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On branched continued fraction expansions of hypergeometric
functions FM and their ratios
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ABSTRACT. The paper investigates the problem of constructing branched continued fraction expansions of hyper-
geometric functions FM (a1, a2, b1, b2; a1, c2; z) and their ratios. Recurrence relations of the hypergeometric function
FM are established, which provide the construction of formal branched continued fractions with simple structures,
the elements of which are polynomials in the variables z1, z2, z3. To construct the expansions, a method of based on
the so-called complete group of ratios of hypergeometric functions was used, which is a generalization of the classical
Gauss method.
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1. INTRODUCTION

Recently, there has been increased interest in studying of the Lauricella-Saran family of hy-
pergeometric functions [6, 9, 15, 21]. This is certainly due to the development of existing and
new progressive methods of studying them. On the other hand, the diversity and importance
of the practical applications of these functions in various fields of science and engineering have
great importance [13, 19, 23, 25, 26].

The paper considers the hypergeometric function FM , defined as follows [24]:

FM (a1, a2, b1, b2; c1, c2; z) =

+∞∑
p,q,r=0

(a1)p(a2)q+r(b1)p+r(b2)q
(c1)p(c2)q+r

zp1z
q
2z

r
3

p!q!r!
,

where a1, a2, b1, b2, c1, c2 ∈ C herewith c1, c2 ̸∈ {0,−1,−2, . . .}, z = (z1, z2, z3) ∈ C3, (·)k is the
Pochhammer symbol.

It is shown that representations of special functions in the form of branched continued frac-
tions are their efficient rational approximations [7, 8, 10, 11, 12, 16, 17, 18].

The main goal of the paper is to construct formal branched continued fractional expansions
of the hypergeometric functions FM and their relations in the case when a1 = c1. Here we
develop a method for constructing expansions using the so-called complete group of ratios of
hypergeometric functions [1, 2, 22], which is a generalization of the classical Gauss method [14].
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2. RECURRENCE RELATIONS OF HYPERGEOMETRIC FUNCTION FM

We begin by establishing recurrence relations of hypergeometric function

FM (a1, a2, b1, b2; a1, c2; z) =

∞∑
p,q,r=0

(a1)p(a2)q+r(b1)p+r(b2)q
(a1)p(c2)q+r

zp1z
q
2z

r
3

p!q!r!

=

∞∑
p,q,r=0

(a2)q+r(b1)p+r(b2)q
(c2)q+r

zp1z
q
2z

r
3

p!q!r!
,

where a1, a2, b1, b2, c2 ∈ C herewith a1, c2 ̸∈ {0,−1,−2, . . .}, that would provide the construc-
tion of formal branched continued fractions with the simplest structures and whose elements
would be polynomials in the variables z1, z2, z3. The following lemma is true.

Lemma 2.1. The following recurrence relations are true:

FM (a1, a2, b1, b2; a1, c2; z) = FM (a1, a2 + 1, b1, b2; a1, c2; z)

− b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

− b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z),(2.1)

FM (a1, a2, b1, b2; a1, c2; z) = (1− z1)FM (a1, a2, b1 + 1, b2; a1, c2; z)

− a2
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z),(2.2)

FM (a1, a2, b1, b2; a1, c2; z) = FM (a1, a2, b1, b2 + 1; a1, c2; z)

− a2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z),(2.3)

FM (a1, a2, b1, b2; a1, c2; z) = FM (a1, a2, b1, b2; a1, c2 + 1; z)

+
a2b2

c2(c2 + 1)
z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 2; z)

+
a2b1

c2(c2 + 1)
z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 2; z),(2.4)

where a1, a2, b1, b2, c2 ∈ C herewith a1, c2 ̸∈ {0,−1,−2, . . .}.

Proof. Let us show the validity of the relation (2.1). We have

FM (a1, a2, b1, b2; a1, c2; z)− FM (a1, a2 + 1, b1, b2; a1, c2; z)

=

∞∑
p,q,r=0

(b1)p+r(b2)q
(c2)q+r

((a2)q+r − (a2 + 1)q+r)
zp1z

q
2z

r
3

p!q!r!

