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ABSTRACT. In this work, we studied further the univariate symmetrized and perturbed hyperbolic tangent acti-
vated convolution type operators of three kinds. Here, this is done with the method of positive linear operators. Their
new approximation properties are established by the quantitative convergence to the unit operator using the modulus
of continuity. It is also studied the related simultaneous approximation, as well as the iterated approximation.
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1. INTRODUCTION

The author studied extensively the quantitative approximation of positive linear operators
to the unit since 1985, see for example [1]-[3], [8]. He originated from the quantitative weak
convergence of finite positive measures to the unit Dirac measure, having as a method the
geometric moment theory, see [2], and he produced best upper bounds, leading to attained (i.e.
sharp Jackson type inequalities), e.g. see [1], [2]. These studies have been gone to all possible
directions, univariate and multivariate, though in this work, we stay only on the univariate
approach over an infinite domain.

Our convolution operators here have as a kernel the symmetrized and perturbed hyperbolic
tangent activation function, which is used very commonly in the study of neural networks, and
they can be interpreted as positive linear operators. So here our proving methods come from
the theory of positive linear operators. Thus, in Section 2, we discuss about the symmetrized
and perturbed hyperbolic tangent activation function. In Section 3, we describe our activated
convolution type operators and we present their properties, such as differentiation and itera-
tion, along with positive linear operators results to be applied. In Section 4, we derive some
auxiliary results which are estimates to our operators, when applied to polynomial type func-
tions and to be used into our main results. In Section 5, we present our main explicit results
under the lens of positive linear operators theory. We treat also the simultaneous and iter-
ated approximation cases under the same spirit. We are greatly inspired by our earlier works
[4, 5, 7]. Furthermore, general motivation comes from the great works [12] and [13].
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2. ABOUT ¢-DEFORMED AND A-PARAMETRIZED HYPERBOLIC TANGENT FUNCTION gg »

Here, all this initial background comes from [6, Chapter 18]. We use g, », see (2.1), and
exhibit that it is a sigmoid function and we will present several of its properties related to
the approximation by neural network operators. So, let us consider the hyperbolic tangent
activation function

eka: _ qef)\w
(21) gq,A (.’E) = W, )\,q > 0, T € R
We have that
(0) = 1-g
Ja:A 14+q
We notice also that
(22) () € ge et (= 3e) ()
. —r) = = = — = —(J1 xT).
Gq,A e—AT +q€)\m %67)‘1 +€)\x e + %e,)\z g;ﬂ\
That is
(23) G (~2) = —g1 (2), VT ER,
and
g1 5 (x) = ~ggr (~2).
hence
4 s 5 (2) = gir (=)
Itis )
62)\$ —q — =i
= = £ - 1
gq,)\ (IIZ) 62)\$ ¥ q 1 + 62% (2—r400) 5
i.e.
(2.5) gg.x (+00) = 1.
Furthermore N
e —q —q
)= —— — =1,
9a (@) e 4 q (z-00) ¢
ie.
(2.6) gg.\ (—o0) = —1L.
We find that
dag\ 2\
2.7) gor (1) = — 25— >0,
(€37 +q)
therefore g, » is strictly increasing. Next, we obtain (z € R)
" 22X q— e
(2.8) go () =8g e | ——— = | e C(R).
v\ (@) ) SC®

We observe that
Ing

2\
So, in case of z < g‘—f, we have that g, » is strictly concave up, with g,/ , (1;1—/\‘1) = 0. In case of

g—eMz20eq¢zeMohgz22ar s

x> 1;‘—/\‘1, we have that g, » is strictly concave down. Clearly, g, » is a shifted sigmoid function
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with gg.» (0) = h;g, and g, \ (—) = —g4-1.x (7), (asemi-odd function). By 1 > -1, z+1 > z—1,
we consider the function

1
(2.9) My (z) == 1 (ggr (x+1) —gga (x—1)) >0,

Vo € R; g, A > 0. Notice that M ) (£00) = 0, so the z-axis is horizontal asymptote. We have
that

