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ABSTRACT. The paper investigates the problem of constructing branched continued fraction expansions of hyper-
geometric functions Fs (a1, a2, b1, b2; a1, c2;z) and their ratios. Recurrence relations of the hypergeometric function
Fy are established, which provide the construction of formal branched continued fractions with simple structures,
the elements of which are polynomials in the variables 21, 22, 23. To construct the expansions, a method of based on
the so-called complete group of ratios of hypergeometric functions was used, which is a generalization of the classical
Gauss method.
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1. INTRODUCTION

Recently, there has been increased interest in studying of the Lauricella-Saran family of hy-
pergeometric functions [6, 9, 15, 21]. This is certainly due to the development of existing and
new progressive methods of studying them. On the other hand, the diversity and importance
of the practical applications of these functions in various fields of science and engineering have
great importance [13, 19, 23, 25, 26].

The paper considers the hypergeometric function Fy,, defined as follows [24]:

*f (01)p(@2) g7 (01)pr (b2)g 22825

(Cl)p(c2)q+r plglr!”’

Fun(ar,az2,b1,b9;¢1, c2;2)
p,q,7=0

where a1, a2,b1,ba,c1,c0 € C herewith C1,Co Q {0, —-1,-2,.. .}, Z = (Z1, 29, 2’3) S (Cg, ()k is the
Pochhammer symbol.

It is shown that representations of special functions in the form of branched continued frac-
tions are their efficient rational approximations [7, 8, 10, 11, 12, 16, 17, 18].

The main goal of the paper is to construct formal branched continued fractional expansions
of the hypergeometric functions Fj; and their relations in the case when a; = ¢;. Here we
develop a method for constructing expansions using the so-called complete group of ratios of
hypergeometric functions [1, 2, 22], which is a generalization of the classical Gauss method [14].
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2. RECURRENCE RELATIONS OF HYPERGEOMETRIC FUNCTION F)s

We begin by establishing recurrence relations of hypergeometric function

> , b - b P.q9.r
Farr(ar,as,b1,b;a1,¢0;2) = Z (@1)5(@2) g7 (b1)pr(b2)g 212275

P,q,7=0 (al)p(CQ)q+r plglr!

= j?i (a2)q4r(b1)p4r(b2)q 212323
)
p,q,7=0 (62)q+'r' p'q'rrl

where aq,az, b1, b2,c2 € C herewith ay,co ¢ {0,—1,—-2,...}, that would provide the construc-
tion of formal branched continued fractions with the simplest structures and whose elements
would be polynomials in the variables z1, 22, z3. The following lemma is true.

Lemma 2.1. The following recurrence relations are true:

Fu(ar,az2,b1,b2;a1,c2;2) = Far(ar, a2 + 1,01, ba; a1, ¢2;2)

— i—zzzFM(al,ag—|—1,b1,b2—|—1;a1702—|—1;z)
(2.1) - %Z3FM(017€L2+1,171 +1,b2;a1,¢2 + 152),
Far(ar,az,b1,b2;a1,c2;2) = (1 — 21)Fpr(a1, a2, b1 + 1,b2; a1, ¢252)
2.2) = i—jngM(al,az + 1,0y + 1,b;an, 0 + 132),
Far(ay, az,bi,bo; a1, c252) = Far(ar, az, b1, b + 15a1, c2;2)
(2.3) — %222FJ\4(@1702+1,b1,b2+1§a1702+1§z)a

Far(ar, az,by,bo; a1, c0;2) = Fpr(ar, az, by, ba; a1, c2 + 1;2)
azby

ca(ea+1)
a2b1

ca(ea + 1)

where ay, az, by, ba, co € C herewith ay,co & {0,—1,-2,...}.

zoFp(ar,a +1,b1,b2 + 101, c0 + 25 2)

(24) z3Fpr(ar,ag +1,b1 + 1,b25 a1, ¢2 + 25 2),

Proof. Let us show the validity of the relation (2.1). We have

Fu(ai, a2,b1,b2; a1, c0;2) — Far(ar, ag + 1,01, b2 a1, ¢2;2)

