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ABSTRACT. In this paper, we introduce a new type of mapping which we term generalized cocoercive mapping in
a CAT(0) space, we prove some properties of the new mapping, we also construct implicit viscosity type algorithm for
approximating common solution of fixed point of (f, g)-generalized x-strictly pseudononspreading mapping, quasi-
nonexpansive mapping, family of ;-generalized demimetric mapping, mixed equilibrium problem and variational
inequality problem involving the new mapping. Strong convergence is obtained under some mild conditions and
without considering cases as in many results in the literature. Our results improved and generalized many results in
the literature and our technique of proof is new and of independent interest.
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1. INTRODUCTION

Let X be a nonempty set and 7' : X — X be a nonlinear map. Many physical problems can
be formulated as the problem of finding

(1.1) x € X such that Tz = .

Fixed point of 7' is a point satisfying (1.1), the set of all fixed points of 7" is denoted by Fiz(T').
The fixed point of the map T plays the role of an equilibrium of a system (usually of differential
equations) defined in terms of the map 7. The concept of equilibrium system is essential in
biology, economics, noncooperative game theory, ergodic theory, physics, chemistry and so on.
Therefore, fixed point theorems are related to these fields. Fixed point theory is an essential tool
for establishing existence of solutions of differential equations, integro-differential equations,
minimization, variational inequalities, mixed equilibrium, split feasibility problem and so on
(see for example [6, 8, 12, 14,17, 18, 19, 21, 22] and [25] for more details on fixed point theory).
Let (X, p) be a metric space and z,y € X, a geodesic from x to y is a function vy : [a,b)] CR —

X satisfying the following axioms:

(G1) : v(a) = z,7(b) =y,

(GQ) : p(’y(tl), "Y(tg)) = |t1 — t2| for each t1,tg € [CL, b]
Geodesic segment from z to y is the image of the function v, (i.e v[a, b]). A metric space (X, d)
is called geodesic if every for every x,y € X, there exists v : [a,b] — X satisfying (G1) and
(G2). We say that a metric space X is uniquely geodesic space if for every z,y € X, there exists
a unique function 7 : [a,b] — X satisfying (G;) and (G2), in this case 7[a, b] is denoted by [z, y].
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Let X be a geodesic space and z1, z2, x3 € X, a geodesic triangle in X denoted by A(z1, 2, =3)
is a set consisting of 1, x2, z3 as its vertices and three geodesic segments joining each pair of
the vertices as its sides. For every geodesic triangle in X, there exists a plane triangle called a
comparison triangle denoted by A(z1, 2, z3) and define as A(xq, z2, 73) = A(41, 72, 73) satis-
fying p(x;, x;) = pgr2(&;, ©;) for every i, j € {1,2,3}.

A geodesic space (X, p) is called a CAT(0) space if each geodesic triangle A in X satisfies the
following inequality

,O(x,y) < pRZ(‘iag)v V(x,y) € A2v (i'vg) € A2a

where A is a comparison triangle for A, it is known that CAT(0) space is uniquely geodesic
space. Examples of CAT(0) spaces are Hilbert spaces and R-Trees (see [10, 11, 26]).

Let X be a CAT(0) space, (1 — t)z & ty denote the unique point z in the geodesic segment
joining x to y for every z,y € X such that p(z,z) = tp(x,y) and p(z,y) = (1 — t)p(z, y), where
te[0,1],let[z,y] ={(1—t)zdty:t € [0,1]}, then K C X is convex if [z,y] C K Vz,y € X. A
complete CAT(0) space is called a Hadamard space.

Berg and Nikolaev [4] introduced the notion of quasilinearization mapping in CAT(0) spaces,
which they defined as a mapping (.,.) : (X x X) x (X x X) — Rby

(1.2) (ab, cd) = %(,;2(@, d) + p*(b,¢) = p(a,0) = p2(b,d)), V(a,b,c,d) € X7,
called the quasilinearization mapping (see [4] for more information). It follows from the defi-
nition above that for (a,b, ¢, d,e) € X°:

(1) (ab, ed) = ~(ab,ac),

(2) (ab.ab) = p*(a, ).

(3) (ab, dc) = (ab, de) + (ab, ).

A metric space X is said to satisfy the Cauchy-Schwarz inequality if
(1.3) (ab, cd) < p(a,b)p(e,d), (a,b,c,d) € X*.

It is known that a geodesic space is CAT(0) space if and only if (1.3) holds, (see [5]). Kakavandi
and Amini [15] introduced the concept of dual space of a CAT(0) space X (see [15] for more
details). Let {x,,}52; be a bounded sequence in a Hadamard space X and z € X, let

r(z, {zn}pey) = limsup p(z, z,)
n—oo
the asymptotic radius of {z,,},2, is given by
r({@ntnzy) == ;gﬁ( r(@, {zn}niy)

and the asymptotic center of {x,,}52; is the set

A{zntnzy) =A{z € X i r(z {zn}nly) = r({za}nis)}-
If X is a Hadamard space then the asymptotic center of {z,} is a singleton set (see [9]).

Definition 1.1. Let X be a Hadamard space, a sequence {z,, }32, in X is said to A-converges to a point
z* € X, iflimsup p(x, z,, ) = &*, for every subsequence {x,, }7> , of {xn}52 .
n—oo
Many authors studied the notion of A-convergence (see [2, 6, 9, 19] for more details). Ug-
wunnadi et al. study a new class of nonspreading-type mappings in the setting of Hadamard
space which they called generalized x-strictly pseudononspreading mapping defined as fol-
lows: Let X be a metric space and K C X, a mapping G : K — X is generalized s-strictly
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pseudononspreading, if there exists two functions f,g : K — [0,7], 7 < land 0 < k < 1
satisfying two conditions:

(1—r)p*(Gx, Gy) < kp?(x,y) + (f(z) — K)p* (G, y) + (9(x) — K)p*(x, Gy)
+ k(% (2, Gx) + p*(y, Gy)), Yo,y € K

and (f(z) + g(z)) € (0,1], Vz € K.

