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ABSTRACT. This paper is devoted to studying the following nonlinear Schrodinger equation
—Au+ I = pf(u) + h(z), = €R?
u € Hl(RQ),/ uwdz = o,
R2
where o > 01is given, u > 0, h(x) acts as a perturbation, f satisfies an exponential critical growth, A € R is a Lagrange

multiplier. Without taking into account the Ambrosetti-Rabinowitz condition, we prove the existence of normalized
ground state solutions in two cases.
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1. INTRODUCTION

The nonlinear Schrodinger equation is an important class of mathematical and physical
problems, and a great deal of work has been done in the last few decades on the existence
of solutions to its ground state. Li [20] proved the existence of normalized ground states by
introducing the Sobolev subcritical approximation, and reprocess the Sobolev subcritical prob-
lem by using the Pohozaev constraint, the Schwarz symmetry rearrangement, and various scale
transformations. Chen and Zou [12] proved the existence of normalized ground state solutions
for the Schrodinger equation with a perturbation, this is the first contribution to the normalized
solution equation with a perturbation. Thomas Bartsch and Sébastien de Valeriola [3] proved
that there are infinitely many solutions to the nonlinear Schrodinger equation. For more results
on the existence of ground state solutions to the combinatorial nonlinear Schrodinger equation,
we refer to [24, 25, 26, 28] and references therein.

It is natural to ask what is the normalized ground state solution of the nonlinear Schrédinger
equation for the combination of these factors? Therefore, we investigate normalized ground
state solution for the following nonlinear Schrodinger equation with a perturbation

{ —Au+ M= pf(u) + h(z), v € RN,

(1.1) ue HY(RN), f]RN wde = o,

where ¢ > 0is given, 4 > 0, A € R is a Lagrange multiplier and f satisfies an exponential

critical growth when N = 2, and f(u) = |u|> “2u when N > 3 and 2* = 2. Solving the
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normalized ground state solution of equation (1.1), we consider the following energy functional
J : HY(RY) — R constrained on S(o)

(1.2) J(u) ;:1/ |Vu|2dm—u/ F(u)dx—/ hudz,
2 RN RN ]RN

where F(u) := [ f(t)dt for N =2, F(u) := 5=

S(o) == {u € H'(R"): /RN ude = o—} .

Within this framework, every solution to (1.1) is a critical point of J on S(c). For the L?
subcritical growth case of f, i.e., f has a growth |[u[P~! withp < 2, := 2+ %, J on S(0) is
bounded below and the global minimum can be found by minimization methods [6, 9, 16, 27].
For the L? supercritical growth case for f, i.e,, p > 2., J on S(o) is unbounded from below.
For this case, in 1997, Jeanjean [18] used a mountain pass structure and s * u(-) := e u(es)
to study the L? supercritical problems. In [17], Ikoma and Tanaka established a deformation
result for the L? normalized solutions and gave alternative proofs from the results of [3, 18].
We note the importance in these studies of the following conditions on f.

(Hy) f:R — Ris continuous and odd.

(H2) There exist constants v, 72 € R with 2, < v, < 2%, 2* := 400 for N = 1,2 and
2% := 2 for N > 3, such that

u|?> for N > 3,and

(1.3) 0 <y F(t) < f(t)t < F(t), Vi € R\{0}.
In [19], Jeanjean and Lu worked the normalized solutions of nonlinear Schrédinger equation

by replacing the Ambrosetti-Rabinowitz conditions with the following conditions:

(H3) lim 1;(;*):—&—00

[t|—=+o0 |

(Hy) ﬁ% is strictly increasing on (0, +00) and strictly decreasing on (—oo, 0), where G(t) :=

f(t)t —2F(t) and g(t) = G’ (t).
In particular, they studied the case of an exponential subcritical growth of f when N =
2,i.e., forall a > 0.

t
(1.4) i O
[t|—>4o00 et
In [7], Bieganowski and Mederski studied the existence of normalized ground state solutions to
nonlinear Schrédinger equation when N > 3 and without Ambrosetti-Rabinowitz conditions,
the results were determined with the following conditions:

(Hs) g(t)t = 2.G(1).
In other words, g(t)t > 2,G(t) for any t € R, and for any p > 0 there exists |t| < p such
that g(t)t > 2,G(t).