= >0 Ol (), 0 4 1)) S

et (c2)g+r plglr!
_ Z (b1)p+r(az + 1)gir—1(b2)q (a2 — az — q) zf'z%z'g
230,95 1,7=0 (02)q+r p-q:r:
by Ol Doy, g, ) S5
p>0,9=0,r>1 (c2)gtr pigr:
2257

i Z (bl)err(az + 1)q+r71(b2)q (ay —ay —q—r)

p>0,q>1,r>1 (€2)g+r plg'r!
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Then,
Fyr(ay, az, by, by a1, co52) — Far(ar,az +1,b1,b2; a1, ¢o;52)
_ Z (01)ptr(az + Dgrr-1(b2)g 272323
20100 (c2)gr pg — ir!
3 (01)p+r(az + 1)gir—1(b2 + 1)g—1 272525
20T h e (€2)g+r—1 plg!(r — 1)!
- bﬁzQ Z (b1)p+r(az + 1)gir—1(b2 + 1)g—1 Z?szgilzg
ca (c2 +1)g+r_1 pl(g—1)r!

p>0,g>1,7>0

by (b1 4+ )pir_1(ag + V) gir1(by)g 2282571
_?Z3 Z (C +1) ] '(r_l)l
2 p>0,g>0,r>1 2 q+r—1 piq: !

b
= — *QZQFM(CM,(IQ +1,b1,b0 + 1;a1,c0 + 1;Z)

C2
by

C2

z3Fpr(ar, a9 + 1,01 4+ 1,bs5 a1, ¢2 + 15 2).

The recurrence relation (2.1) has been proved. Similarly, we prove the relation (2.2). Indeed,
we receive

Fun(ar,a2,b1,b9; a1, c2;2) — Far(ar, a2, b1 + 1,ba; a1, ¢2;2)

= > el ), 2EE

it (c2)q+r plglr!

_ Z (a2)g+r (b1 + 1)pir_1(b)g (by — by — p) 212325

50,251 0 (c2)g+r plglr!
+ Z (a2)q+r (b1 + 1)pir—1(b2)g (by — by — 1) Z?Z%Z'g
4>0,p=0,r>1 (62)q+r p-q:r:
b 1 (b p.4q,r
T R e R e ==
g>0,p>1,r>1 (c2)qr P
_ Z (a2)gr(b1)prr—1(b2)q 272525
051 50 (c2)g+r (p—1)!g!r!
Z (a2)gtr(b1)pt+r—1(b2)q zfzgzg
001 (c2)gtr—1 plg!(r —1)!
1
=— 2z Z (01 + Dprr-i1(az)gir(ba)g 21 2525
4>0,p>1,r>0 (c2) g r (p = Dtgir!
_%23 Z (b1)p+r—1(az + Dgyr—1(b2)q ZfZgZ?T)71
2 0Tt (c2 +1)g+r_1 plg!(r — 1)!

=—z1Fp(ar,az,b1 + 1,095 a1, ¢2; 2)

a
—?22:3F]w(a1,a2 + 1,b1 + 1,[)2;661,02 + 1;Z).
2
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Next, we obtain

Fuy(ar,a2,b1,bo; a1, c2;2) — Far(ar, az,b1,be + 1; a1, ¢2;2)

oo

(a2)q1r(b1)pir z{’z;’zg’
- s ((b2)g — (b2 + 1))
p,;r:o (€2)g+r ! Ja plg!r!
_ @ ClenCet Do g, )iz
p>0,g>1,r>0 (€2)g+r 2 plg'r!

Fuar(ar,a2,b1,b2; a1, ¢2;2) — Far(ar, a2,b1,b2 + 1; a1, ¢2;2)

as (a2 + 1) gir—1(01)pir (b2 + 1)1 2025 25
=T Z | 1]
Cy 20T 0 (c2 +1)gtr—1 pl(g —1)r!
a
=- ?222FM(G1,G2 +1,b1,b2 + 1;a1,¢c0 4+ 1;2).
2

The relation (2.3) has been proved. Finally, we have

Fuy(ar, a2,b1,b; a1, ¢0;2) — Far(ar, az, b1, be; a1, co + 1;2)

Z (a2)q+r(b1)p+r(52)q (1 _ 1) zfzgzg

p>0,q>1,7r=0 (C + 1)(I+7“—1 Co co+q p'qlrpl
+ (@2)g4+ (b1 )p4r(b2)q (1 1 ) 2232
p>0,g=0,r>1 (c+ Dg+r cg ca+1) plglr!

n Z (a2)g+r(b1)p+r(b2)q (1 _ 1 > 212325

(c+ 1) gtr-1 ¢y cat+q+r) plgir!

p>0,g>1,r>1
q

_ Z (a2)qtr(b1)prr(b2)g Z;fzz 3
ca(c2+ Dger  pl(g—1)lr!

p=0,g21,r=0

i Z (a2)g4r(b1)prr(b2)g 212525

p>0,¢g=0,r>1 ca(ea + 1) gyr  plgl(r—1)!