They showed that generalized k-strictly nonspreading mapping is a generalization of the
class of strictly pseudononspreading and the class of generalized nonspreading mappings
and studied some properties of the mapping with some examples and they also constructed
a Halpern-type scheme which they showed that it converges strongly to fixed point of the map
G. For more details see [34]. Takahashi [30] introduced a new class of nonlinear mappings in a
real Hilbert space which is define as follows:

Let H be a real Hilbert space and K be a nonempty, closed and convex subset of H, a map-
ping U : K — H is called a-demimetric, if Fiz(U) # () and there exists @ € (—o0,1) such

that
1l -«

(x —y,z—Uzx) > |z — Uz|?.

The class of demimetric mappings is important in optimization theory since it contains many

common types of operators. For example, the class of a-demicontractive mapping with « €

[0,1), the metric projections, generalized hybrid mappings, the resolvents of maximal mono-

tone operators (which are well-known useful tools for solving optimization problems) in Hilbert
spaces are subclasses of the class of a-demimetric mappings (see [3, 30]). Many authors stud-

ied this class of mappings in Banach spaces (see [20, 30, 31, 32]). Aremu et al. [3] extended the

above mapping in the setting of Hadamard spaces as follows: Let H be a Hadamard space and

K be a nonempty, closed and convex subset of X, a mapping U : K — X is a-demimetric, if

Fiz(U) # () and there exists o € (—o0, 1) such that

(@, Uz > %p%x, Uz), VzeK,ye Fiz(U).

They gave an example of a demimetric mapping and established some fixed point theorems for
this class of mappings and proved a strong convergence theorem for approximating a common
solution of finite family of minimization problems and fixed point problems for this class of
mappings in Hadamard spaces. Kawasaki and Takahashi [16] generalized the class of demi-
metric mappings as follows:

Let E be a smooth real Banach space and K be a nonempty, closed and convex subset of a
E,leta #0,amap U : K — FE is a-generalized demimetric if Fiz(U) # () and

alr —y, J(x —Uz)) > ||z — Uz|? VreK,ye Fiz(U),

where J is a duality mapping on E. Takahashi [33] studied this class of mappings in Ba-
nach spaces. Recently, Ogwo et al. [23] introduced generalized demimetric in the setting of
Hadamard space as follows:

Let X be a Hadamard space, let o # 0, a mapping U : X — X is a-generalized demimetric,
if Fiz(T) # 0 and

a(@,x—Ugr) > p*(z,Ux), Vr e X, ye Fix(U).

They gave some examples and properties of generalized demimetric mappings in Hadamard
spaces, they also proved a strong convergence theorem involving the map. Let K be a nonempty,
closed and convex subset of a Hadamard space X, a mapping U : K — K is A-demiclosed, if
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for any bounded sequence {z,,}>2,; in X such that A — 1i_>m T, = x and le p(xn, Uxy) =0,
then v = Uzx. AmappingU : K — X is
(7) nonexpansive [29], if
p(Uz,Uy) < p(z,y), Vo,y € K,
(ii) quasi-nonexpansive, if Fiz(U) # (0 and
p(q,Uz) < p(q,z) Y(z,q) € K x Fiz(U),
(#43) a-inverse strongly monotone [2] if there exists a > 0 such that
—
O@U(f’iay) S pQ(xvy) - <Uny717/>> vxay S K?
where,
—
(14) du(x,y) = p*(,y) — 2UzUy, T0) + p*(Uz,Uy).
It is known that (see [2]), ¢y (z,y) > 0, Vz,y € K.
(iv) firmly nonexpansive if
(UaUy,74) > p*(Uz,Uy), ¥,y € K.

The metric projection Pg : X — K assigns to every x € X, a unique point Px(z) in K such
that

p(l’,y) > p(x7 PKJ;)7 Vy € K7
the map Py is firmly nonexpansive [7]. The Variational Inequality Problem (V.I.P.) in Hilbert
space is formulated as follows

(1.5) find z € K such that (Bz,z —y) <0, Vye€ K,

where K is a nonempty closed and convex subset of H and B is a nonlinear mapping defined
on K. Stampacchia [28] introduced V.I.P. for modeling problems arising in mechanics and
the regularity problem for partial differential equations, Stampacchia [28] studied a general-
ization of the Lax-Milgram theorem and called all problems of this kind V.I.P.s. The theory
of V.I.P. has numerous applications in diverse fields such as physics, engineering, economics,
mathematical programming and others (see [27, 28] and references therein). Alizadeh et al. [2]
extended (1.5) to the setting of Hadamard space H as follows:

(1.6) find z € K such that (Bza, gd) < 0, Vy € K,

when B is inverse strongly monotone, they established the existence of V.I.P (1.6) in a Hadamard
space. Furthermore, they constructed the following algorithm:

T € K,

(1.7) Yn = Pg(Bnwyn ® (1 = B)Bry),
Tnt+1 = PK(O‘nzn S5 (1 - an)Tyn)v n Z 1;

where {a,}22 1, {6,152, C (0,1), T and B are nonexpansive and inverse strongly monotone
mappings, respectively. They also obtained A-convergence of algorithm (1.7) to a common so-
lution of the V.I.P (1.6) and fixed point of T'. Recently G. C. Ugwunnadi et al. [35] constructed
a viscosity type algorithm in a setting of Hadamard space which comprises of a demimetric
mapping, a finite family of inverse strongly monotone mappings and an equilibrium problem
for a bifunction, they succeded in obtaining a strong convergence of their proposed algorithm
to a common solution of a variational inequality problem, fixed point problem and equilibrium
problem in Hadamard space. Furthermore, they gave applications and numerical examples.
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Let K be a nonempty subset of a Hadamard space X and ¢ : K — Rand F': K x K —
R be a function and bifunction respectively, a minimization problem (M.P) is a problem of
searching for * € K such that

(18) p(z*) < plx), Vo eK,

the point z* satisfying inequality (1.8) is called a minimizer of ¢(.) on K, we denote the solution
set of (1.8) by M.P(p, K). An Equilibrium Problem (E.P) is to find z* € K satisfying

(1.9) F(z*,y) >0, VyeK,

the point z* satisfying inequality (1.9) is called an equilibrium point of F'(.,.) on K, we denote
the solution set of (1.9) by E.P(F, K). C. Izuchukwu et al. [13] introduced mixed equilibrium
problem (M.E.P) in a Hadamard space X as the problem of finding z* € K such that

(1.10) Fa™,y) +¢(y) —¢@™) 20, vy e K

the solution set of (1.10) is denoted by M EP(F, ¢, K). They obtained the following result for
existence of solution:

Theorem 1.1 ([13]). Let K be a nonempty closed and convex subset of an Hadamard space X. Let
1 : K — R be a real-valued function and F : K x K — R be a bifunction such that the following
assumptions hold:

Ay F(z,z) > 0,Vr € K.

