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ABSTRACT. A multi-point and integro-multi-strip boundary value problem associated to a Hilfer type coupled
system of fractional differential inclusions is studied. The existence of solutions is established in the case when the
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1. INTRODUCTION

The late literature abounds in papers concerning the study of systems governed by fractional
order derivatives. That is because this kind of systems proved to be more realistic models than
the ones using classical derivatives (see [2, 9, 13, 15, 17] etc.).

In [11], Hilfer introduced a generalization of both Riemann-Liouville and Caputo fractional
derivatives. In fact, this derivative is an interpolation between Riemann-Liouville and Caputo
derivatives. Properties and applications of Hilfer fractional derivative may be found in [12].
Recently, in [14], this derivative was also extended; namely to ψ-Hilfer generalized propor-
tional fractional derivative of a function with respect to another function. Some properties of
this derivative were studied in [14].

In this paper, we are concerned the following boundary value problem

(1.1)
{
Dα1,β1,σ,ψ
H x1(t) ∈ F1(t, x1(t), x2(t)), a.e. t ∈ [a, b]

Dα2,β2,σ,ψ
H x2(t) ∈ F2(t, x1(t), x2(t)), a.e. t ∈ [a, b]

,

with multi-point and integro-multi-strip boundary conditions of the form

(1.2)

{
x1(a) = 0,

∫ b
a
ψ′(s)x1(s)ds =

∑n
i=1 ki

∫ ηi
ξi
ψ′(s)x2(s)ds+

∑m
j=1 θjx2(ζj)

x2(a) = 0,
∫ b
a
ψ′(s)x2(s)ds =

∑n
i=1 φi

∫ ϵi
δi
ψ′(s)x1(s)ds+

∑m
j=1 νjx1(zj)

,

where F1(·, ·, ·) : [a, b]×R2 → P(R), F2(·, ·, ·) : [a, b]×R2 → P(R) are given set-valued maps,
Dα,β,σ,ψ
H denotes the ψ-Hilfer generalized proportional fractional derivative operator of order

α ∈ (1, 2] and type β ∈ [0, 1], respectively, σ ∈ (0, 1], a < ζj < ξi < ηi < b, a < zj < δi < ϵi < b,
ki, θj , φi, νj ∈ R, j = 1,m, i = 1, n and ψ(·) ∈ C1(I,R) is such that ψ′(t) > 0 ∀ t ∈ [a, b].

The starting point of our study is a very recent paper [16], where problem (1.1)-(1.2) is stud-
ied in the single-valued case; namely, the right-hand side in (1.1) is given by single-valued
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maps. Existence and uniqueness results are provided by using well-known fixed point theo-
rems: Banach, Leray-Schauder and Krasnoselskii.

We also mention that in [8] is studied the problem

(1.3) Dα,β,σ,ψ
H x(t) ∈ F (t, x(t)) a.e. ([a, b]),

(1.4) x(a) = 0,
∫ b
a
ψ′(s)x(s)ds =

∑n
i=1 φi

∫ ηi
ξi
ψ′(s)x(s)ds+

∑m
j=1 θjx(ζj).

Also, in [7], differential inclusion (1.3) is studied with another boundary condition.
Our goal is to extend the study in [16] to the set-valued framework, and on the other hand,

to generalize the study in [8] to the coupled case. The approach presented here avoids the
applications of fixed point theorems and takes into account the case when the values of F1

and F2 are not convex; instead these set-valued maps are assumed to be Lipschitz in state
variables. We establish an existence result for problem (1.1)-(1.2) by using Filippov’s technique
[10]; namely, the existence of solutions is obtained by starting from a pair of given “quasi”
solutions. In addition, the result provides an estimate between the “quasi” solutions and the
solutions obtained.

Even if the approach used here may be found in other classes of coupled systems of frac-
tional differential inclusions [3]-[6], as far as we know, the present paper is the first in literature
which contains an existence result of Filippov type for coupled systems of differential inclu-
sions governed by ψ-Hilfer generalized proportional fractional derivatives.

The paper is organized as follows: in Section 2, we recall some preliminary results that we
need in the sequel and in Section 3, we prove our main results.

2. PRELIMINARIES

Let (X, d) be a metric space. Recall that the Pompeiu-Hausdorff distance of the closed sub-
sets A,B ⊂ X is defined by

dH(A,B) = max{d∗(A,B), d∗(B,A)}, d∗(A,B) = sup{d(a,B); a ∈ A},
where d(x,B) = infy∈B d(x, y).