+ Z (a2) gtr(b1)prr(b2)g 272525
ps0istesy C2lezt Dger pllg—1)ir!

i Z (a2)q+r(bl)p+7‘(b2)q zfzgzg

20T ca(ca + V)grr  plgl(r —1)!

_ azbs . Z ((12 -+ 1)q+7‘—1(b1)p+7‘(b2 -+ 1)q_1 Zilnzqilzg
ca(ea+1) 2051 0 (c2 +2)gtr—1 pl(qg—1)lr!
asby S (a2 4+ Dgrr1(br +1)prr1(b2)g 272325
co(ea + 1) 2001 (c2 +2)gtr_1 plg!(r — 1)!
a2b2
== 2 F 1,b1,b 1; 2;
02(02+1)22 (a1, a2 +1,b1,b2 + 1501, ¢2 + 25 2)
a2b1

———23Fy(a1,a0 + 1,01 + 1,b95a1,c0 + 2; 2
02(02+1)3M(12 1 2; 01, C2 )

that had to be proved.
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Lemma 2.2. The following four-term recurrence relations are true:

Fyr(ay, az, by, ba; a1, co;2)
b b 1
= ((1 — Zl) (1 — 32 ) — w23> FM(al,(ZQ —+ l,bl + 1,b2;a1,02 —+ 1,Z)
Co Co
(a2 +1)(b1 +1)
_|_—
CQ(CQ + ].)
(CLQ + 1)62
02(62 + 1)

(1 — 21 — 23)23FM(a1,a2 +2,b1 +2,bo;a1,c0 + 2;Z)

(25) (]. — 21)2’2(1 — zg)FM(al,ag —+ 2,b1 —+ 1,b2 + 1;&1,02 —+ 2,Z)

and for z; # 1,
(1 = z1)Fup(ar, az,b1,b2; a1, c2;2)

b 1 b
= ((1 —21) (1 — (12+C2+,22> - 6123> Fy(ar,ae +1,b1,b0 + 1;a1,¢0 + 15 2)
2 2
(a2+1)(b2+1)
02(62+1)
(a2+1)b1

CQ(CQ + 1)

(1 — 21)2’2(1 — ZQ)FM(al,GQ + 2,b1,b2 + 2;(11,62 + 2,Z)

(2.6) (1 =21 — z3)z3Fp(ar, a2 + 2,01 + 1,0 + 101, ¢c2 + 2;2),

where a1, ag, by, b, co € C herewith ay,co & {0,—1,-2,...}.

Proof. Using the relation (2.1), (2.2), and (2.4), we have

Fy(ar,az,b1,b25a1,c2;2) = Far(ar, ag + 1,01, b2; a1, ¢232)

*%ZQFM(al,CLQ + 1,b1,bo + 15a1,c0 + 1;2) — %ZgFM(al,ag + 1,61 +1,bo5a1,c0+ 1;2)
=(1—z1)Fum(ar,a2 + 1,b1 + 1,b25 a1, c2;2)
_GQ;_ 123FM(a1,a2 +2,b1 +1,bo5a1,c0+ 1;2)
bo b1
—gzzFM(al,ag +1,b1,bo + 15a1,c0 + 1;2) — ngFM(CLl,CLQ + 1,6y +1,bo5a1,c0 + 1;2)

=(1—z1)Fum(ar,a2 + 1,01 + 1,bo;a1,¢c0 + 15 2)

+ 1)(b 1
M(l —z1)z3F (a1, a2 + 2,01 + 2,b2;a1,¢2 + 2;2)

ca(ca+1)
M(l —z1)z2F (a1, a2 + 2,01 + 1,ba + 15 a1, ¢0 + 2;2)
_CLQC—: 1z3FM(a1,a2 +2,b1 +1,by;a1,c0 + 15 2)
ba

b
_;Z2FM(a17a2 +1,b1,b0 4+ 1;a1,c0 4+ 1;2) — fZ3FM(G17@2 + 1,01 + 1,b2;a1,¢2 + 1;2).
2 2