Ag: Foreveryx € K, theset {y € K : F(x,y) + ¢(y) — ¢(z) < 0} is convex.

As: There exists a compact subset D C K containing a point yo € D such that « € K/D implies

F(x,y0) + ¢(yo) — () <0,

then, the M.E.P(F, ¢, K) in (1.10) has a solution.

For uniqueness of solution, they obtained the following result.

Theorem 1.2 ([13]). Let K be a nonempty, closed and convex subset of a Hadamard space X, let
F : K x K — R be a bifunction, let ¢ : K — R be a convex function such that the following
conditions hold:

Ap: F(z,2) =0, VreK,

As: Fis monotone, i.e, F(x,y) + F(y,z) <0, Va,y € K,

As: F(z,.): K — Ris convex for each x € K.

Ay Givenany g € X and X > 0, there exists a compact subset D, C K containing a point y, € D,

such that x € K/D, implies

—_

F(x,yq) + ¢(yq) — o(x) + < (Tyq, 3) <0,

>

then (1.10) has a unique solution.

Based on the information provided above, our main goal in this paper is to introduce and
study some properties of a new mapping called generalized cocoercive in Hadamard space,
construct viscosity type algorithm for approximating common solution of fixed point of (f, g)-
generalized x-strictly pseudononspreading mapping, quasi-nonexpansive mapping, a finite
family of 0;-generalized demimetric mapping and mixed equilibrium problem for a bifunction
and convex lower semi continuous function and variational inequality problem involving the
generalized cocoercive mapping in Hadamard space. Our result generalizes and compliments
some results in the literature. Furthermore our technique of proof is new and is of independent
interest, as it does not involve the use of cases as done in [23], [34] and [35].
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2. PRELIMINARIES

In this section, we state some known and useful results which we are going to use in the
proof of our main result.

Lemma 2.1. Let X be a CAT(0) space and x,y,z € X and t € [0, 1] then the following inequalities
hold
(1) p(te @ (1 —1t)y,z) <tp(z,z)+ (1 - 1)p(y, 2) ([91),
(i) p(tr & (1 —t)y, 2) < tp*(z,2) + (1 = 1)p*(y, 2) — t(1 = t)p(x, y) (19]),
(idd) p*(te ® (1 —t)y, ) < 0% (z,2) + (1 = 1)°p*(y, ) + 2t(1 — O)(TZ, %) (7).
Lemma 2.2 ([19]). Every bounded sequence in a Hadamard space has a A-convergent subsequence.

Lemma 2.3 ([15]). Let H be a Hadamard space and {x,, }°2_, be a sequence in X then lim sup (T, &, j&) >

n—oo

0, Yy € X ifand only if {x,, }5L; A-converges to x.

Lemma 2.4 ([2]). Let K be a nonempty closed and convex subset of a Hadamard space H and A :
K — H be a-inverse strongly monotone . Suppose p € [0,1] and a map A, : K — X define by
Au(z) = (1 — p)x + pAx for each x € K. If pp € (0,2p), then A, is nonexpansive and Fiz(A) =
Fiz(A,).

Lemma 2.5 ([2]). Let K be a nonempty convex subset of a Hadamard space H and A : K — H bea
mapping and for p € (0,1],amap A, : K — X defined as A, (xz) = (1 — p)z + pA(z), forallx € K
then,

VI(K,A) =VI(K,A,).

Remark 2.1 ([24]). As a consequence of the Lemma 2.5 above, we have
Fiz(PxA) = VI(K, A) = VI(K, A,) = Fiz(Px A,).
Lemma 2.6 ([29]). Let X be a CAT(0) space, {z;}Y., € X and o; € [0,1], Vi € {1,2,...,N}
N
satisfying Z «o; = 1, then,

i=1
N N
(2.11) p(@aixi7z> < Zaip(xi,z), Vz e X.
i=1 i=1

Lemma 2.7 ([6]). Let X be a CAT(0) space and q € X, let {z;}.; C X and {a;}., C [0,1] such

N
that Z a; = 1, then

=1

N N
p° (q, ozm-) <Y it (g — Y PPy,
i=1 i=1 i,j=1,i%#]

Lemma 2.8 ([8]). Let H be a Hadamard space and T : H — H be a nonexpansive mapping, then T
is A-demiclosed.

Theorem 2.3 ([34]). Let K be a nonempty closed and convex subset of a Hadamard space H and
G : K — K be (f, g)-generalized k-strictly pseudononspreading mapping with k € [0,1) and f, g :
K — [0,7], 7 < land (f(z) + g(z)) € (0,1] for every x € K. Assume Fix(G) # 0 and f(q) # 0

with 8 € {ﬁ, 1), Vq € Fix(G), then Fixz(Q) is closed and convex.
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Remark 2.2 ([34]). Observe that if G is ( f, g)—generalized k-strictly pseudononspreading with Fiz(G) #
0 and f(q) # 0, for each q € Fix(G), then for every q € Fiz(G) and x € dom(G), we obtain

2 2 k9
(2.12) p*(q,Gz) < p*(q, @) + 70" (z,Ga).