=
∑

p≥0,q≥1,r=0

(b1)p+r(a2 + 1)q+r−1(b2)q
(c2)q+r

(a2 − a2 − q)
zp1z

q
2z

r
3

p!q!r!

+
∑

p≥0,q=0,r≥1

(b1)p+r(a2 + 1)q+r−1(b2)q
(c2)q+r

(a2 − a2 − r)
zp1z

q
2z

r
3

p!q!r!

+
∑

p≥0,q≥1,r≥1

(b1)p+r(a2 + 1)q+r−1(b2)q
(c2)q+r

(a2 − a2 − q − r)
zp1z

q
2z

r
3

p!q!r!
.
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Then,

FM (a1, a2, b1, b2; a1, c2; z)− FM (a1, a2 + 1, b1, b2; a1, c2; z)

=−
∑

p≥0,q≥1,r≥0

(b1)p+r(a2 + 1)q+r−1(b2)q
(c2)q+r

zp1z
q
2z

r
3

p!(q − 1)!r!

−
∑

p≥0,q≥0,r≥1

(b1)p+r(a2 + 1)q+r−1(b2 + 1)q−1

(c2)q+r−1

zp1z
q
2z

r
3

p!q!(r − 1)!

=− b2
c2

z2
∑

p≥0,q≥1,r≥0

(b1)p+r(a2 + 1)q+r−1(b2 + 1)q−1

(c2 + 1)q+r−1

zp1z
q−1
2 zr3

p!(q − 1)!r!

−b1
c2

z3
∑

p≥0,q≥0,r≥1

(b1 + 1)p+r−1(a2 + 1)q+r−1(b2)q
(c2 + 1)q+r−1

zp1z
q
2z

r−1
3

p!q!(r − 1)!

=− b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

−b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z).

The recurrence relation (2.1) has been proved. Similarly, we prove the relation (2.2). Indeed,
we receive

FM (a1, a2, b1, b2; a1, c2; z)− FM (a1, a2, b1 + 1, b2; a1, c2; z)

=

∞∑
p,q,r=0

(a2)q+r(b2)q
(c2)q+r

((b1)p+r − (b1 + 1)p+r)
zp1z

q
2z

r
3

p!q!r!

=
∑

q≥0,p≥1,r=0

(a2)q+r(b1 + 1)p+r−1(b2)q
(c2)q+r

(b1 − b1 − p)
zp1z

q
2z

r
3

p!q!r!

+
∑

q≥0,p=0,r≥1

(a2)q+r(b1 + 1)p+r−1(b2)q
(c2)q+r

(b1 − b1 − r)
zp1z

q
2z

r
3

p!q!r!

+
∑

q≥0,p≥1,r≥1

(a2)q+r(b1 + 1)p+r−1(b2)q
(c2)q+r

(b1 − b1 − p− r)
zp1z

q
2z

r
3

p!q!r!

=−
∑

q≥0,p≥1,r≥0

(a2)q+r(b1)p+r−1(b2)q
(c2)q+r

zp1z
q
2z

r
3

(p− 1)!q!r!

−
∑

q≥0,p≥0,r≥1

(a2)q+r(b1)p+r−1(b2)q
(c2)q+r−1

zp1z
q
2z

r
3

p!q!(r − 1)!

=− z1
∑

q≥0,p≥1,r≥0

(b1 + 1)p+r−1(a2)q+r(b2)q
(c2)q+r

zp−1
1 zq2z

r
3

(p− 1)!q!r!

−a2
c2

z3
∑

p≥0,q≥0,r≥1

(b1)p+r−1(a2 + 1)q+r−1(b2)q
(c2 + 1)q+r−1

zp1z
q
2z

r−1
3

p!q!(r − 1)!