Recently, Jeanjean in [18] worked on space H{(R") and obtained some compactness results
which enable to get over the lack of compactness of the Sobolev embedding in whole RY when
g > 4if N = 2. Not assuming the Ambrosetti-Rabinowitz conditions, the existence of nor-
malized ground state solution to the stationary nonlinear Schrodinger equation when N = 2
for any p > 0 is proved by Chang [11] using the Trudinger-Moser inequality in R? and the
constrained minimization method.
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Inspired by the Sobolev critical situation and previous studies, in this paper we focuses
on the exponential critical growth for N = 2 in (1.1) and without assuming the Ambrosetti-
Rabinowttz conditions, which is a novelty for this type of problems. Combining the above
papers and conditions, we make several assumptions on f:

(f1) f € CYR,R) and there exists oy > 0 such that
0, Va > ag,
i L0 "

[t|—+oo e2t? +o0, Yo < ag.

(f2) lim £ =o.

ltl—o 117
(f3) g(t)t > 4G(t), Vt € R.
(f4) there exist p > 4 and n > 0 such that
sgn(t)f(t) > nt|P~t, vt € R,
where sgn : R\{0} — R and
1 if t>0,
sgn(t) = {—1 it t<0.

Using some of the minimax arguments in [18, 19] and the conditions of ( f2) and ( f1), Alves et al.
[1,2] discussed the multiplicity and existence of normalized solutions to nonlinear Schrédinger
equation when N = 2 and f is allowed to grow as an exponential critical, i.e., (f1): there exists
ag > 0 such that

(1.5

If ()] _{ 0, Ya > ag,

im =
[t|—=+oo € 400, Ya < ag.

In particular, in [2], the authors showed the existence of normalized ground state solutions
for nonlinear Schrodinger equation under some appropriate conditions on f and oy = 4w
for p € (0,1) of (1.5). In [4, 5], Bartsch and Soave proved the multiplicity and existence of
normalized ground state solutions for nonlinear Schrodinger equation by the ideas of [15].
With the exception of (H7) and (H>), they also make the following assumption:

(Hg) Gisofclass C' and g(t)t > 2.G(t); for N = 2, g(t)t > 4G(t), Vt € R.

For the perturbation h(z), we require it to have higher regularity. We introduce an auxiliary
function

H(z) :=Vh(zx) - x.
H € L?(R?). Define the Nehari-Pohozaev-type functional as follows:

P(u) = /R? |Vu|*dx — /L/Rz G(u)dzr + 2/]1&? hudx — /]R? (Vh, z)udz, Yu € H*(R?).
Set
(1.6) B:={uc H'(R*)\{0} : P(u) = 0}.

The assumption on h and H are needed:

(h1) h € L*(R?) isradial, h(z) > 0 on a set with positive measure and H(z) > 2h(x).

(h2) h € H'(R?) and h(z) = h(|z|) > 0.

We first consider the mass-subcritical case: 1 < p < 4. By the G-N inequality, the lower limit
of functional J on S(¢) is bounded. Note that B includes all the nontrivial solutions of (1.1).
To obtain the normalized ground state solution of (1.1), as in [7, 23], we convert finding the
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minimizers for J on S(o) into finding the minimizers for J on S(¢) N B. Therefore, we simply
examine the following minimization problems:

1.7 = i
1.7) c(o) emin S (u),
(18) (o) = WES()NBOH] (R?) I (u).

Definition 1.1. The solutions of (1.1) are the minimizers of (1.7). If the solution u, € S(c) N B of
(1.7) satisfies

(1.9) T(ug) = nf{J(u) : u € S(0) N B, (J|s(o)ns) (u) = 0},

we call that it is the normalized ground state solution to (1.1).

We prove that u, can be found for any positive perturbation h € L?(R?), and we have the
following theorem.

Theorem 1.1. Assume N = 2, p < 4, if f satisfies (f1)—(f4) and h satisfies (h1). Then c(o) is attained
for any o > 0. Thus there exists a normalized ground state solution w to (1.1) and w € S(o) N B.
Furthermore, u > 0.

As for the mass-supercritical case: p > 4, the functional J is boundless on S(c). We will
prove that there still exists a mountain-pass structure after a small radial perturbation h(z). We
have the following theorem.

Theorem 1.2. Assume N = 2,p > 4, if f satisfies (f1) — (f1). Let ¢ > 0 be fixed and let L(p1,0) > 0
be defined by
1 s 1%
(1.10) Li1,0) < 507 (moc(0) + 5 (T1F (un) 2 = 21 f(un)unly) ),
where moo (o) define by Lemma 2.3. If h satisfies (ha) and moreover
(1.11) max {|hls, |H|2} < £(,0),
then (1.1) has a mountain pass solution v and u > 0.