1 1
My (=) = 7 (900 (=2 +1) = gg (=2 = 1)) = 7 (g9 (= (& = 1)) = ggr (= (£ + 1))

1 1

(2.10) =1 (o @-D+a,@+D) = (na@+r)—g @ -1)
=M., (x), VzeR.
Thus
(2.11) Mg (—x) =M1, (x), Ve eR; ¢,A >0,
.
a deformed symmetry. Next, we have that
1

(2.12) M)\ (z) = 1 (gor(@+1) =g, \(z—1)), VzeR.
Let z < IS—A‘] — 1, thenz -1 < 2+4+1< 1;1—/\(1 and g, , (z+1) > g, (z —1) (by gg,» being

strictly concave up for z < 1;‘—/\(1), that is M; , (z) > 0. Hence M, ) is strictly increasing over

(foo,l;—ff ).Letnow:c71>l;—)?,thenx+l>:cfl>lgl—f,andgé’/\(z+1)<g;’/\(z71),

that is M, , (¥) < 0. Therefore M, , is strictly decreasing over (1;‘—/\‘1 +1, +o<>). Let us next

consider, 1;1—/\(1 —1<z< 1;1—/\‘1 + 1. We have that

(2.13) (@)= s (g @+ 1) — g (1)

4
e2A(@+1) q— A+ _ e2A\z-1) q— e2 M=) ‘ '
(62,\(1+1) +q)3 (62,\(1—1) +q)3
Bylg—/\qfl <ze&e 1;—)? <z+lelng <2\ (z+1) & g < PEH) o g — @) <. By
r<Bltler-1< B o0 (@-1) <Ing & P < g6 g— =D > 0. Clearly

by (2.13), we get that M/, (z) <0, for z € {15‘—/\‘1 -1, 1] More precisely M, » is concave

= 2g\?

down over [g‘—f —1,00 4 1} , and strictly concave down over (lg—/\q -1, 1) .

Consequently, M, has a bell-type shape over R. Of course it holds M, (?—f) < 0. At

Ingq

r = 5, we have

219 M, (@) 1 ( N ) N 1)) \ e2A(z+1) 2\ (z—1)
. r)=— r+1)— T — = — .
A 7 Yax g, q (ezA(m—O—l)_'_q)? (62)\(z—1)_|_q)2

Thus

q,\
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(2.15) ) e2A (6_2)\ + 1)2 —e 22 (62)‘ + 1)2 _0
' - (2 1) (e + 1)’ o

That is, 129 is the only critical number of M, » over R. Hence at x = 1;‘;1 , My » achieves its

)
e e oA _ X
(575) - (55))

global maximum, which is
2(e*—e A)] 1(@ —e_)‘>_tanh()\)
_ 5 = .

lnq 1 lnq t1) - lnq )| = 1
ox )~ 1 |7\ 2a a2\ 9x ~1
ed e er e A

(2.16) i

Conclusion 2.1. The maximum value of M, » is

Ing tanh (\)
2.17 M » T .
2.17) ( 2\ ) 5 o A0

We mention the following:

Theorem 2.1 ([6, Ch. 18, p. 458]). We have that

(2.18) > Mya(z—i)=1 Vo eR,VAq>0.

Also, it holds the following:
Theorem 2.2 ([6, Ch. 18, p. 459]). It holds

(2.19) / My (z)de =1, X\ q>0.
—00
So that M, » is a density function on R; A, ¢ > 0. Similarly, we get that
(2.20) / My z)dr =1, A\, q>0,

so that M1 , is a density function. Furthermore, we observe the symmetry
T

2.21) (MM + M%7A> (—z) = (Mq,A + M%’A) (z), Yz eR.
Furthermore

Mg+ Ml,A
(2.22) o= ———= >0

is a new density function over R, i.e.
oo
| e@dr=1
—o0
and ¢ is an even function. Clearly, then

(2.23) / pmr—u)du=1, VneN,zeR.