=− z1FM (a1, a2, b1 + 1, b2; a1, c2; z)

−a2
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z).
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Next, we obtain

FM (a1, a2, b1, b2; a1, c2; z)− FM (a1, a2, b1, b2 + 1; a1, c2; z)

=

∞∑
p,q,r=0

(a2)q+r(b1)p+r

(c2)q+r
((b2)q − (b2 + 1)q)

zp1z
q
2z

r
3

p!q!r!

=
∑

p≥0,q≥1,r≥0

(a2)q+r(b1)p+r(b2 + 1)q−1

(c2)q+r
(b2 − b2 − q)

zp1z
q
2z

r
3

p!q!r!

FM (a1, a2, b1, b2; a1, c2; z)− FM (a1, a2, b1, b2 + 1; a1, c2; z)

=− a2
c2

z2
∑

p≥0,q≥1,r≥0

(a2 + 1)q+r−1(b1)p+r(b2 + 1)q−1

(c2 + 1)q+r−1

zp1z
q−1
2 zr3

p!(q − 1)!r!

=− a2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z).

The relation (2.3) has been proved. Finally, we have

FM (a1, a2, b1, b2; a1, c2; z)− FM (a1, a2, b1, b2; a1, c2 + 1; z)

=
∑

p≥0,q≥1,r=0

(a2)q+r(b1)p+r(b2)q
(c+ 1)q+r−1

(
1

c2
− 1

c2 + q

)
zp1z

q
2z

r
3

p!q!r!

+
∑

p≥0,q=0,r≥1

(a2)q+r(b1)p+r(b2)q
(c+ 1)q+r−1

(
1

c2
− 1

c2 + r

)
zp1z

q
2z

r
3

p!q!r!

+
∑

p≥0,q≥1,r≥1

(a2)q+r(b1)p+r(b2)q
(c+ 1)q+r−1

(
1

c2
− 1

c2 + q + r

)
zp1z

q
2z

r
3

p!q!r!

=
∑

p≥0,q≥1,r=0

(a2)q+r(b1)p+r(b2)q
c2(c2 + 1)q+r

zp1z
q
2z

r
3

p!(q − 1)!r!

+
∑

p≥0,q=0,r≥1

(a2)q+r(b1)p+r(b2)q
c2(c2 + 1)q+r

zp1z
q
2z

r
3

p!q!(r − 1)!

+
∑

p≥0,q≥1,r≥1

(a2)q+r(b1)p+r(b2)q
c2(c2 + 1)q+r

zp1z
q
2z

r
3

p!(q − 1)!r!

+
∑

p≥0,q≥1,r≥1

(a2)q+r(b1)p+r(b2)q
c2(c2 + 1)q+r

zp1z
q
2z

r
3

p!q!(r − 1)!

=
a2b2

c2(c2 + 1)
z2

∑
p≥0,q≥1,r≥0

(a2 + 1)q+r−1(b1)p+r(b2 + 1)q−1

(c2 + 2)q+r−1

zp1z
q−1
2 zr3

p!(q − 1)!r!

+
a2b1

c2(c2 + 1)
z3

∑
p≥0,q≥0,r≥1

(a2 + 1)q+r−1(b1 + 1)p+r−1(b2)q
(c2 + 2)q+r−1

zp1z
q
2z

r−1
3

p!q!(r − 1)!

=
a2b2

c2(c2 + 1)
z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 2; z)

+
a2b1

c2(c2 + 1)
z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 2; z)

that had to be proved. □
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Lemma 2.2. The following four-term recurrence relations are true:

FM (a1, a2, b1, b2; a1, c2; z)

=

(
(1− z1)

(
1− b2

c2
z2

)
− a2 + b1 + 1

c2
z3

)
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1 − z3)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c2 + 1)

(1− z1)z2(1− z2)FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)(2.5)

and for z1 ̸= 1,

(1− z1)FM (a1, a2, b1, b2; a1, c2; z)

=

(
(1− z1)

(
1− a2 + b2 + 1

c2
z2

)
− b1

c2
z3

)
FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
(a2 + 1)(b2 + 1)

c2(c2 + 1)
(1− z1)z2(1− z2)FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

+
(a2 + 1)b1
c2(c2 + 1)

(1− z1 − z3)z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z),(2.6)

where a1, a2, b1, b2, c2 ∈ C herewith a1, c2 ̸∈ {0,−1,−2, . . .}.