Lemma 2.9 ([23]). Let X bea CAT(0) space and U : X — X be 8 generalized demimetric mapping
with B # 0. Suppose that Uyz = az & (1 — a)Uz with B < 2 and a € (0,1), then U, is
quasi-nonexpansive and Fix(U,) = Fiz(U).

Lemma 2.10 ([36]). Let {v,}>2, C (0,1) and {6, }72, C R satisfying
() Z Tn = OO,
n=1

(#4) limsupd, < O0or Z [n0n| < 00,

n—oo n=1
if {an}22 4 C [0, 00) such that
An41 S (1 - Vn)an + ’Vné-na vn 2 0

then

lim a, =0.
n—-oo

Theorem 2.4 ([13]). Let K be a nonempty, closed and convex subset of a Hadamard space X, F :
K x K — R be a bifunction, let ¢ : K — R be a convex function such that conditions Ay — A4 of

Theorem 1.2 holds. For \ > 0, we have that Tf\"’F is single valued. Moreover, if K C Dom(Tf’F), then
(i) T'F is firmly nonexpansive on K.
(1) If Fiz(T") # 0, then
(2.13) pz(m,Tf’Fx) + pQ(Tf’Fx, q) < p*(z,q), Ve e K, q € sz(TfF)
(ii) Fiz(TY") = MEP(K, F, ).

Lemma 2.11 ([34]). Let K be a nonempty closed and convex subset of a Hadamard space H and G :
K — K be (f, g)-generalized k-strictly pseudononspreading mapping with0 < k < land f,g: K —
[0,7], 7 < land (f(z) + g(x)) € (0,1], Vx € K. Suppose (2x + f(x)) < 1, Vo € K and {x,} isa

bounded sequence in K such that A — lim z, = 2" and lim p(z,,Gz,) = 0 then z* € Fiz(G).
n— oo n—oo

3. MAIN RESULTS
In this section, we present the main results of this paper.

Theorem 3.5. Let H be a CAT(0) space, K be a nonempty subset of H, A : K — H be a mapping and
¢4 H x H— R beamapping defined as in (1.4) then the following holds:

(i) ¢a(z,y) = daly,z), Va,y € K.
(i) (p(x,y) - P(A$>Ay))2 < ga(z,y) < (p(af»y) + p(A%Ay))z, Va,y € K.
Proof. (1) Letz,y € K, then from the definition of ¢ 4(.,.) and property of p(.,.), we have
0a(@,y) = p*(2,y) — 2(Az Ay, T) + p*( Az, Ay)
— p2(y,x) — 2(AyAz, ) + p*(Ay, Ax)
= ¢a(y, ).
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(#7) Applying Cauchy-Schwarz inequality twice, we obtain

(pl.v) — plA, 4y))” = 0?(2.9) — 20, y)plAs. Ay) + p(Ax, Ay)
y)
) — 20z, AvAg) + p*(Az, Ay)
)
)

Z,

Y
2,y) + 205, AvAy) + p*(Ax, Ay)
y) + 2p(z,y)p(Az, Ay) + p*(Az, Ay)

ZL’,

A
2
p(x,y) + p(Az, Ay)) :
O
Remark 3.3. We observe that from Theorem 3.5 (ii), we can easily obtain that ¢ 4 (x,y) > 0,Vz,y € K.

4. GENERALIZED COCOERCIVE MAPPING IN CAT(0) SPACES

The definition of generalized cocoercive is motivated from the newly introduced map called
generalized inverse strongly monotone map (see [1]). Let H be a real Hilbert space with an
inner product (.,.) and a norm ||.|| and K be a nonempty subset of H. For o > 0, a mapping
B : K — H is called generalized a-inverse strongly monotone (see [1]), if

(4.14) (Bx — By, —y) > a| Bz — By|* - ||Bz|| By, Yo,y € K.
By setting A = I — B, where I is identity map, we see that (I — A) is generalized a-cocoercive.

Definition 4.2. Let H be a CAT(0) space, K be a nonempty subset of H, for o > 0, a mapping
B : K — H is called generalized a-cocoercive, there exists a map A : K — H such that for all
z,y € K,

(4.15) p*(z,y) + p(x, Az)p(y, Ay) — (AzAy, T0) > ada(z,y),
where ¢ 4 is defined as in (1.4).

Remark 4.4. It is not difficult to see that every a-inverse strongly monotone is generalized a-cocoercive
mapping.

Proof. For o > 0, let B : K — H be a-inverse strongly monotone mapping then there exists
A : K — H such that

—
P(a,y) — (AxAy, 7)) > ada(z,y)
2 ada(z,y) — plz, Az)p(y, Ay),
which implies B is generalized a-cocoercive. O

The converse is not true in general:

Example 4.1. Consider [—1,1] and for d > 0, let A : [-1, 1] — R be defined by

{x—i—d, z <0

(4.16) Ax =
r—d, x>0

then A satisfy the following inequality:

1
|z —y]? = (Az — Ay)(z —y) > 10a(@,y) — [z — Axlly — Ayl, ¥,y € [-1,1],
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Solution 1. Definea map B : [-1,1] — R by

— <
Bu — d, <0
d, >0

then for x € [—1, 1], we have

—d <0
a:—Ba:zx—{ r =

d, x>0
_Jz+d, <0
Clz—-d, x>0
= Ax.

Thus, A = I — B and also, B satisfy the following inequality:
(Bx — By)(x —y) > |Bx — By — Bal|Byl, v,y € [-1,1],
and for each o > 0,
(Bx — By)(w —y) # {|Bx — Byl ¥,y € [-1,1]
which implies B is generalized %-inverse strongly monotone mapping which is not a-inverse strongly
monotone mapping for any o > 0 (see [1] for more details).

Lemma 4.12. Let K be a nonempty closed and convex subset of a CAT(0) space H, for o > %, let
A : K — H be a generalized cocoercive mapping. Let y1 € [0, 1] and define A, : K — H by

(4.17) Ay =pAz @ (1 — p)z, Vo e K,

if p € (0,2a — 1), then A,, is nonexpansive mapping and Fiz(A,) = Fiz(T).