This paper is structured as follows. In Section 2, we present some preliminary results. In Sec-
tion 3 and Section 4, we give the proof of Theorem 1.1 and Theorem 1.2, respectively. Through-
out this paper, we use the symbol || - || and | - |, to indicate the H' norm and L?(R?) norm. Let
u* be the symmetric decreasing rearrangement of u € H*, and for p € [1, o)

(1.12) [Vu*|a < |Vulg, [u*], = |ulp, and / undx < / u*n*dz,
R? R?

and let H* := {u cH u= u*}. For simplicity, in the following, we use C, Cs,..., which may
be different positive constants in different places.
2. PRELIMINARIES
In this section, we present some preliminary results.

Lemma 2.1 (Trudinger-Moser inequality by [8]). If a > 0and u € H'(R?), we have the following
inequality in R?

/ (eo‘“2 —1)dzr < 0.
R2
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Moreover, if |uls < Dy < 400 with Dy > 0and a < 4w, |Vuls < 1, then there exists a constant
C > 0, which depends just on Dy and o, such that

/ (e"‘“2 —1)dz < C(D1, ).
R2

Lemma 2.2 ([29]). Assume that N = 2, for any u € H'(R?) and p > 1, we have the following
Gagliardo-Nirenberg inequality

Bp 1. 1(1=Bp) _p—=2
lulp < CoplVulp"|uly ™, By = 5

and the Sobolev inequality
Spluﬁ) < |IUH?{1’ u € H17
where Sy, is the best embedding constant for the Sobolev inequality.
Leto, 4> 0and N = 2. The pair (A, u) € R x H! is the solution to the following equation:

—Au+ M= pf(u) in R?,
2.13
( ) / wlde = o,
R2

where f satisfies an exponential critical growth. The critical points of J, : H' — R can be
considered as solutions of (2.13), and

(2.14) Joo(u) = %/R |Vu|?*de — u/ﬂ@ F(u)dz,

restricted on S(o). For the L? subcritical growth case of f,i.e.,p < 4, then J on S(o) is bounded
below. For the L? supercritical growth case of f, i.e., p > 4, then J on S(o) is boundless. We
introduce the Nehari-Pohozaev-type constraint for individual equations

(2.15) Py :={u e H'\ {0} : Pso(u) =0},

where

(2.16) Poo (1) ::/ \Vu|2dxfu/ G(u)dz.
R2 R2

We discuss the following minimization problems:

Coo (U) - uEiISlfa) JOO (U),

(o) = inf  Jeo(u).
Meo(0) = st Too(®)

We have the following lemma.
Lemma 2.3. Suppose o > 0, p > 1 and p # 4, then (2.13) has only one solution u., and is positive.
Furthermore,

(i) if 1 <p <4, then

(2.17) Coo(0) = inf Jo(u) = Joo(us) <0,
ueS(o)

more precisely, co (o) and hence co. (o) is strictly decreasing for o > 0.
(ii) if p > 4, then

2.18 (o) = inf Joo(t) = Joo(Uso) > 0,
218) moo(0) = _0E | oo(u) = oo ()

more precisely, mo, () and hence m (o) is strictly decreasing for o > 0.
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Jeanjean [18] and Chang [11] et al. have studied the existence of a ground state solution to
equation (2.13). The expression of ¢, (0) and m (o) in Lemma 2.3 can also be found in Lemma
2.1in[21].

Lemma 2.4. Assume that (f1) — (f3) hold. Then

(i) G;(t) is non-decreasing on (0, 4-00) and non-increasing on (—00,0) .

(ii) 1(t) := w is non-decreasing on (0, 4+o00) and non-increasing on (—oo,0) .
(iii) f(t)t > 4F(t ) forallt e R.

Proof. Let I(t) := G(t). Since G(t) = f(t)t — 2F(t) is C' and g(t) = G'(t), we can see that

L(t) = %. Since f € C', by (f3), we have I,(t) < 0 fort < 0, I,(t) > 0 for t > 0, hence
(i) holds. Identical, I' (t) = w, wehave I'(t) < 0fort < 0,1 (t) >0 fort > 0, hence we

obtain (ii). Let
f(6)t — AF (¢
SOUARO) g
0 fort <0

L(t) =

By (f1) — (f3), it can be shown that I5(¢) is a continuous function on R. It follows from (ii) that
I7(t) > 0 for all t € R, this means that (iii) holds. O

Lemma 2.5. Assume (f1) — (fa) hold and h > 0. Set s x u(-) = e®u(e®-). Then, for any v €
H(R?)\{0}, we conclude

(i) J(sxu) =0T ass— —o0.
(ii) J(s*u) = —ocoass — +0o.