Proof. Using the relation (2.1), (2.2), and (2.4), we have

FM (a1, a2, b1, b2; a1, c2; z) = FM (a1, a2 + 1, b1, b2; a1, c2; z)

−b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)− b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

=(1− z1)FM (a1, a2 + 1, b1 + 1, b2; a1, c2; z)

−a2 + 1

c2
z3FM (a1, a2 + 2, b1 + 1, b2; a1, c2 + 1; z)

−b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)− b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

=(1− z1)FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c2 + 1)

(1− z1)z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

−a2 + 1

c2
z3FM (a1, a2 + 2, b1 + 1, b2; a1, c2 + 1; z)

−b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)− b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z).
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Next, applying (2.1)–(2.3), we obtain

FM (a1, a2, b1, b2; a1, c2; z) =

(
1− z1 −

b1
c2

z3

)
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c2 + 1)

(1− z1)z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

−a2 + 1

c2
z3

(
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
b1 + 1

c2 + 1
z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
b2

c2 + 1
z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

)
−b2
c2

z2

(
(1− z1)FM (a1, a2 + 1, b1 + 1, b2 + 1; a1, c2 + 1; z)

−a2 + 1

c2 + 1
z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

)
=

(
1− z1 −

a2 + b1 + 1

c2
z3

)
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c2 + 1)

(1− z1)z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

− (a2 + 1)(b1 + 1)

c2(c2 + 1)
z23FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

− (a2 + 1)b2
c2(c2 + 1)

z2z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

−b2
c2

z2(1− z1)FM (a1, a2 + 1, b1 + 1, b2 + 1; a1, c2 + 1; z)

+
(a2 + 1)b2
c2(c2 + 1)

z2z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

=

(
1− z1 −

a2 + b1 + 1

c2
z3

)
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1 − z3)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c1 + 1)

(1− z1)z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

−b2
c2

z2(1− z1)

(
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
a2 + 1

c2 + 1
z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

)
.
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Continuing the transformation, we have

FM (a1, a2, b1, b2; a1, c2; z)

=

(
1− z1 −

b2
c2

z2(1− z1)−
a2 + b1 + 1

c2
z3

)
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1 − z3)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c1 + 1)

(1− z1)z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

− (a2 + 1)b2
c2(c2 + 1)

(1− z1)z
2
2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

=

(
(1− z1)

(
1− b2

c2
z2

)
− a2 + b1 + 1

c2
z3

)
FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 2; z)

+
(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1 − z3)z3FM (a1, a2 + 2, b1 + 2, b2; a1, c2 + 2; z)

+
(a2 + 1)b2
c2(c2 + 1)

(1− z1)z2(1− z2)FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z).

Next, we prove the relation (2.6). From (2.1), we have

FM (a1, a2, b1, b2; a1, c2; z) = FM (a1, a2 + 1, b1, b2; a1, c2; z)

−b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

−b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

=FM (a1, a2 + 1, b1, b2 + 1; a1, c2; z)−
a2 + 1

c2
z2FM (a1, a2 + 2, b1, b2 + 1; a1, c2 + 1; z)

−b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)− b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

=FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
(a2 + 1)(b2 + 1)

c2(c2 + 1)
z2FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

+
(a2 + 1)b1
c2(c2 + 1)

z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z

−a2 + 1

c2
z2

(
FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
b2 + 1

c2 + 1
z2FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

+
b1

c2 + 1
z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

)
−b2
c2

z2FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

−b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z).
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Then,

FM (a1, a2, b1, b2; a1, c2; z)