Let I = [a, b], we denote by C(I,R) the Banach space of all continuous functions from I to R
with the norm ||x(·)||C = supt∈I |x(t)| and L1(I,R) is the Banach space of integrable functions
u(.) : I → R endowed with the norm ||u(·)||1 =

∫ b
a
|u(t)|dt. In what follows ψ(·) ∈ C1(I,R)

such that ψ′(t) > 0 ∀ t ∈ I .

Definition 2.1. Let σ ∈ (0, 1] and α ∈ R+. The generalized proportional fractional integral of order α
of f(·) ∈ L1(I,R) with respect to ψ(·) is defined by

Iα,σ,ψf(t) =
1

σαΓ(α)

∫ t

a

e
σ−1
σ (ψ(t)−ψ(s))(ψ(t)− ψ(s))α−1ψ′(s)f(s)ds,

where Γ is the (Euler’s) Gamma function defined by Γ(α) =
∫∞
0
tα−1e−tdt.

Remark 2.1. If σ = 1, ψ(t) = t the above definition yields the Riemann-Liouville fractional integral,
if σ = 1, ψ(t) = ln t the previous definition gives the Hadamard fractional integral and if σ = 1,
ψ(t) = tρ

ρ , ρ > 0, Definition 2.1 covers the Katugampola fractional integral.

Definition 2.2. Let σ ∈ (0, 1] and α ∈ R+. The generalized proportional fractional derivative of order
α of f(·) ∈ C(I,R) with respect to ψ(·) is defined by

Dα,σ,ψf(t) =
1

σn−αΓ(n− α)
Dn

(∫ t

a

e
σ−1
σ (ψ(t)−ψ(s))(ψ(t)− ψ(s))n−α+1ψ′(s)f(s)ds

)
,
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where n = [α] + 1, [α] is the integer part of α ∈ R.

Definition 2.3. Let f(·), ψ(·) ∈ Cn(I,R) such that ψ(t), ψ′(t) > 0 ∀ t ∈ I . The ψ-Hilfer generalized
proportional fractional derivative operator of order α and type β, respectively, σ with respect to ψ(·) is
defined by

Dα,β,σ,ψ
H f(t) = (Iβ(n−α),σ,ψ(Dn,σ,ψ)I(1−β)(n−α),σ,ψf)(t),

where n− 1 < α < n, β ∈ [0, 1], σ ∈ (0, 1] and n ∈ N.

In what follows αi ∈ (1, 2] and γi = αi + βi(2− αi), i = 1, 2, we use the notations:

Ai =

∫ b

a

e
σ−1
σ (ψ(s)−ψ(a))(ψ(s)− ψ(a))γi−1ψ′(s)

σγi−1Γ(γi)
ds i = 1, 2,

B1 =

n∑
i=1

ki

∫ ηi

ξi

e
σ−1
σ (ψ(s)−ψ(a))(ψ(s)− ψ(a))γ2−1ψ′(s)

σγ2−1Γ(γ2)
ds,

B2 =

n∑
i=1

φi

∫ ϵi

δi

e
σ−1
σ (ψ(s)−ψ(a))(ψ(s)− ψ(a))γ1−1ψ′(s)

σγ1−1Γ(γ1)
ds,

C1 =

m∑
j=1

θj
e

σ−1
σ (ψ(zj)−ψ(a))(ψ(zj)− ψ(a))γ2−1

σγ2−1Γ(γ2)
,

C2 =

m∑
j=1

νj
e

σ−1
σ (ψ(ζj)−ψ(a))(ψ(ζj)− ψ(a))γ1−1

σγ1−1Γ(γ1)

and L = A1A2 − (B1 + C1)(B2 + C2). The next result is proved in [16].