—00
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3. BAsICs

We give the following:

Definition 3.1. Let f € Cg (R) (continuous and bounded functions on R), n € N. We define the
following basic activated hyperbolic tangent perturbed convolution type operators

(3.24) A, (f) () ::/ f (%) o (nx —u)du, VxeR.
In this work, we examine the quantitative convergence of A,, to the unit operator. We study
similarly the activated Kantorovich type operators,

ut1
n

AZ(f)(I)tz%/Z(/ﬁ f(t)dt>s0(m—u)du

1

(3.25) :n/z (/Onf<t—|—Z)dt><p(nm—u)du,

where f € Cg (R), n € N, z € R, and the activated quadrature operators

(3.26) an@= [ ( " f (Z n 7;)) @ (ne — u) du,
=00 \i=1

where w; >0, > w; =1; f € Cp (R), n € N, z € R. An essential property follows:
i=1

Theorem 3.3 ([7]). Let0 < o < 1,n € N:n'=® > 2, Then

(q + %)
(3.27) o (e —u)du < =", ¢, A > 0.
e2A(nt—>—1)

{ueR:|nz—u|>nl—a}

The first modulus of continuity here is

(3.28) wy (f,0) = sup If ()= f ()], 6 >0.
z,yER,|z—y|<s

We need the following:
Proposition 3.1 ([7]). It holds (k € N)
1) 221
e tanh (\) (q + q) e k!
3.29 / ¥ o (2)dz < + < 00.
(3.29) e [(,Hl) B
We make the following:

Remark 3.1. Given f € Cp (R), by [7], we obtain that A, (f), A% (f), A, (f) € Cp (R). Clearly,
here A,, A%, A, are positive linear operators from Cp (R) into itself, with the property A, (1) =
Ax (1) = A, (1) =1,n € N. Let i € N be fixed. Assume that f € C) (R), with f) € Cp (R), for
j=0,1,...,i. Wederive from [7] that

(An (1N () = A, (fD) (),
(3.30) (A (MY (2) = A7 (f9) (@),

@ (MY (@) =4, (f9) (@), VzeR,
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forallj=1,..,4
Call ¥,, any of the A,,, A% and A,,, n € N. We also make the following;:
Remark 3.2. Furthermore, it holds

D@ <l [ o)z =1l

ie.

(3.31) 14n (Dllee < 11fll

so Ay, is a bounded positive linear operator. Clearly, it holds

(3.32) 145 (Do = 14 (A (Ml < 140 (Nl < 1l
And for k € N we obtain

(3.33) 145 (Dl < 1457 Dl < 452 Al < - < 1l

so the contraction property valid and AL is a bounded linear operator. Let r € N. We observe that
ALf—f = (ALf — ALV f) 4 (AL — AL2f) o+ (A2 — AL)
(3.34) ot (A2f —Anf) + (Anf — f).
Then
IALS = Flloo < ([ ALS = AL + ([ AT = ALl + 1A = AR |
oA AL = Anf]l L+ ARS = fllse
= (|4 (Anf = Dl + A7 (Anf = Al + -+ 1An (Anf = Fll
FAnf = flloo <7l ARS = fll
Therefore
(3.35) 1AL S = fllo < v llAnf = fll
Let now my, ma,....,m, € N:my <mg < ... <m,, and A,,, as above, then
(3.36) Ay (A Ay (A, 1)) = f
= .. =Ap, (A (CAR)) Ay f = )+ Ay, (A (2 AR)) (Ao f = )
+ A, (Am,_y (o Am)) (Ama f = F) 4 oo+ Ay (A f = ) + Am, f — 1.
Consequently it holds, as in [6, Chapter 2],

(3.37) [ Am, (Am,_y Ay (A, ) = Flloo €D M1Am, f = Fllo
=1

All of (3.31)~(3.37) are also true for A%, and A, and n € N.
We need the following Holder’s type inequality for positive linear operators.