6 Ivan Nyzhnyk, Roman Dmytryshyn and Tamara Antonova

Next, applying (2.1)—(2.3), we obtain

b
Fy(ar,a2,b1,b2;a1,c2;2) = <1 -2z — 6123> Fy(ar,az + 1,01 + 1,bo3a1,¢0 + 1;2)
2

as+1)(by +1
—( 2 )( ! >(1—21)Z3FM((117(12+2,b1+2,b2;a1,62+2;z)

CQ(CQ+1)
(a2—|—1)b2
———=(1—2z1)zFy(ar,as +2,b1 + 1,02 + 1;a1,c0 + 2; 2
62(02+1)( 1)22F M (a1, az 1 2 1,C2 )
as +1
_ 20 23(FM(a1,a2+1,bl+1,b2;a1,02+1;z)
2
b1 +1
23 Far(ar, ag + 2,b1 + 2,ba; a1, ¢ + 2;2)
co+1
b
+2Z2FM(G1,G2+2,51+1,b2+1;@1702+2;z))
02+1
b
_0222<(1—21)FM(G1,GQ+17b1+1,b2+1;a1,02+1;z)
2
az +1
_=z ngM(al,ag+2,b1+1,b2+1;a1,02+2;z))
co+1
a2+b1+1
=|(1—2— ———23) Fy(ar,a0 + 1,b1 + 1,bg;a1,¢0 + 1;2)
C2
(as +1)(by + 1)
————— (1 —z1)z3Fm(ay,as + 2,b1 + 2,bo;a1,¢c0 + 2;2
(2t 1) ( 1)z3Fn (a1, az 1 25 G, C2 )
((12+1)b2
————(1—2z1)zFym(ar,as + 2,01 + 1,02 + 15a1,c0 + 2; 2
02(02+1)( 1)22Fm (a1, a2 1 2 1,C2 )
(a2 + 1)1 +1) ,
———2iFy(ai1,a0 + 2,01 + 2,bs;a1,¢c0 + 2; 2
(et 1) sFu(ar, a2 1 25 Q1,5 C2 )
(a2—|—1)b2
———2zoz3Fp(ar,a0 +2,b1 + 1,02 + 150,00 + 252
02(02+1)23M(1 2 1 2 1,C2 )
b
_;222(1_21)FM(0417@2+1,I)1+1>b2+1§a1702+1§z)
2
(a2+1)b2
—————2z3Fy(a1,a2 + 2,01 + 1,00 + L;a1,c0 + 2;2
62(02+1)23M(1 2 1 2 1,C2 )
b +1
(12102+1+23) Fy(ar, a2 +1,b1 4+ 1,b25a1, ¢2 + 15 2)
C2

(as +1)(by + 1)
CQ(CQ + 1)
(CLQ + ].)bg
02(61 + 1)

b

—;222(1 —21) (FM(G1,G2 +1,b1 + 1,bosa1,c2 + 1;2)
2

(1 — 21 — Zg)ZgFM(al,ag +2,b1 +2,bs;a1,c0 + 2;Z)

(1—z1)zoFm(a1, a2 +2,b1 + 1,00+ 1;a1,c2 + 2;2)

az +1

+CQ+1

zoFy(ar, a9 + 2,01 + 1,02 4+ 1501, c0 + 2;z)>.
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Continuing the transformation, we have

Fu(ar, az,b1,bo; a1, c2;2)

b b1 +1
:<1—2’1—02Z2(1—21)—a2+01+23) FM(al,az+1,b1—|—1,b2;a1,62+1;z)
2 2
(a2+1)(b1+1)
42 (1 — 21 — 23)23F\(a1,a2 + 2,b1 + 2,bo;a1,¢0 + 2;2
ca(ca + 1) ( 1 3)23Fnr(ar, az 1 2; A1, C2 )
((124—1)()2
———— (1 —z1)zFp(a1,a0+ 2,01 + 1,0 + 15a1,c0 + 2;2
02(01+1)( )22 (ar, az 1 2 1,C2 )
(a2 +1)by 2
————=(1—2z1)zsFpy (a1, a0 + 2,00 + 1,ba + 1;a1,c0 + 252
02(02+1)( 1) 23 Far(aq, az 1 2 1,C2 )
b as +by+1
= ((1 —21) (1 - 6222> - 201,23) Fy(ai, a2 +1,by + 1,bos a1, c2 + 2;2)
2 2

(a2 +1)(bg + 1)
62(62 + 1)
(as + 1)by
CQ(CQ + ].)