Lemma 2.1. Let p1(·) : [a, b] → R, p2(·) : [a, b] → R be continuous mappings and assume that L ̸= 0.
Then, the solution of the system{

Dα1,β1,σ,ψ
H x1(t) = p1(t), t ∈ [a, b]

Dα2,β2,σ,ψ
H x2(t) = p2(t), t ∈ [a, b]

,

with boundary conditions (1.2) is given by

x1(t) =I
α1,σ,ψp1(t) +

e
σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×{A2(

n∑
i=1

ki

∫ ηi

ξi

ψ′(s)Iα2,σ,ψp2(s)ds+

m∑
j=1

θjI
α2,σ,ψp2(ζj)−

∫ b

a

ψ′(s)Iα1,σ,ψp1(s)ds)

+(B1 + C1)(

n∑
i=1

φi

∫ ϵi

δi

ψ′(s)Iα1,σ,ψp2(s)ds+
m∑
j=1

νjI
α1,σ,ψp1(zj)

−
∫ b

a

ψ′(s)Iα2,σ,ψp2(s)ds)},(2.5)

x2(t) =I
α2,σ,ψp2(t) +

e
σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

×{A1(

n∑
i=1

φi

∫ ϵi

δi

ψ′(s) · Iα1,σ,ψp1(s)ds+

m∑
j=1

νjI
α1,σ,ψp1(zj)−

∫ b

a

ψ′(s)Iα2,σ,ψp2(s)ds)
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+(B2 + C2)(

n∑
i=1

ki

∫ ηi

ξi

ψ′(s)Iα2,σ,ψp1(s)ds+

m∑
j=1

θjI
α2,σ,ψp1(ζj)

−
∫ b

a

ψ′(s)Iα1,σ,ψp1(s)ds)}.(2.6)

Definition 2.4. The mappings x1(·), x2(·) ∈ C(I,R) are said to be solutions of problem (1.1)-(1.2) if
there exists p1(·), p2(·) ∈ L1(I,R) with p1(t) ∈ F1(t, x1(t), x2(t)) a.e. (I), p2(t) ∈ F2(t, x1(t), x2(t))
a.e. (I) and x1(·) and x2(·) are given by (2.5)-(2.6).

In what follows, χA(·) denotes the characteristic function of the set A ⊂ R.

Remark 2.2. We denote

A1(t, s) =
e

σ−1
σ (ψ(t)−ψ(s))(ψ(t)− ψ(s))α1−1

σα1Γ(α1)
χ[a,t](s)ψ

′(s),

B1(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×A2

n∑
i=1

ki
σα2Γ(α2)

(

∫ ηi

s

e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α2−1ψ′(u)du)χ[a,ηi](s)ψ

′(s),

A2(t, s) =− e
σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×A2
1

σα1Γ(α1)
(

∫ b

s

ψ′(s)e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α1−1ψ′(u)du)ψ′(s),

B2(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×A2

m∑
j=1

θj
σα2Γ(α2)

e
σ−1
σ (ψ(ζj)−ψ(s))(ψ(ζj)− ψ(s))α2−1χ[a,ζj ](s)ψ

′(s),

A3(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×(B1 + C1)

m∑
j=1

νj
σα1Γ(α1)

e
σ−1
σ (ψ(zj)−ψ(s))(ψ(zj)− ψ(s))α1−1χ[a,zj ](s)ψ

′(s),

B3(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×(B1 + C1)

n∑
i=1

φi
σα1Γ(α1)

(

∫ ϵi

s

e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α1−1ψ′(u)du)χ[a,ϵi](s)ψ

′(s),

B4(t, s) =− e
σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ1−1

Lσγ1−1Γ(γ1)

×(B1 + C1)
1

σα2Γ(α2)
(

∫ b

s

ψ′(s)e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α2−1ψ′(u)du)ψ′(s),



84 Aurelian Cernea

D1(t, s) =
e

σ−1
σ (ψ(t)−ψ(s))(ψ(t)− ψ(s))α2−1

σα2Γ(α2)
χ[a,t](s)ψ

′(s),

C1(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

×A1

n∑
i=1

φi
σα1Γ(α1)

(

∫ ϵi

s

e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α1−1ψ′(u)du)χ[a,ϵi](s)ψ

′(s),

D2(t, s) =− e
σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

×A1
1

σα2Γ(α2)
(

∫ b

s

ψ′(s)e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α2−1ψ′(u)du)ψ′(s),

C2(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

×A1

m∑
j=1

νj
σα1Γ(α1)

e
σ−1
σ (ψ(zj)−ψ(s))(ψ(zj)− ψ(s))α1−1χ[a,zj ](s)ψ

′(s),

D3(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

×(B2 + C2)

m∑
j=1

θj
σα2Γ(α2)

e
σ−1
σ (ψ(ζj)−ψ(s))(ψ(ζj)− ψ(s))α2−1χ[a,ζj ](s)ψ

′(s),

C3(t, s) =
e

σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

×(B2 + C2)

n∑
i=1

ki
σα2Γ(α2)