Theorem 3.4 ([9]). Let L be a positive linear operator from C (R) into Cg (R), and f,g € C (R),
furthermore let p,q > 1: & + ¢ = 1. Assume that L ((|f (-)")) (s.), L ((lg (1)) (s+) > 0 for some
s« € R. Then

(3.38) L(f () g (s2) < (L(f (D) (54))

We also need the following

s =
Q=

(L ((lg ()*])) (54))
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Theorem 3.5 ([9]). Let N € Nand f, f") € Cp (R), 2 € R. Consider L,, a sequence of positive linear
operators from Cg (R) into itself, n € N, such that L,, (1) = 1. Assume L, (| - 33|N+1) (x) > 0,and
f@(xz)=0,fori=1,...,N. Then

() @)1 @ < (19 (20 (- =1")) ) ™)

N

(3.39) x| L (1= 2™ (@) + (2 1 _(TV'N:? )" < 400, VneN.

Given that lim L, (|- - x|N+1) (2) =0, then Tim Ly (f) (@) = f (&) . If N = 1, we derive
L @) = 1 @) <1 (7 (10 (6 - 07)) )*)

(3.40) % | Lo (- — ) () + (2 ¢ _5)2) @)’ < too, YR EN.

Given that nETOOL" <(~ - x)2) (z) =0, then nEIEan (f)(x) = f ().

Note 3.1. Assuming L, (| - x|N+1> (x) > 0, by Theorem 3.4, for g = 1, and L,, such that L,, (1) =
1, we obtain

(3.41) Lo (1= o) @ = (L (|- =) @) 77

Proof. In case of N = 1, we derive

642 Ll =) @) < (20 (- 27) @)

We also need the following:

Theorem 3.6 ([11]). Let f € Cg (R), € R. Consider L,, a sequence of positive linear operators from
Cg (R) into itself, n € N, such that L,, (1) = 1. Assume that L, (|- — z|) (x) > 0. Then

(3.43) |Ln (f) (2) = f(2)] < 201 (f, Ln (|- — 2[) (), VneN.
Given that EIE L, (|- —z|) (x) = 0, and f is also uniformly continuous, we obtain
i Ly (f) (1) = / ().

4. AUXILIARY RESULTS

We have the following result.

Lemma 4.1. Let m € N. Then
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(444) 0<An(]—2|™) (2) <

1 |tanh(\) (q + %) e m!
m+l) T "

] (< +00) = 0, asn — +oo,

VzeR. And,itis

(4.45) 0<An (|- = 2[") (@)l <

m+D) T 2"

n’ﬂl

1 [taﬂhw (q ’ %> e”m!] (< 400) = 0,

as n — +o0.

Proof. We have that (m € N, z € R)

O<AN(|-xm)(x)—/C:‘Zo:'mgo(n:cu)du

1 e m
:—/ Inz —ul™ ¢ (nz — u) du
nm J_

zi= —u 1 m
(4.46) (Fr=nrmw || v (2)dz

m
n — 0o

m+l) T

= pm

1) o221
1 |tanh (X q+y)erm
[an *) ( q) ](<+oo)—>0, asn — +oo.

It follows:

Lemma 4.2. Let m € N. Then

m— L) e2Am)
(447)  0< Ay (- —a™) (@) < 2 1[”+<Hmhu)+(q+Q) )]«<+W)%Ov

nm

asn — +ooandV x € R. And, it is

m— + 1) e2Ap)
448) 0 < A% (| — ™) (@) < 2 ' [1+ (tanhm i (q q) )] (< +00) = 0,

(oo}

as n — +o0.

Proof. We have that (m € N, z € R)

0<Ax«—xwwm:n[:<éi
§n/z (/{j (|t|+’ZxDmdt>ga(nzu)du

(4.49) S/ (1+ u—x‘) ¢ (nx —u)du
o\ In
1 oo
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2m—1 r 00
< — 1+/ na?—u|m<p(nx—u)du]

n L —00

gm-1r <
_ 1 m d

o [ e

[ 1
< 2! 1+ tanh () + (q ’ 5) o —0,asn — +
n

=T (m—+1) )" ’ °

and it is finite.

At last, we obtain the following;:

Lemma 4.3. Let m € N. Then

nm

m—1 L) e2Am)
450)  0<An (] —z[™)(2) < 2 [1 + (tanh ) + (H ") )] (< 400) = 0,

(m+1) )™

asn — +ooandV x € R. And, it is

oo nm

m— L) e2Am!
451) 0< HZN (| _x‘m) (x)H < gm—1 |:1 n (tanh (A) + <Q+ Q) )] (< —|—OO) 0,

(m+1) )™
as n — +o0.