Proof. By (f1) and (f2), there exist! > p > 4 and a > «ag, such that there exists C. > 0 for any
€ > 0, we have

|F(t)] < elt|* + ot ( ealtl® _ 1) VtER.
Then, by the Holder inequality and (¢” — 1)? < ¢ — 1 forp > 1, r > 0, we have

|F(u)|dx < 6/ lu|*dz + Cs/ Mg (eo‘lu‘2 - 1) dx
R? R? R?

6/ lu|*dz + C. (/ |u2l+2) 2 (/ <e2a|u\2 B 1) dx)
R? R?

Define w(x f eu(e®x). Then

[N

|Vw|?de = 6289/ |Vu|*dz — 0 as s — —oco
™ JR2

/ |w\2dz:g/ lu|?dz.
R2 ™ JR2

By Lemma 2.1, we have that there exists |so| sufficiently large and sy < 0 such that forall s < sg,

/]R? (620485“(‘33”)|2 — 1) dx = /]R2 (e%‘wlz — 1) dr < C4

for some C7 > 0. Thus, for s < sy,

(2.19) / |F(e*u(e*a))|da < ee?® / lu(z)*de + C.CF el ( / |u(x)21+2dx>
R2 R2 R2

R2
and
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Then

1
J(s*xu) = 3 o IV (e*u(e*z))|*dz — p . F(efu(e’x))dx — €° . hudx

1
1 3
625/ |Vu|2das—u{—:625/ lu(x)|*dx — pC.CF ' (/ |u(a:)|2l+2d9:) fes/ hudz.
R? R? R? R?

By I > p > 4, taking ¢ > 0 small when necessary, we obtain that there exists s; < sg such that
J(s*u) > 0for s < s1. Moreover, according to (2.19), it can be derived

/ F(e’u(e’x))dr — 0as s — —oo,
R2

which means that J(s xu) — 07 for s — —o0, hence (i) holds.
For (ii), by (f1), (f2) and (f1), we have that there exist p > 4, tg € (0, 1], C2, C3 > 0 such that

F(t) > Co|t|P,V|t] > to,

F(t) < C3)t]2,V|t] < to.
Then, for some C > 0,

/ F(u)dac:/ F(u)da?Jr/ F(u)dx
R? {lu(z)[=t0} {lun|<to}
> C’g/ |ulPdx — C’3/ lu|?dx
{lu()[=t0} {lu(@)|<to}
= CQ/ |ulPdx —/ [Calul? + Cs|ul?] dz
{lu(z)I<to}

> 02/ |u|pd33—C4/ lu|?dz,
which means that

1
J(sxu) < *628/ |Vu|*dx + ,uC4/ lul?dx — ,uCge(pQ)S/ |u|Pdx — es/ hudz.
2 R2 R2 R2 R2

By p > 4, it can be seen that J(s x u) — —oo for s — +00, hence we get (ii). O

(2.20)

Lemma 2.6. Assume (f1) — (f3) hold and h > 0. We have
(i) forany u € H'(R?)\ {0}, we have that there exists s,, € R such that P(s, xu) = 0 and
(2.21) J(su*u) > J(sxu), Vs # sy,
furthermore, if u € B, then J(u) = max J(s*u),

(ii) S(o)NB#0,
(iii) there exists po > 0 such that 1(nf) 5 [|Vull2 > po.
ues(o)N

Proof. By Lemma 2.5, we can prove that J(s x u) has a global maximum at some s,, € R. By
%J(s *u) = P(s+u), we get (i). Take u € S(o), by (i), we have s,, € R such that s, xu € B.
Recall that s, x u € S(o), then (ii) holds.

For the proof of (iii), we can paradoxically suppose that there exists a sequence {u,} C
S(o) N B such that ||Vu,||l2 — 0 as n — 400 and then, according to Lemma 2.1, there exists

C; > 0 such that
2a|un\2 o <
/R? (e 1) dx < C1.
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Using arguments similar to those in Lemma 2.5, by Lemma 2.2, we have that there exists [ >
p>4,Cy > 0,and C, > 0 for any € > 0, we have

: 3
/ 1f (unun|d 35/ |ug|*d + Ce (/ u|2l+2) (/ 2alunl® _ 1)
R2 R2 R2 2
l
2
SEOQP/ |Vun‘2dx—|—CEC’1%CQp% (/ |Vun|2dx> .
R2 -

Then taking ¢ = ﬁ, in view of F(t) > 0, Vt € R, we infer that

/RQ |Vup|*dz = /R [f(wn)un, — 2F (uy,)] da

L
1 1 1 2
< 7/ |Vun\2d:Jc—I—CECECQ/J§ (/ |Vun|2dx) ,
2 R2 R2

1
which implies that 1 < C.C2Cyp?||V||572. Since | > 4, we get a contradiction. O

3. PROOF OF THEOREM 1.1
In this section, we shall give the proof of Theorem 1.1.
Lemma 3.7. Assume that 2 < p < 4, (f1) — (f3) hold and h(z) satisfying (hi1). Then c(o) = c(o),.