(

∫ ηi

s

e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α2−1ψ′(u)du)χ[a,ηi](s)ψ

′(s),

C4(t, s) =− e
σ−1
σ (ψ(t)−ψ(a))(ψ(t)− ψ(a))γ2−1

Lσγ2−1Γ(γ2)

× B2 + C2

σα1Γ(α1)
(

∫ b

s

ψ′(s)e
σ−1
σ (ψ(u)−ψ(s))(ψ(u)− ψ(s))α2−1ψ′(u)du)ψ′(s),

R1(t, s) = A1(t, s)+A2(t, s)+A3(t, s), R2(t, s) = B1(t, s)+B2(t, s)+B3(t, s)+B4(t, s),R3(t, s) =
C1(t, s)+C2(t, s)+C3(t, s)+C4(t, s) and R4(t, s) = D1(t, s)+D2(t, s)+D3(t, s), then the solutions
(x1(.), x2(.)) in Lemma 2.1 may be put as

x1(t) =
∫ b
a
R1(t, s)p1(s)ds+

∫ b
a
R2(t, s)p2(s)ds, t ∈ I

x2(t) =
∫ b
a
R3(t, s)p1(s)ds+

∫ b
a
R4(t, s)p2(s)ds, t ∈ I

.

Moreover, if we assume that there exists M0 > 0 such that 0 < ψ′(t) ≤ M0 ∀ t ∈ I , it follows that
∀ t, s ∈ I , we have

|A1(t, s)| ≤
1

σα1Γ(α1)
(ψ(b)− ψ(a))α1−1M0 =: a1,

|A2(t, s)| ≤
|A2|M2

0 (b− a)(ψ(b)− ψ(a))α1+γ1−2

|L|σα1+γ1−1Γ(γ1)Γ(α1)
=: a2,
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|A3(t, s)| ≤
(|B1|+ |C1|)M0(ψ(b)− ψ(a))γ1−1

|L|σα1+γ1−1Γ(γ1)Γ(α1)

m∑
j=1

|νj |(ψ(zj)− ψ(a))α1−1 =: a3,

|B1(t, s)| ≤
|A2|M2

0 (ψ(b)− ψ(a))α2+γ1−2

|L|σα2+γ1−1Γ(γ1)Γ(α2)

n∑
i=1

|ki|(ηi − a) =: b1,

|B2(t, s)| ≤
|A2|M0(ψ(b)− ψ(a))γ1−1

|L|σα2+γ1−1Γ(γ1)Γ(α2)

m∑
j=1

|θj |(ψ(ζj)− ψ(a))α2−1 =: b2,

|B3(t, s)| ≤
(|B1|+ |C1|)M2

0 (ψ(b)− ψ(a))α1+γ1−2

|L|σα1+γ1−1Γ(γ1)Γ(α1)

n∑
i=1

|φi|(ϵi − a) =: b3,

|B4(t, s)| ≤
(|B1|+ |C1|)M2

0 (ψ(b)− ψ(a))α2+γ1−2

|L|σα2+γ1−1Γ(γ1)Γ(α2)
(b− a) =: b4,

|D1(t, s)| ≤
1

σα2Γ(α2)
(ψ(b)− ψ(a))α2−1M0 =: d1,

|D2(t, s)| ≤
|A1|M2

0 (b− a)(ψ(b)− ψ(a))α2+γ2−2

|L|σα2+γ2−1Γ(γ2)Γ(α2)
=: d2,

|D3(t, s)| ≤
(|B2|+ |C2|)M0(ψ(b)− ψ(a))γ2−1

|L|σα2+γ2−1Γ(γ2)Γ(α2)

m∑
j=1

|θj |(ψ(ζj)− ψ(a))α2−1 =: d3,

|C1(t, s)| ≤
|A1|M2

0 (ψ(b)− ψ(a))α1+γ2−2

|L|σα1+γ2−1Γ(γ2)Γ(α1)

n∑
i=1

|φi|(ϵi − a) =: c1,

|C2(t, s)| ≤
|A1|M0(ψ(b)− ψ(a))γ2−1

|L|σα1+γ2−1Γ(γ2)Γ(α1)

m∑
j=1

|νj |(ψ(zj)− ψ(a))α1−1 =: c2,

|C3(t, s)| ≤
(|B2|+ |C2|)M2

0 (ψ(b)− ψ(a))α2+γ2−2

|L|σα2+γ2−1Γ(γ2)Γ(α2)

n∑
i=1

|ki|(ηi − a) =: c3,

|C4(t, s)| ≤
(|B2|+ |C2|)M2

0 (ψ(b)− ψ(a))α1+γ2−2

|L|σα1+γ2−1Γ(γ2)Γ(α1)
(b− a) =: c4.