Proof. We observe that

0<An (- @) = [

(4.52) g[ <Zw <‘Z—m +Tfr)m>go(nx—u)du
(

The proof finishes as in the proof of Lemma 4.2.

5. MAIN RESULTS

We present the following results.

Theorem 5.7. Let N € Nand f, fN) € Cp (R), x € R. Assume f) (x) =0,i =1,..., N. Then

o)1= @< (10 (30 (1= ) ™)

(5.53) % |w, (l _ x|N> (2) + (‘Ifn <| — $|N+1) ($)) NFT
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Hence, lim ¥, (f)(z) = f(x).If N =1, we obtain

n——+o0o
(1))~ F@l < (7 (0 (- 22)) @)°)
(5.54) x | W (|- — 2)) () + (e (¢ _;)2) @) < 400, ¥neN,

Again, it holds lim U, (f) (z) = f (x).

n—-+4oo
Proof. By Theorem 3.5 and Lemmas 4.1-4.3. O
Theorem 5.8. Let f € Cp (R), z € R. Then
(5.55) W, (f) (x) = f(2)] < 2w1 (f, ¥ (|- —2]) (2)) < 400, ¥Yn €N,

If f is also uniformly continuous, we derive lirf U, (f)(z) = f(2).
n—-—+0o0

Proof. Direct application of Theorem 3.6 and Lemmas 4.1-4.3. O
We make the following:
Remark 5.3. By (3.41), (3.42), we derive that

N

59 ¥ (=) @) < (0 (1= o™) @) 7
and
657) (o) @) < (0 (6~ 2?) @), Ymen

Notation 5.1. Let m,n € N. Denote by

q—l—% e m)
658 pulm) = t(fjf;(i)) A (23)m

] (< 400) = 0, asn — +oo,
and

(5.59)  pon (m):=

o m+D) T )"

- 1) 23,
om—1 h q+ erme
1+ (tan (A) ( q) )] (< 4+00) = 0, asn — +oo.

We give the following explicit results.

Corollary 5.1. Let N € Nand f, f(N) € Cp (R), x € R. Assume f) () =0,i=1,..., N. Then
An (1) @) = f @) eor (£, (pr (N +1))75)

(p1n (N +1)) 71
(N+1)

< 400, Vn eN.

(5.60) x lpln (N)+

Hence lim A, (f)(z) = f(x). If N =1, we obtain

n—-+oo

[An () (@) = £ @)] < wi (£ (pn (2))F)
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(o1 (2))%

(5.61) X [pm (1) + < 400, VneN.

2
Again, it holds ET An (f) (z) = f(x).
Proof. By Theorem 5.7 and Lemma 4.1, see also (5.58). O

Corollary 5.2. Let N € Nand f, fN) € Cp (R), » € R. Assume f () =0,i =1,..., N. Then

A5 (f) (@) = f ()] o
{ |4 (f) (x) = f (2)] }Swl (f(N),(pzn (N +1)) )

(p2n (N + 1)) ™51
(N +1)

(5.62) X lpgn (N)+ < 400, VneN.

Hence lim A; (f)(z)= lim A, (f)(x)= f(x).If N =1, we obtain

n——+oo n—-+4oo

{1 = (non )

. (2)*
(5.63) x lpgn (1) + w < 400, VneN.
Again, it holds ngrfooA” () (z) = ngg}ooAn (f)(z) = f(x).
Proof. By Theorem 5.7 and Lemmas 4.2, 4.3, see also (5.59). [l
Corollary 5.3. Let f € Cg (R). Then
(5.64) [An (f) = flloo < 2w1 (£ p1n (1)) < +00, Vn €N
If f is also uniformly continuous, we get that 11111 Ay (f) = f, pointwise and uniformly.
n—r-+0o0
Proof. By Theorem 5.8, Lemma 4.1, see also (5.58). O
Corollary 5.4. Let f € Cp (R). Then
1A% (F) = £ }
5.65 =" 0 5 < 2wy (f, pon (1)) < 400, Vn eN.
( ) { HAn(f)_fHoo < 2w1 (f, p2n (1))
If f is also uniformly continuous, we obtain that lirf Ax (f) = lirf A, (f) = f, pointwise and
n—-+0oo n—-—+0oo
uniformly.
Proof. By Theorem 5.8, Lemmas 4.2, 4.3 see also (5.59). O

We continue with simultaneous approximations.