Proof. For any s € Rand u € S(0), according to Lemma 2.4 (ii), we obtain
1
J(syxu) — 579(3 * 1)

_/~L s s s s _ eSule’x T
o LUt euteta) — 4P (e u(ea))] d
-2 /R2 he*u(e’x)dx + /]Rz (Vh-z)eu(e’x)dz
i flefu)e*x — AF (e®u) o

= —_ 2 s s : .
5 [ ST u“dr — 2e . hudz + e /]R2 (Vh - z)udzx

Clearly, J (s, xu) — 2P (s*u) is non-decreasing for s € R. Denote by {u, } a sequence of minima
of Jon S(o) N Band by {u},} the Schwarz symmetrization of {u,,}. Then

/|vu;;|2dx§/ |Vu,|?dz,
R2 R2

/|u;|2dx:/ |un|2d907
R? R2

/R? F(uy)dx = . F(un)da:,/]RZ flup)uyde = /R? f(up)upde.

/hu;’;dx:/ hundx,/ <Vh~x)ufldx:/ (Vh - zyunde.
R? R? R? R2
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It can be seen that u}, € S(o) N H}(R?) and P(u}) < P(u,) = 0. By (f3), there exists s}, :=
sk (uk) < 0such that P(s}, « u)) = 0. Hence, according to Lemma 2.6, we get

(o) < clo),
<J(s; *ur)
(s} %) — SP(s5 %)
52 <J(u) ~ 5Pluy)

e /R2 [f (up)ty, — 4F (uy,)] dx — 2 . hudz + /R2 (Vh - z)udzx

2
=J(un) = c(o) + on(1),
which means that ¢(o) = ¢(0),. O

Lemma 3.8. Suppose 2 < p < 4, (f1) — (fs) hold and h(x) satisfying (h1). Assume that {u,} C
H}(R?) is a sequence of bounded minimisations of J on S(c) and there exists ug € H,}(R?) such that
un(x) = ug(x), v € R? and

(3.24) /R? F(uy)dz — . F(ug)dz,

(3.25) f(un)undx%/ f(uo)upda.
R2 R?

Then from c(c) > 0 and ug, c(o) is attained.
Proof. First, we claim that the following result holds under (f1) — (f3),

(3.26) 7(u) == /R2 [f(u)u — 4F (u)]dz > 0, Yu € H}(R?)\ {0}.

Indeed, according to the Strauss radial lemma in [6], we can suppose that v is continuous.
Because of u € H!(R?), we obtain |u(z)| — 0 for |z| — +00. According to Lemma 2.4 (iii), we
obtain 7(u) > 0. If 7(u) = 0, then for all z € R?, f(u(z))u(x) — 4F (u(z)) = 0. Then, there exists
an open interval I such that 0 € I and f(u)u — 4F (u) = 0 for u(z) € I. By direct computations,
we obtain that F'(u) = C|u|* for some C' > 0 and u € I. But by (f1) and (f2), we know that this
is a paradox. Hence (3.26) holds.

Since {u,} C S(0), by (3.24)-(3.25) and the Fatou lemma, we have

/ uodz < hmlnf/ uid:z: <o
R2 n—+00 [p2

and

/ |Vug dx<hm1nf/ |Vun|2dleiminf/ T(un)d:v:/ T (ug)dzx,
R? R?

n—-+o0o

where T'(u) = pG(u) — 2hu + (Vh - z)u. If [oo [VuoPda < [z. T(uo)dz, defining

N

Vug|“dx
to = (%) , we have tg € (0, 1). Note that

P(uo(%)) |V |*dx — to/ T(ug)dx =0

R2 R2
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/ (uo(g))Qdm = t%/ uddr < o,
R2 t() R2

) € S(o) N B. By (3.24)-(3.26) and Fatou lemma, we obtain

and

it follows that uo (3

T 1 :c T
c(o) < J(uo(—)) = |V(uo )| dx — / F( — )dxf/ hug(—)dx
t() R2 t R2 tO
= |Vu0| dx — ut%/ F(up)dx — t% hugdx
]R2 ]R2
= } / T (up)dx — ut2/ F(uo)dx — t% hugdz
2 R2 Rz Rz
= %t%/ (uo) — 2puF (ug) — 2hug) da
R2
1
<3 / [(f(uo) — 4F (uo)) — 4hug + (Vh - z)ug | dz
R2
1
= liginf = / [(f(un) = 4F (up)) — 4huy, + (Vh - 2)u, | dz
n oo R2
(3.27) < liminf J(u,) = ¢(0),

n——+00
which gives a contradiction. Hence [g. |[Vuo|*dz = [p. T(u)dz = [p. [pG(u) — 2hu + (Vh -
z)uldz. Thus ug € S(o) N B and [g, [Vu,|[?de — [5. [Vug|?dz. Using Lemma 3.7, we get