(1 =21 — 23)z3F 0 (ar, a2 + 2,01 +2,b3501,¢c2 + 2;2)
(1 — 21)22(1 — zg)FM(al,ag +2,b0 +1,bs+ 1;a1,c0 + 2;Z).

Next, we prove the relation (2.6). From (2.1), we have

Fuy(ar, az,b1,bo;a1, c2;2) = Far(ar, az + 1,b1,b2; a1, 25 2)
b
—C—QzQFM(ahag +1,b1,bo+ 15a1,c0 + 1;2)
2
b
*0*123FM(G17(12 + 1,01+ 1,bs;a1,c0 + 1;2)
2
a2+1

C2

Z2oFp(ar, az +2,b1,b2 + 1501, c0 + 15 2)

=Fy(ar,a2 +1,b1,b2 + 1501, c2;2) —

b b
—fZQFM(al,ag +1,b1,bo + 1;a1,c0 + l;Z) — c—1z3FM(a1,a2 + 1,61 +1,bo;a1,c0 + 1;Z)
2 2

:FM(al,ag +1,b1,bo + 1;a1,¢c0 + 1;Z)

az +1)(by +1
Mngwj(al,a2+2,bl,b2+2;a17c2+2;z)

CQ(CQ+1)

1)b
MZ3FM(G1,G2+2751+1,52+1;a1762+2§z
CQ(CQ+1>
as +1

_ 26 ZQ(FM(al,ag+1,b1,b2+1;a1,02+1;z)
2
by +1
42 z2oFp(ar, ag +2,b1,ba + 2501, co + 2;2)
co+1
b
+— Z3FM(GI>G2+2ab1+1;b2+1§a1702+2§z)>
CQ+1
b
—0—222FM(a1,a2—|—1,b1,b2—|—1;a1702—|—1;z)
2
by

—0—23FM(a1,a2 + 1,b1 + 1,b2;a1,02 + 1;Z).
2
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Then,

Fr(ai, a2,b1,b2; 01, c0;2)

as + by +1
= (1 - 2222) Fy(ay,az +1,b1,02 + 1501, c0 + 15 2)

C2
(a2+1)(b2+1)
=~ Fyvy(ai,as +2,b1,b0 + 2;a1,c0 + 2; 2
a(ca+ 1) 2Fn (a1, as 1,02 1,C2 )
(a2+1)b1
~————z3Fy(a1,a9 + 2,01 + 1,00 + 1;a1,c0 + 2; z
62(02+1)3M(1 2 1 2 1,C2 )
(az+1)(b2+1)
———————F25Fy(a1,a0 + 2,b1,b2 + 2501, 0 + 2;2
a(ca+ 1) 5 Far(ay, az 1,02 1,C2 )
(a2+1)b1
—————zoz3F (a1, a0 + 2,01 + 1,05+ 1;a1,c0 + 252
C2(02_1_1)23M(1 2 1 2 1,C2 )
b
_Clz3(FM(a1,a2+1,b1+1,b2—|—1;a1,02+1;z)
2
as+1
— 2 s Fu(ar,ag + 2,01 + 1,0y + a1, 0 + 2;2)
co+1
by +1
_<1—a2+2+22> Fy(ar,as +1,b1,b0 + 1;a1,¢0 4+ 152)
C2
(a2 +1)(b2 +1)
= (1 — z)Fy(ar,as + 2,b1,bs + 2;a1,¢0 + 252
ca(ca + 1) 2( 2)Fv(ar, az 1,02 1,C2 )
(a2+1)bl
————z3Fy(ai,a0 + 2,01 + 1,02 + 101,00 + 2; 2
ca(ca + 1) 3Fn (a1, az 1 2 1,C2 )
by

—;Z3F]u(6l1,d2 + 1,b1 + 1,b2 + 1;&1,02 + l;Z).
2

From (2.2), we obtain
(]. — zl)FM(al,ag —+ 1761 —+ ].,bQ —+ 1;(11,02 —+ 17Z)
:FM(al,ag +1,b1,bo + 1;a71,c0 + 1;Z)

(l2+1
co+1

=+ 23FM(a1,a2+2,b1+1,b2+1;a1762+2;z).