If we put M1 = a1+a2+a3, M2 = b1+ b2+ b3+ b4, M3 = c1+ c2+ c3+ c4 and M4 = d1+d2+d3,
one has |Ri(t, s)| ≤Mi, ∀ t, s ∈ I and i = 1, 2, 3, 4.

Finally, we recall a variant of Kuratowski and Ryll-Nardzewski selection theorem concern-
ing measurable set-valued maps proved in [1].

Lemma 2.2. Consider X a separable Banach space, B is the closed unit ball in X , H : I → P(X) is a
set-valued map with nonempty closed values and g : I → X,L : I → R+ are measurable functions. If

H(t) ∩ (g(t) + L(t)B) ̸= ∅ a.e. (I),

then the set-valued map t→ H(t) ∩ (g(t) + L(t)B) has a measurable selection.

3. THE RESULTS

In what follows, we need the following hypotheses.
Hypothesis. (i) F1 : I × R2 → P(R) and F2 : I × R2 → P(R) have nonempty closed values
and the set-valued maps F1(·, y1, y2), F2(·, y1, y2) are measurable for any y1, y2 ∈ R.
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(ii) There exist l1(·), l2(·) ∈ L1(I, (0,∞)) such that, for almost all t ∈ I , F1(t, ·, ·) is l1(t)-
Lipschitz and F2(t, ·, ·) is l2(t)-Lipschitz, i.e.,

dH(F1(t, y1, z1), F1(t, y2, z2)) ≤ l1(t)(|y1 − y2|+ |z1 − z2|) ∀ y1, y2, z1, z2 ∈ R
dH(F2(t, y1, z1), F2(t, y2, z2)) ≤ l2(t)(|y1 − y2|+ |z1 − z2|) ∀ y1, y2, z1, z2 ∈ R

.

Next, we use the notation l(t) =M1l1(t) +M2l2(t) +M3l1(t) +M4l2(t), t ∈ I .

Theorem 3.1. Assume thatL ̸= 0, Hypothesis is satisfied, |l(·)|1 < 1 and the mappings (y1(·), y2(·)) ∈
C(I,R)2 are such that there exist L1(·), L2(·) ∈ L1(I,R) that verify

d(Dα1,β1,σ,ψ
H y1(t), F1(t, y1(t), y2(t))) ≤L1(t) a.e. t ∈ I

d(Dα2,β2,σ,ψ
H y2(t), F2(t, y1(t), y2(t))) ≤L2(t) a.e. t ∈ I

y1(a) =y2(a) = 0∫ b

a

ψ′(s)y1(s)ds =

n∑
i=1

ki

∫ ηi

ξi

ψ′(s) · y2(s)ds+
m∑
j=1

θjy2(ζj)

∫ b

a

ψ′(s)y2(s)ds =

n∑
i=1

φi

∫ ϵi

δi

ψ′(s)y1(s)ds+

m∑
j=1

νjy1(zj).

Then, there exists (x1(·), x2(·)) ∈ C(I,R)2 a solution of problem (1.1)-(1.2) satisfying for all t ∈ I

(3.7) |x1(t)− y1(t)|+ |x2(t)− y2(t)| ≤
(M1 +M3)|L1(·)|1 + (M2 +M4)|L2(·)|1

1− |l(·)|1
.

Proof. The assumptions in the statement of the theorem may be rewritten as

F1(t, y1(t), y2(t)) ∩ {Dα1,β1,σ,ψ
H y1(t) + L1(t)[−1, 1]} ≠ ∅ a.e. (I)

F2(t, y1(t), y2(t)) ∩ {Dα2,β2,σ,ψ
H y2(t) + L2(t)[−1, 1]} ≠ ∅ a.e. (I)

.