J(ug) = c(o). Now, we prove c(o) > 0. In fact, by (f1) — (f3) and ugp € S(o) N BN H(R?),
using (3.26), Lemma 3.7 and (h1), we get

c(o) = J(ug) = g/}R? (f (uo)uo — 4F (ug))dx — 2/]Rz huodz + /R?<Vh - zyuodr > 0.
O

Lemma 3.9 ([12]). Assume that p < 4, (f1) — (fs) hold and h(x) satisfying (h1). Let {un}n>1 C
S(c) N B be a sequence for c(o) such that u,, — ug in H' and let o1 := |ug|3. If o1 < o, then there
exists y, C R? and pg € H*\{0} such that

(3.28) [Yn| = 00, Un (- + Yn) = po in H!
— — R 2 =
(3.29) Jimfup —uo — p(- = yn)lz = 0

and o = o1 + 03, Where o3 = |ug|3. Moreover, the following hold

(3.30) J(ug) = c(01), Joo (o) = Coo(02)
and
(3.31) c(o) = ¢(01) + coo(02).

Since {u, } C S(o) N B is the minimizing sequence of c¢(c), we have dJ|s)ns(u,) — 0 and
there exists a real numbers sequence of {)\,,} such that

(3.32) J (un) 1] + An /R? Upndx — 0

foreveryn € H 1. Now, we have the following lemma.
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Lemma 3.10. Under the assumptions of Lemma 3.9, if there exists o1 < o and o1 = fR2 uddz, then ug
and pg satisfy
—Aug + Mg = pf(ug) + h in R?,

3.33
( ) / ugdaj =0,
RZ

and
—Apo + Ao = puf (o) in R?,

3.34
( ) / ,ugdx =0 —o0].
R2

Moreover, g > 0 in R

Proof. By the assumption of Lemma 3.9, there exists a bounded sequence {),}, and there is a
subsequence of {\,,} which converges to A. Using u,, as the test functions in (3.32), one can be
found the values of \,, and

(3.35) —)\ncr:/ |Vun\2dx—/ F(un)d:c—/ h(uy)dz + o(1)
R2 R2 R2

with o(1) — 0 asn — oo. Therefore, the boundedness of {\,, } comes out of the boundedness of
{un} in H'. Up to a subsequence, we assume that \,, — A. Since (3.32), if there exists o1 < o,
by [12], it follows that

—Apo + Mo = pf (o) in R?,

/ ,ugdz =0 —0].
]RQ
Since g > 0 and (Hz), we have
—Apio + (N) o > —Apio + Mo = pf (10) > 0.

Using the strong maximum principle and o — o1 > 0, we obtain that ;19 > 0. By a similar proof,
it can be shown that u satisfies (3.33). O

(3.36)

Proof of Theorem 1.1. By Lemma 3.8, the minimizing sequence {u,, } satisfy u,, — ug and c¢(o) =
J(up), so according to (3.32), we obtain that

—Aug + Mg = puf(ug) + h in R?,

3.37
(3:57) / uddr = o.
R2
Observe that i(x) > 0, then according to the maximum principle, ug > 0 and we complete the
proof of Theorem 1.1. O

4. PROOF OF THEOREM 1.2

In this section, for p > 4, we shall give the prove of Theorem 1.2. In the following, we will
prove that J on S(o) has a sort of mountain-pass geometry.

Define ¢y := Ze~ ", v € R2. Clearly, Jg: l¢o|?dz = o, which implies that ¢ € S(0). By
(fa), for any s € R and n > 0, we obtain

1
(4.38) J(s*¢g) < 5623/ |V po|?dz — Qe(p*Q)su/ lpo|Pda — es/ hpodz.
R2 p R2 R2
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To understand the geometry of the generalized function J on S(o), it will be useful to consider
the function ¢ : Rt — R defined by the following equation:

1
C(t) = 5 Aut? — D Aptr=2 _ |p|yott,
P

where
Ay ::/ |Vol?dx, Ay := u/ |po|Pd.
R2 R2

Since 0 < 1 < 2 < p — 2, we obtain that ((0") = 0~ and ((+o0) = —oc. The role of assumption
(1.11) is clarified by the following lemma.