Then, finally, we have

(1 —2z1)Fux(ar, az,b1,ba; a1, c2;2)
b 1 b
= ((1 —z1) (1 - a2+62+22) - Clz3> Fry(ar, a2 4+ 1,b1,b2 + 1;a1,¢2 + 15 2)
2 2
(ag +1)(ba + 1)
+—
CQ(CQ + 1)
((12 + 1)b1
co(ea + 1)

(1 = 21)22(1 — 22) Far(ar, a2 + 2,b1,b2 + 2501, ¢2 + 2; 2)
(1 — 21 — Z3)Z3FM(C(,1,CL2 + 2,b1 =+ 1,b2 + 1;a1,c0 + 2;Z)

that had to be proved.
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3. CONSTRUCTION BRANCHED CONTINUED FRACTIONS
LetJ = {1,2}. For each iy € J, we set

(1 =62 z1)Far(ay, az, by, ba; ay, co;2)

3.7 R(i‘))a,a,b,b;a,c;z = ,
(37) a (1,02, b1, bjar, €2:2) Far(ar,as +1,by + 6L, by + 02 ;01,0 + 13 2)

where 6f is the Kronecker delta. In addition, let for &k > 1
Jp = {Z(k‘) = (io,il,ig,...,ik) 1, €7, 0<r< k/’}
Then, we have the following result.

Theorem 3.1. For each i € J and z; # 1 the ratio (3.7), where ay,as,by,bs,co € C herewith
ay,ca & {0,—1,—2,...}, has a formal branched continued fraction

(3.8) vig(2) + Y it (=) 7
=1 i(2)
vi1)(z) + izZ:l o (@
where
3.9) Vig(2) =1— 21 — %;()H(l — 67 21) 24—y — - ©(1 =6 21) 2144

and for i(k) € Jpand k > 1,

k—1
(az + k) (b +y 531;)
(]. — 52 21)

r=0
(CQ + k- 1)(02 =+ ]4})

(3.10) Ui(k)(2) = 224 (1= 6}, 21 — 24-4,),

k—1
ay+bi, +k+1+) 6

Ui(k)(z) =1l-2z- o+ k r=0 (1- 5fk21)z4—ik

k—1
b37ik + Zéi‘f’ik
co + k

Proof. Let us divide (2.5) and (2.6) by

(3.11)

(1 =03, 21) 2144,

Fy(ai, a2 +1,by +1,bo5a1,¢0 + 1;2) and  Fa(ai,az +1,b1,02 + 1;a1,¢0 + 1;2),
respectively. Then, in view of (3.7), we get

R\ (a1,a2,b1,b2; a1, c2; 2)
=(1—21) <1—Z 2) - %b;“%
(ag +1)(by +1) (as + 1)bs
R (ar, a3+ 1,61+ Lbyiar,cs + 132) B2 (ar,az + 1, b1+ 1, b3 ar,ca + 1;2)

(1 —Z1 — 23)23 (1 — 21)222(1 — 2’2)

+
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and

Rﬁ?(ah az, by, ba;a1,c2:2)

=(1— ) (1 _ a2+b2+122) _ bizg

C2 C2
(a2 +1)by (az +1)(ba+1)
c2(c2 +1) c2(c2 +1)
R%})(al,ag +1,b1,be + 15 01,00 + 2;2) Rﬁ)(al,ag +1,b1,bo +1;a1,c0 + 2;z).

(1 =2 — 23)23 (1 —21)%22(1 — 29)

+

Let iy be an arbitrary index in J. We write these relations as follows

(i0) . .
RJVI (al, as, b1, bQ, ai, C2; Z)

a + bz + 1 b i
=1- 21 — 26720(1 — (52-2021)24in — 302 g (]. — (5 Zl)zl+i0
(az +1)(bsy + 5;?)
(3.12) + . ,

=1 Rs&l)(al,ag—l—l,bl—&—& b2+5 ;a;,co + 1 Z)

20?

and this is the first step of constructing a formal branched continued fraction expansion. From
(3.12) it is clear that for i; € J