Proof. Letz,y € K, then

p*(Aum, Ayy) < (1= p)*p? (2, y) + (1 — p)p*(z, Ay) — (1 — p)p*(y, Ay)

+ u(l = p)p*(Aw,y) + i p*(Ax, Ay) — p(1 — p)p?(z, Az)
< (1= p)?p*(x,y) + p?p*(Az, Ay)
+2u(1 = ) [p*(2,9) — ada(w,y) + ple, Av)ply, Ay)
= (1= p)*p*(2,y) + p*p*(Az, Ay) + 2u(1 — p)p(z, Az)p(y, Ay)
—2ap(l = p)palz,y)
< (1= p)?p*(x,y) = 20p(1 — p)pale,y) + 2u(1 — p)p(x, Ax)p(y, Ay)
+ 126a(,y) + 20> (Ax Ay, 7)) — 120 (,y)
= p*(x,y) + (—2ap(1 — p) + p*)Pa(z,y)
+ 242 ((Az Ay, ) — p*(2,y) — pl(w, Ax)ply, Ay)) + 2pap(z, An)ply, Ay)
< o2z y) + (1 = 20)94(w,y) + 2p(w, Av)p(y, Ay))

< p?(@,y) + (0 = 20+ D max{oa(@,y), 2p(x, Ax)ply, Ay)} )

< p*(,y).
Consequently, we get A,, is nonexpansive. O
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Lemma 4.13. Let K be a nonempty closed and convex subset of a Hadamard space H. For o; >
i, let Ay : K — H, i € 1,2,..,N be a family of a;-generalized cocoercive mappings, define
N

AM = (1 — ,ui)I@ ,uiAi,fOT’ Wi € (0,20&1‘ — 1) Yi € (0,1), 1€ {1,2,...,N} such that Z’W =1

i=1

N N
then the map @%PKAM is a nonexpansive mapping. If in addition, ﬂ Fix(PgA,,) # 0, then

i=1 i=1
N N
Fix(@%PKAM) = () Fia(PxAp,)-
=1 i=1

Proof. It follows from Lemma 2.5. O

Theorem 4.6. Let H be a Hadamard space, K be a nonempty closed and convex subset of H, o > %
and A be generalized a-cocoercive mapping of K into H, then VI(K, A) # (.
Proof. Let pu € (0,2a — 1], we define a mapping B : K — K by
(4.18) Bz = Px(pAz @ (1 — p)x), Vo € K.
Since P and A, are nonexpansive, then
p(Bz, By) < p(Auz, Auy),
< pz,y)
which implies, B is nonexpansive, there exist & € K satisfying
& =Bt &= Pr(pAt ® (1 — p)i)
e TeVIK,A).
Therefore, VI(K, A) # 0. O
Theorem 4.7. Let H be a Hadamard space and H* be its dual space, let K be a nonempty closed and
convex subset of H. Let A; : K — H be family of generalized ov;-cocoercive mapping, where o; > 3,
let F: K x K — R be a bifunction satisfying condition Ay to Ay of Theorem 1.2, ¢ : K — R
be a convex and lower semi-continuous function, let G : K — K be (f,g)-generalized r-strictly
pseudononspreading mapping with x € [0,1), where f,g : K — [0,7], 7 < 1, such that f,g,k, T

satisfies assumptions in Theorem 2.3 [34], Remark 2.2 [34] and Lemma 2.11 [34]. Let S : K — K be
quasi-nonexpansive mapping, let T; : K — K be family of ;-generalized demimetric mapping with
N

0: # 0. Assume that @ = Fia(G) 1 Fiz(S) N M.E.P(F,¢,K) ) (VI(K, A)N Fix(ﬂ)) £ 0 and
i=1

{zn 52, is a sequence generated by

20,21 € X,

VUp = Qp2n D (]- - an)zn+17

Wy, = TF#pUna

Tn

N
(419) Ty = 5nwn S2) Bn,OGwn D @ 6n,iPKAMiwna
7}\71
Yn = AnpWp SY bn,Oswn @ @ bn,iTiaxnv
1=1

Zna1 = Anh(vn) & (1 — A\p)yn, n €N,
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where h : H — H is y-contraction for some y € [0,1) and for each i € {1,2,...,m}
A =(1— )z & pAsx, with p; € (0,20, — 1),
TP =ax® (1 —a)Tix
with assumption that T® and S are A-demiclosed, with ; < 2—,a € (0,1), {r,} C (0,1) and

{an}, {Bn0}, {Bni}, {0n}, {bni}s {bno}: {an}, {\n} are sequences in R satisfying the following con-
ditions:

Cy: {an}, { .} arein (0,1) such that lim «, = lim A, = 0and
n—oo n—oo
Z Qp = +00 = Z )\nu
n=1 n=1

N
02: {6’ﬂ}a {bnyo}’ {bn,z} c (f17 f?) - (05 1) and 6n + ﬁn,O + Zﬂn,i =1,

i=1

C13: {an}a {bn,O}7 {bn,i} C (fla f2) C (07 1) with an + bn,O + Z bn,i =1,
=1

Cy: 6, f(q) < K, for every q € Fiz(G)
then {z,} converges strongly to z* € Q satisfying z* = Pq o h(z*).

Proof. The proof is divided into steps:
Step 1: We show that {z,} is bounded. Let ¢ € Q, then utilizing Lemma 2.1 (7), we have

(4.20) p(‘]» Un) < anﬂ(Qv Zn) + (1 - O‘n)p(% Zn+1)'
Using (2.13), we get

(4.21) p(g;wn) < plg;vn)-
Using Lemma 4.13 and Remark 2.2, we get

N
P2 ((L xn) < 5np2 (Q7 wn) + ﬁn,Op2 (Qv Gwn) + Z ﬂn,ip2 (Qv PKAuiwn)

=1

- 6n/8n,0p2 (’LU»,“ Gwn)
(4.22) < pA(gwn) = (00—

R

f(Q) ) Bn,Op2 (wn y Gwn)

By applying Condition Cy, we obtain

(423) p(q, xn) < P(% wn)
Using Lemma 2.9, (4.23) and Condition C3, we get

N
p(@:Yn) < anp(a@;wn) +bnop(a, Swn) + > bnip(q, Tian)

i=1

(4.24) < p(g; wn).