We apply Lemma 2.2, in order to deduce the existence of mesurable selections
p11(t) ∈ F1(t, y1(t), y2(t)), p12(t) ∈ F2(t, y1(t), y2(t)) a.e. (I) such that

|p11(t)−Dα1,β1,σ,ψ
H y1(t)| ≤ L1(t) a.e. (I)

|p12(t)−Dα2,β2,σ,ψ
H y2(t)| ≤ L2(t) a.e. (I)

and define
x11(t) =

∫ b
a
R1(t, s)p

1
1(s)ds+

∫ b
a
R2(t, s)p

1
2(s)ds, t ∈ I

x12(t) =
∫ b
a
R3(t, s)p

1
1(s)ds+

∫ b
a
R4(t, s)p

1
2(s)ds, t ∈ I

.

One has
|x11(t)− y1(t)| ≤M1|L1(·)|1 +M2|L2(·)|1 ∀ t ∈ I
|x12(t)− y2(t)| ≤M3|L1(·)|1 +M4|L2(·)|1 ∀ t ∈ I

and so

|x11(t)− y1(t)|+ |x12(t)− y2(t)| ≤ (M1 +M3)|L1(·)|1 + (M2 +M4)|L2(·)|1 =:M.

Next, we construct, by induction, the sequences x1n(·), x2n(·) ∈ C(I,R) and p1n(·), p2n(·) ∈
L1(I,R), n ≥ 1 such that

(3.8) xn1 (t) =
∫ b
a
R1(t, s)p

n
1 (s)ds+

∫ b
a
R2(t, s)p

n
2 (s)ds, t ∈ I

xn2 (t) =
∫ b
a
R3(t, s)p

n
1 (s)ds+

∫ b
a
R4(t, s)p

n
2 (s)ds, t ∈ I

.

(3.9) pn1 (t) ∈ F1(t, x
n−1
1 (t), xn−1

2 (t)), pn2 (t) ∈ F2(t, x
n−1
1 (t), xn−1

2 (t)) a.e. (I),
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(3.10) |pn+1
1 (t)− pn1 (t)| ≤ l1(t)(|xn1 (t)− xn−1

1 (t)|+ |xn2 (t)− xn−1
2 (t)|) a.e. (I)

|pn+1
2 (t)− pn2 (t)| ≤ l2(t)(|xn1 (t)− xn−1

1 (t)|+ |xn2 (t)− xn−1
2 (t)|) a.e. (I)

.

Let us note that from (3.8)-(3.10), it follows

(3.11) |xn+1
1 (t)− xn1 (t)|+ |xn+1

2 (t)− xn2 (t)| ≤ k(|l(·)|1)n a.e. (I), ∀n ∈ N.

Indeed, since the case n = 0 is proved, we assume (3.11) valid for n − 1. For almost all t ∈ I ,
one may write

|xn+1
1 (t)− xn1 (t)| ≤

∫ b

a

|R1(t, s)| · |pn+1
1 (s)− pn1 (s)|ds+

∫ b

a

|R2(t, s)| · |pn+1
2 (s)− pn2 (s)|ds

≤M1

∫ b

a

|pn+1
1 (s)− pn1 (s)|ds+M2

∫ b

a

|pn+1
2 (s)− pn2 (s)|ds

≤M1

∫ b

a

l1(s)(|xn1 (s)− xn−1
1 (s)|+ |xn2 (s)− xn−1

2 (s)|)ds

+M2

∫ b

a

l2(s)(|xn1 (s)− xn−1
1 (s)|+ |xn2 (s)− xn−1

2 (s)|)ds

≤M(|l(.)|1)n−1(M1

∫ b

a

l1(s)ds+M2

∫ b

a

l2(s)ds).

Similarly, we get for almost all t ∈ I ,

|xn+1
2 (t)− xn2 (t)| ≤M(|l(·)|1)n−1(M3

∫ b

a

l1(s)ds+M4

∫ b

a

l2(s)ds).