Lemma 4.11. Suppose that (f1) — (fa) hold. By (hs), if
max {|hlz, |[H|o} < L(p;0),

then the function ((t) has a global strict maximum at positive level and a local strict minimum at
negative level. Moreover, there exist 0 < T < T5, both depending on o, such that ((T1) = 0 = ((T»)
and ((t) > 0 ifand only if t € (11, T3).

Proof. Fort > 0, we see that ((t) > 0 if and only if
£(t) > |hlzo2,
where £(t) := LAt — gAQtp*3. Clearly, A1, A3 > 0. Then

-2

¢(t) = %Al - ”(pp_ 3) gyr—t.

Observe that p — 3 > 1 > 0, then £(¢) has a unique critical point ¢ on (0, +0), which is a global
maximum point at positive level. Indeed, the expression of ¢ is

(4.39) = (217(17{1];)%12) v

and the maximum value of £(¢) is
§(F) =n7=143 >0
with

> 0.

= p =i p—4
Ao =4 (2(p—3)A2) 2(p — 3)

Consequently, if (1.11) holds, then &(t) > |h|oo2, thus the equation ¢ = 0 has two roots 77,
T, and ( is positive on (77, 7>). Moreover, ¢ has a global maximum point 2. Based on the
expression of {, we can derive that ¢ also has a local minimum point ¢; in (0, 77 ) with a negative
level. O

Set
Ry :={u € S(0) : |Vulz < ¥},
J:={ue S(o): J(u) <c}.

By Lemma 2.5 and Lemma 4.11, there exists a ©/; > 0 small enough, such that

1
(4.40) J(u) < 5{(7&2), for any u € Ry, .



On prescribed mass solutions for a kind of nonlinear elliptic systems 167

Moreover, J¢(") C {|Vu|y > Ty} since J(u) > ¢(|Vuls). Now, a mountain pass structure of J
on manifold S(c) is obtained. Let

(4.41) r= {’y e 0([0,1],S(0) : 7(0) € Ry, ,7(1) € J<<t1>} :
and the mountain pass value is

4.42 = inf t)).

(4.42) m(o) = Inf max J(3(1))

The classical mountain-pass theorem shows that there exists a P-S sequence {uy,},~,; which
satisfy

(@) J(un) = m(a),

(i) J'|s(0)(un) — O.
However, we cannot prove that {u, }, -, is bounded in H'. To resolve this difficulty, we intro-
duce an auxiliary function

J(t,u) = J(txu).

The corresponding minimax of J on R x S(c) is structured as follows

I = {7 = (n,72) € C0,1L,R x 5(0) : 7(0) € (0, Rg,), (1) € (0,75 |,
and its minimax value is

(4.43) m(o) := inf max J(y(t)).
~el tel0,1]

Using the method introduced by Jeanjean in [18], one can derive that /(o) = m(o). Recall that
h(z) > 0 and h(z) = h(|z]), we have

(4.44) J(t, [u]*) < J(t,u).

Thus,

(4.45) m(0) = my(0) :== inf max J(y(t)),
yer, t€[0,1]

where

Bri= {7 = (1,72) € (0 1R x 5:(0) : 7(0) € (0, Roy),1(1) € (0,7}
and S,(c) = S(o) N H}. Let F = {7([0,1]) : v € T'}. Then, F is a cohomology stable family
of compact subsets of R x S,.(¢) with extended closed boundary {0} x Ry, U {0} x J¢(t1) (by
the terminology in [15, Sect.5]), and the superlevel set {j > m(a)} is a dual set for F, which

implies that the F = {v([0,1]) : v € I'} satisfies the assumptions of [15, Theorem 5.2]. Hence,
combining with (4.44), we obtain a minimisation sequence {~, ([0, 1]), 7 (t) = (V1,n(t), v2,n.(¢))}
for m(o) such thaty; ,,(t) =0, v2,,(t) € S(o)NH*, ¥Vt € [0, 1], there exists a sequence (s, &y) C
R x S(o) N H* such that when n — oo, J (s, @,) — m(c) and

T, Sr(0) = 0,

(4.47) 5] + dist (i, y2,0[0,1]) = 0.

Let u, = s, x i, € S,(0). By (4.47), it follows that {s,} is bounded and u,, — 0 a.e. in R2.
Moreover, (4.46) implies that

Pup) = 0sJ(8n, Un) — 0,
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and for any ¢ € T, S, (0),

’

J (un)[¢] = auj(snvﬂn)[(_sn) * @]
o(D[(=sn) * Ol |
= o(1)[8|m-

In summary, we can get the following lemma.