From Condition C, we get

An + ko <1,
therefore, we let
1—(A\n + ko)

vy, = , Yn € N, for some kg € (0,1),

1— ko
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by utilizing (4.20), (4.21) and (4.24), we get

P(q; 2n41) < Anp(q, h(vn)) + (1 = An)p(q, yn)
1-— )\n(l - W))p(qvvn)

1= (1= ) (@l 20) + (1= 00)p(@. 2041))-
Since (1 — A\, (1 —7))(1 — @) < 1, then there exists ko € (0, 1) such that
(1 =An(1 =) —an) < ko <1,
this implies
I1-(1=21 =)0 —=an) > (1— ko).
By using Condition C, we can easily get
12> an = An(1 = an(l = 7)) + ko,

therefore we have,

An
p(q, 2ns1) < I-[1 =M1 =y]1—- an)P(Q, h(q))
(1 — /\”(1 — ’7))an
= [1— X\ (1—7)](1 - O[n)P(q, Zn)
=1 —nkoﬂ(% h(q)) + (- Af(_l ;Ov))an (0.2)

< (1 =wn)p(g, h(q)) + vnp(q, 2n)
< max{p(q, "(q)), p(q; zn) },

which we can show by induction that,
p(q; zn41) < max{p(q, h(q)), p(¢; 20)}, Vn € N.
Hence, {p(q, z,)} is bounded, which implies {z,} is bounded. Utilizing (4.20), (4.21), (4.23),

(4.24), Lemma 4.13, definition of S and Lemma 2.9, we get {v,, }, {wn }, {zn }, {yn}, {Px Ap,wn},
{Swy,} and {Tfx,} are bounded respectively, for each i € {1,2,..., N}. Also, we observe that

00 h(v2)) < (pla. k(@) + p(h(a). A(v,)))

< (p(q, h(q)) + w(q?vn))z,

which implies {p?(q, h(v,))} is bounded as {p(q, vy,)} is bounded.
Step 2: Next, we show that

lim p(znt1,vn) = lim p(zny1,wyn) = lm p(zp41,2,) = 0.
n—00 n—00 n—r00
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Indeed, utilizing Lemma 2.9 and (4.22) in algorithm (4.19), we get

N

P°(0,Yn) < anp* (@, wn) + bn.0p™(q, Swn) + > bnip®(q, T wn)
i=1

< anp®(q, wn) + bn,op>(q, Swy)
N
K
; |: Qawn - (5n - m>5n70p2(u}n7 Gw")
p*(g,w

n) = nzﬁno( L)/)2(111n,Gwn).

(4.25) 70

Substituing (4.21), (4.25) and (4.20) in algorithm (4.19), we get

P*(q, 2n+1) < Anp? (g, h(vy)) + (1 — An)<p2(q7 )

bn,zﬁn,o (571 f(q))p (wnaGwn))7
which implies for each i € {1,2,..., N},

b0 (9n = 707 ) 0 n, Gun) < 2 (0 hlon) — (0 2)

(4.26) + (2@, 0n) = P20, 2001)).

Using (4.20) in (4.26), we get

bn,iﬂn,o(an n))pQ(mewn) <7 i”/\nf? (q, h(vy) *pQ(q,an))

~ fl9)
+ an (pz(q, ) — P (g, Zn+1))-

Using Conditions C1, C; and C3, we get

(4.27) lim p(wy, Gw,) = 0.

n—oo

By using Lemma 2.7, Lemma 4.13 and Condition C3 in algorithm (4.19), we get for each i €
{1,2,...,N},

(428) p2(Q7 xn) < P2(q, wn) - 5nﬁn,ip2(wn; PKA,uiwn) + PQ(wnv Gwn)a

f(@)
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which implies, by using Lemma 2.9, (4.21), Conditions C'3, Cy and (4.28), we have

N

P2(0:Yn) < anp®(q,wn) + bnop®(q, Swn) + > bpip®(q, T w0)
=1
N

< anp2 (‘L wn) + bn,0p2 (q: Swn) + Z bn,ip2 (Qa mn)
=1

< anp?(g,wn) + bnop*(g, Swy,)

_ 2 k9
+anz( q;wn 571671,]/0 (wnaPKAmwn)_F f(q)P (wn;Gwn)>

N
(429) S pz(qa Un) - bn,i(snﬂn,jpz(wna PKA,uiwn) + Z bn,i%pz(wna Gwﬂ)

=1

By applying (4.20) and (4.29) in algorithm (4.19), we get for each 4, j € {1,2,..., N}

An
bTL,i5TLIB7L7jp2(wn7 PKA;hwn) S 1_ A (PQ((], h(vn)) - ,02(% Z7L+1))

+ p%(q,vn) — P*(q, Znt1)

N P(w, Gu
Ay o )

(p (4, h(vn)) = p(, 2041) )
(/) qun+1))

N
(4.30) + ; bmm p

2(wn, Gwy,).

By applying Conditions C, C2, Cs and (4.27) in (4.30), we obtain
(4.31) le p(wy, Pk A, w,) =0, Vie{l,2,..,N}.
Similarly, by applying Lemma 2.9, Condition C5 and (4.21) in algorithm (4.19), we get

02 (4, yn) < anp®(q, wy) + bnop*(q, Swy,)
N
+ Z bn,ip2 (Qa Tiaxn) - anbn,0p2 (wn; Swn)

=1
(4.32) < pz(Qa Un) — anbn,O/)Q(wnv Swy,).