Thus, (3.11) is true for n. From (3.11), the sequences {xn1 (·)}, {xn2 (·)} are Cauchy in the space
C(I,R). Let x1(·) ∈ C(I,R) and x2(·) ∈ C(I,R) be their limits in C(I,R). Also from (3.10),
we deduce that, for almost all t ∈ I , the sequences {pn1 (t)}, {pn2 (t)} are Cauchy in R. Let p1(·),
p2(·) be their pointwise limit. From Hypothesis and inequality (3.11), we find

|xn1 (t)− y1(t)|+ |xn2 (t)− y2(t)| ≤|x11(t)− y1(t)|+ |x12(t)− y2(t)|

+

n−1∑
i=1

(|xi+1
1 (t)− xi1(t)|+ |xi+1

2 (t)− xi2(t)|)

≤M +

n∑
i=1

M(|l(·)|1)i

≤ M

1− |l(·)|1
.(3.12)

and

|pn1 (t)−Dα1,β1,σ,ψ
H y1(t)|+ |pn2 (t)−Dα2,β2,σ,ψ

H y2(t)|

≤|p11(t)−Dα1,β1,σ,ψ
H y1(t)|

+|p12(t)−Dα2,β2,σ,ψ
H y2(t)|+

n−1∑
i=1

(|pi+1
1 (t)− pi1(t)|+ |pi+1

2 (t)− pi2(t)|)



88 Aurelian Cernea

≤|p11(t)−Dα1,β1,σ,ψ
H y1(t)|+ |p12(t)−Dα1,β1,σ,ψ

H y2(t)|

+

n−1∑
i=1

(l1(t) + l2(t))(|xi1(t)− xi−1
1 (t)|+ |xi2(t)− xi−1

2 (t)|)

≤L1(t) + L2(t) + (l1(t) + l2(t))
M

1− |l(·)|1
(3.13)

for almost all t ∈ I . Therefore, the sequences pn1 (·), pn2 (·) are integrably bounded and p1(·) ∈
L1(I,R), p2(·) ∈ L1(I,R).

Now, we realize the construction in (3.8)-(3.10). We assume that for K ≥ 1, already exist
xk1(·), xk2(·) ∈ C(I,R) and pk1(·), pk2(·) ∈ L1(I,R), k = 1, 2, ...,K with (3.8) and (3.10) for k =
1, 2, ...,K and (3.9) for k = 1, 2, ...,K − 1. Using the lipschitzianity of F1(t, ·, ·) and F2(t, ·, ·)

F1(t, x
K
1 (t), xK2 (t)) ∩ {pK1 (t) + (l1(t)|xK1 (t)− xK−1

1 (t)|+ l1(t)|xK2 (t)− xK−1
2 (t)|)[−1, 1]} ≠ ∅,

F2(t, x
K
1 (t), xK2 (t)) ∩ {pK2 (t) + (l2(t)|xK1 (t)− xK−1

1 (t)|+ l2(t)|xK2 (t)− xK−1
2 (t)|)[−1, 1]} ≠ ∅

for almost all t ∈ I . Again, with Lemma 2.2, we find the existence of measurable selections
pK+1
1 (·) of F1(·, x1K(·), x2K(·)) and pK+1

2 (·) of F2(·, x1K(·), x2K(·)) such that

|pK+1
1 (t)− pK1 (t)| ≤ l1(t)(|xK1 (t)− xK−1

1 (t)|+ |xK2 (t)− xK−1
2 (t)|) a.e. (I)

|pK+1
2 (t)− pK2 (t)| ≤ l2(t)(|xK1 (t)− xK−1

1 (t)|+ |xK2 (t)− xK−1
2 (t)|) a.e. (I)

.

We define xK+1
1 (·), xK+1

2 (·) as in (3.8) with n = K + 1. Passing with n → ∞ in (3.8) and (3.12),
we finish the proof. □

In above theorem, if we take as “quasi” solutions y1(·) = y2(·) = 0, one may obtain a state-
ment similar to a result that can be derived by using the set-valued contration principle.

Corollary 3.1. Assume that L ̸= 0, Hypothesis is satisfied, d(0, F1(t, 0, 0)) ≤ l1(t) a.e. t ∈ I ,
d(0, F2(t, 0, 0)) ≤ l2(t) a.e. t ∈ I and |l(·)|1 < 1. Then, there exists (x1(·), x2(·)) ∈ C(I,R)2 a
solution of problem (1.1)-(1.2) satisfying for all t ∈ I

|x1(t)|+ |x2(t)| ≤
(M1 +M3)|l1(·)|1 + (M2 +M4)|l2(·)|1

1− |l(·)|1
.