=

(
1− a2 + b2 + 1

c2
z2

)
FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
(a2 + 1)(b2 + 1)

c2(c2 + 1)
z2FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

+
(a2 + 1)b1
c2(c2 + 1)

z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

− (a2 + 1)(b2 + 1)

c2(c2 + 1)
z22FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

− (a2 + 1)b1
c2(c2 + 1)

z2z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

−b1
c2

z3

(
FM (a1, a2 + 1, b1 + 1, b2 + 1; a1, c2 + 1; z)

−a2 + 1

c2 + 1
z2FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

)
=

(
1− a2 + b2 + 1

c2
z2

)
FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
(a2 + 1)(b2 + 1)

c2(c2 + 1)
z2(1− z2)FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

+
(a2 + 1)b1
c2(c2 + 1)

z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

−b1
c2

z3FM (a1, a2 + 1, b1 + 1, b2 + 1; a1, c2 + 1; z).

From (2.2), we obtain

(1− z1)FM (a1, a2 + 1, b1 + 1, b2 + 1; a1, c2 + 1; z)

=FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
a2 + 1

c2 + 1
z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z).

Then, finally, we have

(1− z1)FM (a1, a2, b1, b2; a1, c2; z)

=

(
(1− z1)

(
1− a2 + b2 + 1

c2
z2

)
− b1

c2
z3

)
FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z)

+
(a2 + 1)(b2 + 1)

c2(c2 + 1)
(1− z1)z2(1− z2)FM (a1, a2 + 2, b1, b2 + 2; a1, c2 + 2; z)

+
(a2 + 1)b1
c2(c2 + 1)

(1− z1 − z3)z3FM (a1, a2 + 2, b1 + 1, b2 + 1; a1, c2 + 2; z)

that had to be proved. □
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3. CONSTRUCTION BRANCHED CONTINUED FRACTIONS

Let I = {1, 2}. For each i0 ∈ I, we set

R
(i0)
M (a1, a2, b1, b2; a1, c2; z) =

(1− δ2i0z1)FM (a1, a2, b1, b2; a1, c2; z)

FM (a1, a2 + 1, b1 + δ1i0 , b2 + δ2i0 ; a1, c2 + 1; z)
,(3.7)

where δji is the Kronecker delta. In addition, let for k ≥ 1

Ik = {i(k) = (i0, i1, i2, . . . , ik) : ir ∈ I, 0 ≤ r ≤ k}.

Then, we have the following result.

Theorem 3.1. For each i0 ∈ I and z1 ̸= 1 the ratio (3.7), where a1, a2, b1, b2, c2 ∈ C herewith
a1, c2 ̸∈ {0,−1,−2, . . .}, has a formal branched continued fraction

vi0(z) +

2∑
i1=1

ui(1)(z)

vi(1)(z) +

2∑
i2=1

ui(2)(z)

vi(2)(z)+ . . .

,(3.8)

where

vi0(z) = 1− z1 −
a2 + bi0 + 1

c2
(1− δ2i0z1)z4−i0 −

b3−i0

c2
(1− δ1i0z1)z1+i0(3.9)

and for i(k) ∈ Ik and k ≥ 1,

ui(k)(z) =

(a2 + k)

(
bik +

k−1∑
r=0

δikir

)
(c2 + k − 1)(c2 + k)

(1− δ2ikz1)
2z4−ik(1− δ1ikz1 − z4−ik),(3.10)

vi(k)(z) = 1− z1 −
a2 + bik + k + 1 +

k−1∑
r=0

δikir

c2 + k
(1− δ2ikz1)z4−ik

−
b3−ik +

k−1∑
r=0

δ3−ik
ir

c2 + k
(1− δ1ikz1)z1+ik .(3.11)

Proof. Let us divide (2.5) and (2.6) by

FM (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z) and FM (a1, a2 + 1, b1, b2 + 1; a1, c2 + 1; z),

respectively. Then, in view of (3.7), we get

R
(1)
M (a1, a2, b1, b2; a1, c2; z)