Theorem 5.9. Let fV) € C (R), for j = 0,1,...,N € N. Then

(5.66) |40 () = 19| <201 (19,10 (1)) < o0, VnEN.

If fU) is uniformly continuous, we get that 111}_1 (A, (FHYD = fO, pointwise and uniformly.

n—

Proof. By (3.30) and Corollary 5.3. O
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Theorem 5.10. Let f) € Cp (R), for j = 0,1,...,N € N. Then

g o

. < J .

(5.67) H 1) — 0 < 2, (f ,pgn(1)> < 400, VneN

If fY) is uniformly continuous, we obtain that luf (AX (f))(j) = 11111 (An (f))(j) = £, point-
n——+00o n—+00

wise and uniformly.

Proof. By (3.30) and Corollary 5.4. O

Next, we talk about iterated approximation.

Remark 5.4. Let f € Cp (R), r € N. Here V,, is any of A,,, A%, A,V n € N. By Remark 3.2, see also
(3.35), we have that

(5.68) 195 () = flloe <71V (f) = fllo, VREN.
Corollary 5.5. Let f € Cg (R), r € N. Then
(5.69) [A7 (F) = fllos <7 1[An (f) = flloo < 2rwr (f,p1n (1)) < 400, V1 €N.

If f is also uniformly continuous, we get that lirf AT (f) = f, pointwise and uniformly. And the
n—-+0oo

speed of convergence of Al to the unit operator is not worse than of A,, to the unit.
Proof. By (5.64) and (5.68). O
Corollary 5.6. Let f € C (R), r € N. Then

|45 (f) - { 145 () — f
|5 () - fH 1A () - 1
)

(5.70) < 2rwy (f, pan (1)) < +o00, Vn € N.
If f is also uniformly continuous, we get that 11)111 As(f) = ET A (f) = f, pointwise and

uniformly. And the speed of convergence of A% | A, to the unit operator is not worse than of A*, A, to
the unit, respectively.

Proof. By (5.65) and (5.68). a
We finish with more general iterated approximation results.

Remark 5.5. Let f € Cp (R), r € N, and my,ma,...,m, € N:my < mg < .. <m,. Here ¥,,, is
any of Ay, Ay, A, By Remark 3.2, see also (3.37), we have that

(5.71) 1o (Vs Ty (U, 1)) = Flo <D N f = flloe
i=1
Corollary 5.7. Let f € Cp (R), r € N, and my,ma,....,m, € N:my <mg < ... <m,. Then

HAm, (Amrfl ( ma ( mLf - fHoo < Z ||Ambf - f”oo <2 (Zwl (f? P1m; (1))>
=1 i=1

< 2Tw1 (f7 Pim, (1)) .

The speed of convergence to the unit operator of the above activated multiply iterated operators is not
worse than the speed of convergence to the unit of A,,, .
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Proof. By (5.71), (5.64) and (5.58). 0

Corollary 5.8. Let f € Cp (R), r € N;and my,mg,...,m, € N:m; <mgy < ... <m,. Then

45, (A5, Gt (50 10)) = 1] = M~ £l <2 (e (o (1)
=1 =1

< 21wy (f, pam, (1)),
and

[, Gy (T (B )~ Fll € Do~ L <2 S0 (o, 1)
i=1 i=1

< 2rwi (f, pam, (1))

The speed of convergence to the unit operator of the above activated multiply iterated operators is not

worse than the speed of convergence to the unit of A%, | A, , respectively.

*
my?

Proof. By (5.71), (5.70) and (5.59). O
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