Proof. We apply Theorem 3.1 with y1(·) = y2(·) = 0, L1(·) = l1(·) and L2(·) = l2(·). □

Remark 3.3. If in (1.1), F1 and F2 are single-valued maps, Corollary 3.1 provides a generalization to
the set-valued framework of [16, Theorem 1] whose proof is done using Banach’s contraction principle.

Example 3.1. As an example, we consider the problem

(3.14)

 D
4
3 ,

3
4 ,

2
5 ,ψ

H x1(t) ∈ [− 1
5

| cos(x1(t))|
1+| cos(x1(t))| , 0] ∪ [0, 15

|x2(t)|
1+|x2(t)| ] a.e. [ 17 ,

20
7 ]

D
6
5 ,

5
6 ,

2
5 ,ψ

H x2(t) ∈ [− 1
5

|x1(t)|
1+|x1(t)| , 0] ∪ [0, 15

| sin(x2(t))|
1+| sin(x2(t))| ] a.e. [ 17 ,

20
7 ]

with ψ(z) = z+2
z+3 and nonlocal integral boundary conditions as in [16]

(3.15)

{
x1(

1
7 ) = 0,

∫ 20
7

1
7

x1(t)
(t+3)2 dt =

1
11

∫ 3
7
2
7

x2(t)
(t+3)2 dt+

2
13

∫ 9
7
8
7

x2(t)
(t+3)2 dt+

3
17

∫ 15
7

2
x2(t)
(t+3)2 dt+

4
17x2(

4
7 ) +

5
21x2(

10
7 ) + 6

23x2(
16
7 )

,

(3.16)

{
x2(

1
7 ) = 0,

∫ 20
7

1
7

x2(t)
(t+3)2 dt =

7
24

∫ 6
7
5
7

x1(t)
(t+3)2 dt+

8
27

∫ 12
7

11
7

x1(t)
(t+3)2 dt+

9
29

∫ 18
7

17
7

x1(t)
(t+3)2 dt+

10
31x1(1) +

11
34x1(

13
7 ) + 12

37x1(
19
7 ).
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Therefore, in this case F1(t, (x1, x2)) = [− 1
5

| cos x1|
1+| cos x1| , 0] ∪ [0, 15

|x2|
1+|x2| ], F2(t, (x1, x2))

= [− 1
5

|x1|
1+|x1| , 0] ∪ [0, 15

| sin x2|
1+| sin x2| ], α1 = 4

2 , α2 = 6
5 , β1 = 3

4 , β2 = 5
6 , σ = 2

5 , a = 1
7 , b = 20

7 , n = 3,
m = 3, k1 = 1

11 , k2 = 2
13 , k3 = 3

17 , η1 = 3
7 , η2 = 9

7 , η3 = 15
7 , ξ1 = 2

7 , ξ2 = 8
7 , ξ3 = 2, θ1 = 4

19 ,
θ2 = 5

21 , θ3 = 6
23 , ζ1 = 4

7 , ζ2 = 10
7 , ζ3 = 16

7 , φ1 = 7
24 , φ2 = 8

27 , φ3 = 9
29 , ϵ1 = 6

7 , ϵ2 = 12
7 , ϵ3 = 18

7 ,
δ1 = 5

7 , δ2 = 11
7 , δ3 = 17

7 , ν1 = 10
11 , ν2 = 11

34 , ν3 = 12
37 , z1 = 1, z2 = 13

7 , z3 = 19
7 , γ1 = 11

6 , γ2 = 28
15 .

For all t ∈ [ 17 ,
20
7 ] and all x1, x2, y1, y2 ∈ R, we have

sup{|z|; z ∈ Fi(t, (x1, x2))} ≤ 1

5
, i = 1, 2,

dH(F1(t, (x1, x2)), F2(t, (y1, y2)) ≤
1

5
|x1 − y1|+

1

5
|x2 − y2| i = 1, 2.

By standard computations (e.g., [16]), A1 ≈ 0.0323, B1 ≈ 0.0006, C1 ≈ 0.1733, A2 ≈ 0.0303,
B2 ≈ 0.0001, C2 ≈ 0.2898, |L| ≈ 0.04937, M1 ≈ 0.4615, M2 ≈ 0.0607, M3 ≈ 0.6458, M4 ≈ 0.5776
and (M1 +M3)

5
8
19
17 + (M2 +M4)

5
8
19
17 ≈ 0.952 < 1. Hence, we apply Corollary 3.1 in order to deduce

the existence of a solution for problem (3.14)-(3.16).
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