=(1− z1)

(
1− b2

c2
z2

)
− a2 + b1 + 1

c2
z3

+

(a2 + 1)(b1 + 1)

c2(c2 + 1)
(1− z1 − z3)z3

R
(1)
M (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)

+

(a2 + 1)b2
c2(c2 + 1)

(1− z1)
2z2(1− z2)

R
(2)
M (a1, a2 + 1, b1 + 1, b2; a1, c2 + 1; z)
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and

R
(2)
M (a1, a2, b1, b2; a1, c2; z)

=(1− z1)

(
1− a2 + b2 + 1

c2
z2

)
− b1

c2
z3

+

(a2 + 1)b1
c2(c2 + 1)

(1− z1 − z3)z3

R
(1)
M (a1, a2 + 1, b1, b2 + 1; a1, c2 + 2; z)

+

(a2 + 1)(b2 + 1)

c2(c2 + 1)
(1− z1)

2z2(1− z2)

R
(2)
M (a1, a2 + 1, b1, b2 + 1; a1, c2 + 2; z)

.

Let i0 be an arbitrary index in I. We write these relations as follows

R
(i0)
M (a1, a2, b1, b2; a1, c2; z)

=1− z1 −
a2 + bi0 + 1

c2
(1− δ2i0z1)z4−i0 −

b3−i0

c2
(1− δ1i0z1)z1+i0

+

2∑
i1=1

(a2 + 1)(bi1 + δi0i1 )

c2(c2 + 1)
(1− δ2i1z1)

2z4−i1(1− δ1i1z1 − z4−i1)

R
(i1)
M (a1, a2 + 1, b1 + δ1i0 , b2 + δ2i0 ; a1, c2 + 1; z)

,(3.12)

and this is the first step of constructing a formal branched continued fraction expansion. From
(3.12) it is clear that for i1 ∈ I

R
(i1)
M (a1, a2 + 1, b1 + δ1i0 , b2 + δ2i0 ; a1, c2 + 1; z)

=1− z1 −
a2 + bi1 + 2 + δi1i0

c2 + 1
(1− δ2i1z1)z4−i1 −

b3−i1 + δ3−i1
i0

c2 + 1
(1− δ1i1z1)z1+i1

+

2∑
i2=1

(a2 + 2)(bi2 + δi2i0 + δi2i1 )

(c2 + 1)(c2 + 2)
(1− δ2i2z1)

2z4−i2(1− δ1i2z1 − z4−i2)

R
(i2)
M (a1, a2 + 2, b1 + δ1i0 + δ1i1 , b2 + δ2i0 + δ2i1 ; a1, c2 + 2; z)

,(3.13)

and, thus, for ik ∈ I and k ≥ 2

R
(ik)
M

(
a1, a2 + k, b1 +

k−1∑
r=0

δ1ir , b2 +

k−1∑
r=0

δ2ir ; a1, c2 + k; z

)

=1− z1 −
a2 + bik + k + 1 +

k−1∑
r=0

δikir

c2 + k
(1− δ2ikz1)z4−ik −

b3−ik +

k−1∑
r=0

δ3−ik
ir

c2 + 1
(1− δ1ikz1)z1+ik

+

2∑
ik+1=1

(a2 + k + 1)

(
bik+1

+

k∑
r=0

δ
ik+1

ir

)
(c2 + k)(c2 + k + 1)

(1− δ2ik+1
z1)

2z4−ik+1
(1− δ1ik+1

z1 − z4−ik+1
)

R
(ik+1)
M

(
a1, a2 + k + 1, b1 +

k∑
r=0

δ1ir , b2 +

k∑
r=0

δ2ir ; a1, c2 + k + 1; z

) .

(3.14)
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Substituting (3.13) into (3.11) and taking into account (3.9)–(3.11), in the second step of con-
structing the expansion we obtain

R
(i0)
M (a1, a2, b1, b2; a1, c2; z)

=vi0(z) +

2∑
i1=1

ui(1)(z)

vi(1)(z) +

2∑
i2=1

ui(2)(z)

R
(i2)
M (a1, a2 + 2, b1 + δ1i0 + δ1i1 , b2 + δ2i0 + δ2i1 ; a1, c2 + 2; z)

.

