + α2)−kAn[g])(ξ)g(ξ)|dξ

≤CX

∑
n∈Z

∫ π

−π

(ξ + 2πn)2 + α2)−kAn[g](ξ)g(ξ)dξ

≤CX

∑
n∈Z

sup
|t|≤π

(t+ 2πn)2 + α2)−k

∫ π

−π

An[g](ξ)g(ξ)dξ

≤C2
X

∑
n∈Z

sup
|t|≤π

(t+ 2πn)2 + α2)−k

∫ π

−π

|g(ξ)|2dξ

≤C2
X

α−2k +
∑
n ̸=0

((2|n| − 1)2π2 + α2)−k

 ∥g∥2L2([−π,π]).

We have used the triangle inequality and then Tonelli’s theorem to switch the sum and the in-
tegral in the first inequality. The second and fourth inequality follow from (6.9), while the third
is monotonicity of the integral. Finally, the Extreme Value Theorem from Calculus provides the
final inequality.

The lower bound is somewhat easier since the upper bound allows us to use the dominated
convergence theorem to interchange the integral and the sum.

|⟨(Mα,k +Bα,k)[g], g⟩| =
∣∣∣∣∫ π

−π

(Mα,k +Bα,k)[g](ξ)g(ξ)dξ

∣∣∣∣
=

∣∣∣∣∣∑
n∈Z

∫ π

−π

A∗
n(((·+ 2πn)2 + α2)−kAn[g])(ξ)g(ξ)dξ

∣∣∣∣∣
=

∣∣∣∣∣∑
n∈Z

∫ π

−π

((ξ + 2πn)2 + α2)−kAn[g](ξ)An[g](ξ)dξ

∣∣∣∣∣
≥
∫ π

−π

(ξ2 + α2)−k|g(ξ)|2dξ

≥(π2 + α2)−k∥g∥2L2([−π,π]).
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The second equality may be justified by the dominated convergence theorem, and the third is
just the adjoint relation. The first inequality follows from the positivity of the summands, while
the final inequality follows from the monotonicity of the integral. □

As a Corollary, we can find the Riesz bounds for the local base sα when k = 2.

Corollary 6.2. Let f ∈ S2
α(Z), then f(x) =

∑
j cjsj(x) and

2π(π2 + α2)−2
∑
j

|cj |2 ≤
∫ b

a

|f(x)|2dx ≤ (2π)3
(
α−4 +

1

48

)∑
j

|cj |2.

Proof. We need only note that in this case Plancherel’s theorem provides∫
R

∣∣∣∣∣∣
∑
j

aje
ijξ

∣∣∣∣∣∣
2

dξ = 2π
∑
j

|aj |2,

so that CZ = 2π and the upper bound is majorized by the quantity α−4 +
2ζ(4)

π4
. □

Throughout the sequel, we consider an arbitrary but fixed f ∈ PWπ sampled at a fixed but
otherwise arbitrary CIS X = (xj : j ∈ Z). Since f̂ ∈ L2([−π, π]), we may define the function φf

via

(6.11) φf (ξ) := (−1)k(Mα,k +Bα,k)
−1f̂(ξ) =

∑
j∈Z

c[f ]je
−ixjξ; |ξ| ≤ π.

Consider the function I[f ], defined by its Fourier transform:

(6.12) Î[f ](ξ) := (−1)k(α2 + ξ2)−kφf (ξ).

Since φf ∈ L2
loc(R), we have Î[f ] ∈ (L1 ∩ L2)(R), which means that the Fourier inversion

theorem applies, and I[f ] ∈ (L2 ∩ C0)(R). In particular, I[f ](x) is well-defined and for all
n ∈ Z, we have

2πI[f ](xn) =

∫
R
Î[f ](ξ)eixnξdξ

=(−1)k
∫ π

−π

∑
j∈Z

(α2 + (ξ + 2πj)2)−kAj [φf ](ξ)Aj [e
ixn·](ξ)dξ

=(−1)k
∫ π

−π

∑
j∈Z

A∗
j

(
(α2 + (·+ 2πj)2)−kAj [φf ](·)

)
(ξ)eixnξdξ

=

∫ π

−π

(Mα,k +Bα,k)[φf ](ξ)e
ixnξdξ

=

∫ π

−π

f̂(ξ)eixnξdξ

=2πf(xn).

Hence I[f ] interpolates f at X . Given the form of Î[f ], it is clear that I[f ] satisfies I[f ] ∈
C2k−2(R) and the ordinary differential equation

(6.13) (D2 − α2)k(I[f ]) =
∑
j∈Z

c[f ]jδ(· − xj),
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where c[f ] ∈ ℓ2 is chosen by (6.11). That is, I[f ] is a polyhyperbolic spline. As a consequence of
the celebrated Paley-Wiener theorem, we can interpolate any sequence (aj) ∈ ℓ2 by first finding
f ∈ PWπ which satisfies f(xj) = aj , then using Theorem 4.1 to get c[f ] ∈ ℓ2.

We summarize these results in the following theorem.

Theorem 6.4. Suppose that b ∈ ℓ2 and X = (xj) is a CIS. There exists a solution of (1.1), denoted
I[b], that satisfies

(1) I[b] ∈ (C2k−2
0 ∩ L2)(R), and

(2) I[b](xn) = bn for all n ∈ Z.

Remark 6.4. If we require that our sampled function f ∈ PWπ satisfies

|f(x)| ≤ C cosh(αx),

then we may solve the interpolation problem for tα ∈ T k
α(X).

Having provided a solution to the interpolation problem, we may now follow the outline of
[8, 10, 14] to prove the following recovery result concerning polyhyperbolic splines.

Theorem 6.5. Suppose that f ∈ PWπ and X = (xj) is a CIS. Let Ik[f ] denote the polyhyperbolic
interpolant whose Fourier transform is defined in (6.12). Then, we have the following

(1) lim
k→∞

∥Ik[f ]− f∥L2(R) = 0, and

(2) lim
k→∞

|Ik[f ](x)− f(x)| = 0, uniformly on R.
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