By applying (4.32) and algorithm (4.20) in (4.19), we get
pZ(Qa ZnJrl) < )\np2<Q7 h(”n)) + (1 - >‘n) (pQ(Q7 Un) - anbn,0p2(wna Swn))
< Mp?(@ h(en) + (1= 2a) ([ap® (@, )

+ (1 - O‘n)pz(% Zn-‘rl)} - anbn,Op2(wn; Swn))a
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which implies

An
anbn,OPQ (wwu Swn) < <02 (Qa h(vn)) - PQ (Q7 zn+1))

11—,
(4.33) +an (pz(q, ) = p*(a, Zn+1))~
Utilizing Conditions C, Cz and Cjy in (4.33), we obtain
(4.34) nh_}n;() p(wp, Swy,) = 0.

Similarly, by applying Lemma 2.9, (4.20), (4.21), (4.23) and (4.24) in algorithm (4.19), we get

A
2 a < n 2 _ 2
nbnip” (Wn, T3 2n) < 7— " (p (g, h(vn)) = p (q7zn+1))

+ p*(q,vn) = P*(4, 2ng1)

< 12 (2 ) ~ 9 i)

11—
(4.35) + ay (,02(q7 2,) — p2(q, zn+1)).
Using Conditions C; and C' in (4.35), we have
(4.36) nhﬁrr;o plw,, Tx,) =0, Vie {1,2,...,N}.

Using Lemma 2.6, we have
N

p(wvu an) < 5n,0p(wna Gwn) + Z/Bn,ip(wn’ PKAHiw")'
=1

Using (4.27) and (4.31), we get
(4.37) lim p(wp,x,) = 0.

n—oo

Utilizing Lemma 2.1 (4¢), (4.20) and (4.24), we obtain

P 00) < 725 (P o) = (. 200)

+ p2(q7 Un) - p2(Qa Zn—i—l)

An
S 1—M\ (p2(q7 h(Un)) - p2(q, Zn+1))
Applying Condition C} in (4.38), we get
(4.39) lim p(v,,wn) = 0.

Using Lemma 2.6 in algorithm (4.19),
N
p(wna yn) S bn,Op(wna Swn) + Z bn,ip(wna Tiaxn)-
i=1
By applying (4.34), (4.36) and Conditions C'3 and Cy4, we get
(4.40) lim p(wn,yn) = 0.
n—oo
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Combining (4.40) and (4.37), we have
(4.41) lim p(yn,z,) =0.

n—oo

Using Lemma 2.1 (i), we get
P(Un; Znt1) < Anp(vn; h(vn)) + (1= An)p(vn, yn)
< Xap(0as 1)) + (1= An) (p(0ns 0) + plwn, ) ).
Utilizing (4.39) and (4.40), we get
(4.42) lim p(vn, 2n+1) = 0.

n—oo

Using (4.39) and (4.42), we have
(4.43) lim p(wn, 2nt1) = 0.

n— oo

Utilizing (4.37) and (4.43), we get
(4.44) lim p(zn, zn+1) = 0.

n— oo

Applying (4.40) and (4.43), we obtain

n—oo

By utilizing (4.36) and (4.37), we get

(4.46) lim p(x,, T x,) = 0.
n— oo
Let {2,, } be a subsequence of {z, } such that A — lim z,, = Z, for some z € H and
j—o0
limsup(h(2")z", zn4127) = lim (h(27)2", 2n,4127)
n— o0 J—00 ’

where z* = Poh(z*).
Step 3: Next, we show that z € Q. Since A — lim z,, = z, then using (4.43) and (4.44)
J]—0

respectively, we also have A — lim w,, = zand A — lim x,, = z. Utilizing Lemma 2.11 and
j—o0o J—0

(4.27), we get

z € Fiz(G).
Using Lemma 4.13, Lemma 2.8, (4.31) and Remark 2.1, we get

ze VI(K,A).
By applying (4.39) and Lemma 2.8, we have
z e M.E.P(F, ).

Utilizing A-demiclosed assumption on S and (4.34), we get

z € Fiz(9).

Using (4.46), Lemma 2.9 and A-demiclosed assumption on T, for each i € {1,2,..., N}, we
obtain

z € Fiz(T).
Hence, z € Q.
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Step 4: Next, we show that lim Sup<h(z*)z;:, yn—z*z> <0.
n— oo
Using (4.45), we have
lim sup(h(=")=", =) = limsup (A=) Guznsd) + (h(=)2 7))
n—oo n—oo
< (=" h(=")) i (i, zn1) + limsup(h()2" 2 2)
n—oo

(447) <<>32%

Step 5: Finally, we show that the sequence {zn} converges strongly to z*. By utilizing
Lemma 2.1 (4ii), (4.20), (4.21) and (4.24), we have

PP (2%, zng1) S ALPP (5 h(vn) + (1= An)?p? (2%, yn)
+ 220 (1 = Ap)(h(vn)2", ynz™)
<NM + 2202 (2% vn) 4 22 (

A

o) + (B ynz))

P
n)?P? (2, 0n) + 22 (
2

(1-x

< AZM 4+ (1- (wzzm (=" ) + ()" g
< AZM (1= A% (2", 0n) + 2hn(1 = M) (17(" 1) W,ﬁ»
=ﬁM+b—M@u—w—Mu—mmp@nm+nu—xm%ﬂ?i?>
< N0+ [1 —An (2(1 ) = Al — 27))} (anp2(2*,zn) +(1- an)p2(z*,zn+1))
(1= A2 g,

By utilizing Condition C}, there exists My < 1 and N e N such that
{1 D (2(1 ) = An(l— 27))] < My, ¥n> N.
Now,
02(2%, 2ny1) < N2M + My (anp 2% zn) + (1 — an)pQ(z*,an))

£ 20,(1 = M) (h(z)2 )

<N2M + Mo anp®(2*, 20) + p (z*,zn+1))

20, (1= A () ),
which implies

(1= Mo)p(" 2ns1) < A2M + Mocunp? (2", 20) + 21 = M) (A2 )

which implies

MM Mo, 20 (1= An) g5 2
2 * n 0 2 *
P ) S T TP (Z’Z”Hl—iMo“ V)
A2 M 9/ 22, (1 — )—g—g
§1_M0+(1—>\n)p (Z,Zn)+w<( )z yn2")
PN MM 2(1—A,)
— (L= M) 2) 0 P+ T (R e