Further, thanks to (3.14), at the kth step we have

R
(i0)
M (a1, a2, b1, b2; a1, c2; z)

=vi0(z) +

2∑
i1=1

ui(1)(z)

vi(1)(z) + . . . +
2∑

ik=1

ui(k)(z)

R
(ik)
M

(
a1, a2 + k, b1 +

k−1∑
r=0

δ1ir , b2 +

k−1∑
r=0

δ2ir ; a1, c2 + k; z

)
,

where vi0(z), vi(r)(z), i(r) ∈ Ir, 1 ≤ r ≤ k, and ui(r)(z), i(r) ∈ Ir, 1 ≤ r ≤ k − 1, are defined
by (3.9), (3.10), and (3.11), respectively. Finally, continuing the process of constructing the ex-
pansion, we obtain the formal branched continued fraction expansion (3.8) for the ratio (3.7)
for each i0 ∈ I. □

Setting a2 = b1 = 0 and replacing c2 by c2 − 1 in Theorem 3.1, we have the following:

Corollary 3.1. For i0 = 1 and z1 ̸= 1 the hypergeometric function

FM (a1, 1, 1, b2; a1, c2; z),

where a1, b2, c2 ∈ C herewith a1 ̸∈ {0,−1,−2, . . .} and c2 ̸∈ {1, 0,−1,−2, . . .}, has a formal branched
continued fraction

1

vi0(z) +

2∑
i1=1

ui(1)(z)

vi(1)(z) +

2∑
i2=1

ui(2)(z)

vi(2)(z)+ . . .

,

where

vi0(z) = 1− z1 −
bi0 + 1

c2 − 1
(1− δ2i0z1)z4−i0 −

b3−i0

c2 − 1
(1− δ1i0z1)z1+i0

and for i(k) ∈ Ik and k ≥ 1

ui(k)(z) =

k

(
bik +

k−1∑
r=0

δikir

)
(c2 + k − 2)(c2 + k − 1)

(1− δ2ikz1)
2z4−ik(1− δ1ikz1 − z4−ik),

vi(k)(z) = 1− z1 −
bik + k + 1 +

k−1∑
r=0

δikir

c2 + k − 1
(1− δ2ikz1)z4−ik −

b3−ik +

k−1∑
r=0

δ3−ik
ir

c2 + k − 1
(1− δ1ikz1)z1+ik .

Finally, let us give the following example:
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Example 3.1. From [20, Formula (2.4.1)], [27, Formulas (5.7) and (5.18)], and Corollary 3.1 it
follows

ln
1− z1 − z3

(1− z1)(1− z2)

=((1− z1)z2 − z3)FM (1, 1, 1, 1; 1, 2; z)

=
(1− z1)z2 − z3

(1− z1)(1− z2)− z3 +

1

2
z3(1− z1 − z3)

(1− z1)

(
1− 1

2
z2

)
− 3

2
z3+ . . .

+

1

2
(1− z1)

2z2(1− z2)

(1− z1)

(
1− 3

2
z2

)
− 1

2
z3+ . . .

.

Note that in Example 3.1 this is a formal representation of a special function as a branched
continued fraction. Some convergence problem of branched continued fractions can be found
in [3, 4, 5].

4. CONCLUSIONS AND OPEN PROBLEMS

The paper constructs branched continued fraction expansions for hypergeometric functions
FM (a1, a2, b1, b2; c1, c2; z) and their relations in the case when a1 = c1. In the general case,
the problem of constructing such expansions remains open. Another problem is to prove that
the branched continued fraction converges to the function whose expansion is. An equally
important problem is to establish the domains of convergence of the constructed expansions,
which, in turn, will be the domains of analytical continuation of the corresponding functions.
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