RE\?)(al,ag +1,b01 —|—5lo,b2 +6?0;a1,62 +1;2)

as + bi, +2+ 4! bs—i, + 3, "
1 _ i 1— = o 1-— 1 ;
2 o 1 ( (5 z1)24 i1 s + 1 ( 511 21)21-1-11
az +2)(bi, + ;2 + 67
(a2 +2)(bs, 0 1)( — 02 21) %24 4,(1 — 61 21 — 24_4,)
is 2 2 2
(3.13) +Z T

io=1 12) al,a2+2 b1—|-61 +5i11’b2+5i20 —|—5Z21;a1,02+2;z)

and, thus, fori, € Jand k& > 2

k-1 k—1
Ry <a1,02 + kb1 + zéilrvbQ + 252;111702 + kﬂ)

r=0 =0
k—1 ‘ )
as + b, +k+1+ Z st bs_i, + Z g3
r=0 2 r=0 1
=1—2z — o1k (1 - 5ikZ1)Z4—ik - ot 1 (1 — 6ik21)21+ik
(3.14)
k .
(as+k+1) (bik+1 +y 52’:“)
r=0 2 2 1
S P 3 e
+

k k
ipp1=1 Rg\i[’“rl) (al,az +k+1,01 + Z(Silr,bg + 25?7.;661,02 +k+ 1;Z>

r=0 r=0
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Substituting (3.13) into (3.11) and taking into account (3.9)—(3.11), in the second step of con-
structing the expansion we obtain

ng)(alaazabhbmal,cz, z)

=i, (2) + Z 5 i) (%)

i1=1 Uji(2)(2)
' Ui(l)(z) + (i2) 1 (1) 2
=1 Ryp (a1, a9 + 2,01 + 07 + 6], by + 67 + 67

117
Further, thanks to (3.14), at the kth step we have

sa1,Cco + 2; Z)

717

(i0) . .
RA{ (a17a'27b17b23a17627z)
2

. ui(1)(2)
=Vj, (Z) + Z Ui(l)(Z) T ' ) )

i1=1

. Wi(k ( )
o Z . k—l( ) k-1
=1 plix) (al,aQ +hbr > 6 ba+ Y 67 a1, 00+ k;z)

r=0 r=0

where vy, (2), vi(r)(2), i(r) € I, 1 <7 <k, and u;()(2), i(r) € J,,1 < r < k — 1, are defined

by (3.9), (3.10), and (3.11), respectively. Finally, continuing the process of constructing the ex-

pansion, we obtain the formal branched continued fraction expansion (3.8) for the ratio (3.7)

for each ig € J. O

Setting as = b; = 0 and replacing c; by ¢2 — 1 in Theorem 3.1, we have the following:
Corollary 3.1. Forig = 1 and z; # 1 the hypergeometric function
FM(ah 1; 17 b27 ai, Ca; Z)a

where aq,bq, co € Cherewithay ¢ {0,—1,-2,...}and co ¢ {1,0,—1,—2,...}, has a formal branched
continued fraction

2 b
'(1)( z)
Vi (Z) + Z
— U
- ’Uv(l) )+ Z o 1(2)

7,2 1
where
bio +1

bs—i
cy — 1 (1 _51‘2021)24in — 3= 0 (1 —(5 21)21+i0

v, (z) =1—2 — p—

and for i(k) € I and k > 1
k-1
k <bik + Z&;j;)
=0

uir) (2) = (ca+k—2)(co+k—1)

(1= 67, 21)% 24—, (1 = 0f, 21 — 243y,

k—1
bi + k146 by—ix + D07, "
r=0 =
Vi) (2) =1 =21 — gy — (1 =07, 21)24—i, — Py — (1= 63, 21) 2144,

Finally, let us give the following example:
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Example 3.1. From [20, Formula (2.4.1)], [27, Formulas (5.7) and (5.18)], and Corollary 3.1 it
follows

1-— Z1 — 23
(1 — Zl)(l — 22)
=((1—21)22 — 23)Fap(1,1,1,1;1,2; 2)

In

(1 — 21)22 — Z3

1 1
*2’3(1 —Z1 — 23) *(1 — 21)2Z2(1 — 2’2)
2 + 2

1 3 3 1
(1—2) <1 - 222) - 52’3—1—'. (1—2) (1 - 222) - 523—&-"

Note that in Example 3.1 this is a formal representation of a special function as a branched
continued fraction. Some convergence problem of branched continued fractions can be found
in [3, 4, 5].

(]. — Zl)(]. — ZQ) — Z3 +

4. CONCLUSIONS AND OPEN PROBLEMS

The paper constructs branched continued fraction expansions for hypergeometric functions
Fy(ar, a2, b1,be;c1,c0;2) and their relations in the case when a; = ¢;. In the general case,
the problem of constructing such expansions remains open. Another problem is to prove that
the branched continued fraction converges to the function whose expansion is. An equally
important problem is to establish the domains of convergence of the constructed expansions,
which, in turn, will be the domains of analytical continuation of the corresponding functions.
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