Using Condition C, Lemma 2.10 and (4.47), we obtain lim z, = z*. O
n—oo
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Corollary 4.1. Let H be a Hadamard space and H* be its dual space, let K be a nonempty closed and
convex subset of H. Let A; : K — H be family of «;-inverse strongly monotone mapping, let F' :
K x K — R be a bifunction satisfying condition Ay to A4 of Theorem 1.2, p : K — R be a convex and
lower semi-continuous function, let G : K — K be (f, g)-generalized k-strictly pseudononspreading
mapping with x € [0,1), where f,g : K — [0,7], 7 < 1such that f, g, k, T satisfies assumptions in
Theorem 2.3 [34], Remark 2.2 [34] and Lemma 2.11 [34]. Let S : K — K be nonexpansive mapping,
let T; : H — H be family of 9;-generalized demimetric mapping with 0; # 0. Assume that
N

Q= Fiz(G)NFiz(S)NM.E.P(F, ¢, K) ﬂ (VI(K7 A;) ﬂFim(Ti)) # B and {z,}22 is a sequence

=1
generated by
20, %1 € X7
Un = QpZn © (]. - an)2n+17
wy, = Tg;wvm
N
1}\?1
Yn = ApnWnp D bn,Oswn D @ banlaxT“
1=1

Znt1 = Ah(vn) @& (1 = A\p)yn, n €N,

where h : H — H is ~y-contraction, for some v € [0,1) and for each i € {1,2,...,m},
Az =(1—pi)r® piAsx, with p; € (0,20 — 1),
Tfr=a0x® (1 — )Tz

with assumption that T and S are A-demiclosed, with 0; < 2~ o € (0,1), {r,} C (0,1) and

{an}, {Bn0}, {Bni}, {00}, {bn.i}s {bno}s {an}, {\n} are sequences in R satisfying the following con-
ditions:

Cy: {an}, { .} arein (0, 1) such that li_>m ap = lim A\, =0and

n—o00
oo 00
§ Qp = 00 = § Ans

n=1 n=1
Co: {ano}, {Bno}: {Bn,it, {an,i} € (f1, f2) € (0,1) and
N N
Bn,o + Z Bn,i = Gn,0 + Z (ni =1,
i=1 i=1

N
Cs: {5n}; {b",O}’ {bn,l} c (f17 f2) c (0, 1) and 6,, + /Bn,O + Z/Bn,i =1,

i=1

CV4~' {an}7 {bn,O}7 {le,’L} g (fla f2) g (07 1) ZUlth (7% + bn,O + Z bn,i = 1/
i=1
then {z,} converges strongly to z* € Q satisfying z* = Pqo o h(z*).

Corollary 4.2. Let H be a real Hilbert space, let K be a nonempty closed and convex subset of H. Let
A; : K — H be family of generalized ov;-cocoercive mapping, where a; > 1, let F : K x K — R be
a bifunction satisfying condition Ay to Ay of Theorem 1.2, ¢ : K — R be a convex and lower semi-
continuous function, let G : K — K be (f,g)-generalized k-strictly pseudononspreading mapping
with k € [0,1), where f,g : K — [0,7], T < 1such that f,g,k, T satisfies assumptions in Theorem
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2.3 [34], Remark 2.2 [34] and Lemma 2.11 [34]. Let S : K — K be quasi-nonexpansive mapping, let
T; : K — K be family of 0;-generalized demimetric mapping with 6; # 0. Assume that
N

Q= Fiz(G)NFiz(S)NM.E.P(F, ¢, K) ﬂ (VI(K7 A;) ﬁFim(Ti)) # 0 and {z,}22, is a sequence

i=1
generated by
20,21 € X,
Up = Qp2n + (]- - an)zn+17
Wn = T»g’wvnv
N
(449) Tp = OpWy + ﬂn,OGwn + Z ﬁn,iPKA;Liwnv
7,]\71
Un = Qntp + by oSwn + Y by i TP,
=1
Zn+1 = Ah(vn) + (1 = Ap)yn, n €N,

where h : H — H is y-contraction for some y € [0,1) and for each i € {1,2, ..., m},
Ay = (1= py)w + p A, with p; € (0,205 — 1),
Tfr=ax+ (1 —a)Tix

with assumption that T and S are A-demiclosed, with 0; < 2—, o € (0,1), {r,} C (0,1) and

{an}, {Bn0}, {Bni}, {0n}, {bni}s {bno}: {an}, {\n} are sequences in R satisfying the following con-
ditions:

Ci: {an},{ .} arein (0,1) such that lim o, = lim A, = 0and

n—00 n—00
00 )
E o = +00 = E )\n7

n=1 n=1
Co: {an,0}, {Bno}, {Bnits {ani}t € (f1, f2) € (0,1) and
N N
ﬁn,o + Z Bn,i = 0n,0 + Z Qn,q = 1,
=1 =1

N
03: {6n}; {bn,0}7 {bn,z} c (f1> f2) c (05 1) and 5n + ﬂn,O + Zﬁn,i = 1/

i=1
m

Cu: {an}7 {me}v {bnﬂ} - (fh f2) - (07 1) with an + bn,O + an,z =1,
i=1
then {z,} converges strongly to z* € Q satisfying z* = Pq o h(z*).

5. CONCLUSION AND FUTURE WORK

In this paper, we introduce and study some properties of a new mapping called generalized
cocoercive in Hadamard space. We propose implicit viscosity-type algorithm for obtaining an
element in the set of solutions of some mixed equilibrium problem, set of fixed point of (f, g)-
generalized x-strictly pseudononspreading mapping, set of fixed point of quasi-nonexpansive
mapping, set of common solutions of family of variational inequality problems involving gen-
eralized cocoercive mappings and the set of common fixed point of family generalized demi-
metric mappings. The method of proof adapted in this paper is new, of independent interest
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and simpler than the standard technique used in many recent results using cases. For possible
future work, one may be interested

o to get the result in more general metrically convex spaces, e.g hyperbolic spaces.
e to study an explicit version of the scheme studied in this paper.
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