(4.48)

Lemma 4.12. Assume that h satisfies (1.11), then there exists a radial P-S sequence {u,} of J|s, (o),
such that

(4.49) J(up) — c(o),
(4.50) J s, () = 0,
(4.51) P(u,) — 0,

as n — oo, where
P(u) = /]R2 |Vu|*dx — ,u/]R2 G(u)dz + 2/]R2 hudz — /]R2 (Vh - z)udz, Yu € H*(R?).
We note that (4.50) implies that there exists {A, },-,, such that
(4.52) J () [n] + An /R? upndx — 0.

For any ¢ € C§5.(R?). By the assumption (1.11), we will show that the Lagrange multipliers
{A\n} and P-S sequence are bounded in the following.

Lemma 4.13. Assume that h satisfies (1.11). Let {u,} C S(o) be a radial non-negative P-S sequence
satisfies (4.49) — (4.51), then {uy,} is bounded in H'. Furthermore, {\,} in (4.52) are bounded.

Proof. According to (4.49), {u,} C S(o) as a P-S sequence, we have

J(ug) 4+ o(1)
1

(4.53) = 7/ |V, |*dx —u/ F(uy)dz —/ hupdz + o(1).
2 Jg2 R2 R2

Therefore {u,} is bounded in H' since h € H' and |Vh - x|y < oco. We evaluate {)\,}. Using
{un} as the test function for (4.52), we can conclude that

m(o) =

(4.54) o(D)||un||zg: = / |Vu,|?dr — u/ F(u,)de — hupdzx + Apo.
R2 R2 R2
So
1
@55) Pl = = o(1)][un] s —/ |Vun|2dx+u/ Flup)de + | hundz| < 400,
g R2 R2 R2
Therefore, {\,} are also bounded. O

Proof of Theorem 1.2. We show the compactness of the P-S sequence. We first show that {\,}
has lower bounded. Indeed, under (4.51) and (4.52), we have

A0 = /\n/ uidm
RQ

:7/ \Vun|2d:c+u/ F(un)dx+/ hundx
R2 R2 R2
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(4.56) = u/ (3F (un) — fun)un)dz +3 [ huydr — / (Vh -y updx + o(1).
R2 R2 R2
We also have that
1
m(o) = 7/ |V, [2de — u/ F(up)dz —/ hundz + o(1)
2 Jpe R2 R2
1
(4.57) =3 [u/ (f (up)un — 4F (uy))dz — 4/ hupdx + / (Vh - z) updx| + o(1).
R? R? R?
We prove that for any o > 0, there holds
(4.58) m(o) > meo (o) — |h|20?

by (1.11), we can conclude that

Ano +0(1) =2m(o) + ,u/ (TF (un) — 2f (up)up ) dx + 7/

R2 R
> 2o (0) = [hl20?) + p(7|F (un)|2 — 2| f (un)un|2) — 2| VA - 2|20

> 20 (o) + p(T|F (un)2 — 2| f (un)tin]o) — 4L (1, 0)0 %

hu,dx — 2/ (Vh - zyu,dx
2 R2

(4.59) > 90 (a—% (Mmoo (o) + g(7\F(un)|2 — 20 f(un)unl2)) — 2£(u, a)) .
Since

1 s 1%
(4.60) Lin,0) < 507F (moo(0) + £ (71F ()l = 21 f (un)unl) ).
Note that for any v(¢) C T', we have that there exists ¢t* € R such that
(4.61) Joo(t" x7(1)) = max Joo (7(2))-

Furthermore, because of the structure of I in (4.41), we derive that t* < 1. Hence if J(v(¢)) =
maxeo,1) J(7(t)), then

max J(y(t)) = J(v(#))
t€(0,1]
= J(t" % ~(1))
> Joo(t" x1(1) = [la0®
(4.62) = max Joo (7(t)) — |hl202.
Because of the + is arbitrary, we obtain that (4.58) holds. By the constructions of {u,, }, we have
that {u, } € S(o) N H*, therefore, together with Lemma 4.13, there exists & € S(o) such that
(4.63) U, — @in H', u, — @ in LP(R?).

Notice that {\, } has lower bound and is positive, then up to a subsequence, we suppose that
An — A > 0. Because of the weak convergence of {u, } in H' and the strong convergence in
LP(R?), using (4.52), we obtain

0(1) = (dJ (tn) — dJ(@))[un — ] + x/ lun — |2
R2
(4.64) = / \Vu,, — Va|*dr + X/ [, — a|*dx 4 o(1)
R2 R2

with o(1) — 0 as n — oo. Since A > 0, thus we have that [;, |[Vu, — Vu[*dz — 0 and g, |u, —
u|*dz — 0. Thus we get that in H', u,, strongly converges to @ . O
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