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1. INTRODUCTION

In order to simplify notations, we set I = [0,00). Let C},(I) is the space of all bounded
continuous functions f : [0,00) — R. Moreover, we set C}, o () for the functions f € ([0, c0)
such that the limit

lim f(x)

T—00
exists. Moreover, for f € C}, o (I) we consider the norm

IfIl = sup [ f ().
el

As usual, we denote e (7) = z¥, for k € Ny. For fixed sequences {amk},‘szo of positive real
numbers and z > 0, set

oo

(L.1) gnlw) = Y THEat,

k=0
where we assume that the series converges for all z > 0. For f € Cy(I) and a fixed increasing
sequence {8(n)} such that 8(n) > 1 and lim,,,« B(n) = oo, we consider the positive linear
operators

oo

N L Un K k — L
(1.2) L,(f,z) = (D) ,;0 ol fYn k)", where y, = B’

Throughout the work, we assume that L,, is defined by (1.2). We say that the sequence of
operators { L, } is an approximation process in Cp o (I) if L, : Cp.00(I) = Cp.0o(I) and

Jim [[Ln(f) = fII =0

for every f € Cp oo (I).
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In this work, we study the operators L, is the space Cj, (I). There are essential differences
between the spaces C} o(I) and Cy(I). There are sequences {L,} such that L, : Cy (1) —
Ch,00(I) is an approximation process, while there exists f € Cy(I) such that L, (f) does not
converges to f in norm. Let us state some questions related with the operators L, in (1.2).

Problem 1.1. Is it true that L, (Cp (1)) C Ch,o0(I) for each n € N?
Problem 1.2. Find conditions on {g,,} so that {L,} is an approximation process in C o (I).

We use the notations

(%)
(13) zﬁ@<x>::tﬁf;)§fzr) and () = 2L (),

and consider the following two conditions related with the functions g,,:

(i) fori =1 and ¢ = 2, there exists a constant K; such that for every > 0, n € N, one has

K,
14 I i (z) — 1‘ <
(14) ) -1 <
(ii) there exists a constant C such that for each z > 0and n € N,
C
1. I, — 2@, 1 (4 1€ ——.
( 5) ‘ ,2 (.’ﬂ) 1 (‘E) + ‘ ﬁQ (n)

In this work, we obtain upper estimates for the rate of convergence of the operators L,, in
the case when condition (1.4) or condition (1.5) holds. In Section 2, we included a few known
results. Section 3 is devoted to verify that the operators L,, are an endomorphisms in the space
Ch,00(I). In Section 4, we prove some Korovkin-type theorems. In Section 5, we show that the
conditions presented above are sufficient to proof that the family {L, } is an approximation
process in Cy, o (I). Section 6 contains the main results, we obtain upper estimates for the rate
of convergence associated of the family {L,, }. In the last section, we present several examples.

Forx > 0,n € N, and a function f : I — R Szasz [17] defined

(1.6) Su(f,z) = e i %f(ﬁ)xk,

n
k=0

whenever the series converges. These operators were also studied by Mirakyan [13], that is
the reason why they are usually called Szdsz-Mirakyan operators. There is a large collection
of works devoted to study the operators .S,, and some modifications. Here, we only recall the
following recent works: [1, 5, 6,7, 12, 14].

2. THE FIRST MOMENTS OF THE OPERATORS

Theorem 2.1. If j € Ny, z > 0 and

1 J
then
(5+1)
j g (x)
@8) InlFin,0) = o7 Gr ey

In particular, for each j € No, P; C D(L).
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Proof. Notice that
B 0Py () = K= 1)+ (= ).

Therefore, for each fixed z > 0,

0 k
j+1 ISR SV A
E <m%mM43Hw>kg;Jk_¢_m

_ g1 “nk+J+1 ok = i+ G+
=g’ Z ! gﬁf )((E)

Since L,, is a linear operator in D(L), for each j € No, P; C D(L). O

Proposition 2.1. If L,, is given by (1.2), for each n € N and every x € I one has

Jml(l‘)
Bn)

Ly(e1,2) = Jn1(2) and L, (ez,x) = Jpo(x) +

where we use the notations (1.3).

Proof. The first assertion follows from Theorem 2.1 with j = 0. On the other hand, since
1
Pyz) =z(z— —
one has

9n () 9n ()

Ln(e2,7) = Ln(Pa, ) + B2 (n)gn(@) "B (n)gn(@)

L,(e,x) = 22

b
B(n)

Corollary 2.1. If I, ;(x) = 1 fori = 1 and i = 2 and every x € I, then
T

B(n)’
Proposition 2.2. If condition (1.4) holds, there exists a constant K such that, for each n € N and
z € I, then

L,((e1 — xeo)Q,x) =

K 2 T
| Ln(er,2) — 2 |< 3 and L,((eg —xep)?,x) < Kﬂ(n)
Proof. From (1.4) and Proposition 2.1, we know that
— gn xXr . le K1
nters2) =l = |08 1| € T <
Moreover
L,((e1 — zeg)?,x) = Ly(eg, ) — 2z L, (e1,2) + 22
2o @) o s gn(2) 224 g In(@)
Pnyg@ " Bga@ T B
_ 2 gnl(z) _ gn() o In(@)
{%%> @ 20 F @) e

1 B(n)x? x
Cl(ﬁ(n) 0+ Bma) 6(71)) O
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Proposition 2.3. Suppose there exists a constant Cy such that, for each x € I and every n € N,
(2.9) I(z) < O,

If condition (1.5) holds, there exists a constant Cy such that, for each x € I and every n € N, one has

2

L, ((e1 — weg)?,x) < Cy (52967(71) + %)

3. THE OPERATOR L,, AS AN ENDOMORPHISM

It is easy to see that {L,,} is uniformly bounded sequence of linear operators from the space
Ch,00(I) to Cy(I), but we need to verify that

L, : Cbpo(f) — Cb,oo(I)-
Theorem 3.2. Ifn € Nand f € Cy oo (I), then L, (f) € Cp oo (I). In particular
lim Ly(f.2) = lim f(z).

Proof. Set yp 1 = k/B(n). If f € Cy(I), there exists a real A such that f(z) — A, as ¢ — oo.
We set B = |A| + || f||- Fix e > 0. There exists N; > 0 such that, for x > Ny,

@)= Al < 5.

Since y,  — oo as k — oo, there exists m € N, m > Ny, such that y,, , > Ny, for all & > m.
Taking into account L'Hopital’s rule

gn k}ZO
Therefore, if x > Ny, then
La(fo) — Al = | —1 30 %k () — A
R (@) &= k! »
<] B () - ) E | S I (g - 4y
-~ k k) —
k=0 G 9n () k=m-+1 it 9n(2)
1 N ank e 1 . nk e €
SB n, J?k—‘r* n, k§*+*=€
PEPIIAETNOIP VRS TR PR

In particular, L,,(f) € Cp oo (). O
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4. A KOROVKIN TYPE THEOREM

Let us denote

(4.10) W) =17 wel),
It is clear that ¢ : [0,1) — [0, c0) is a homeomorphism with inverse function
1 - T
) (1‘)—1+I7 x € [0, 00).

For g € C[0,1], we consider the uniform norm ||g||cc = sup,eo,1) | 9(y) |-
Theorem 4.3 ([3]). If the operator @ : C, (1) — C[0, 1] is defined by

fW(y) if ye[0,1)

(4.11) o(fy)={ | ,
lim f(z) if y=1

T—r 00
I € Cyoo(D), then ® is a positive linear isomorphism, with positive linear inverse ®~! : C[0,1] —
Ch,00 (1) given by
<I>*1(g,x):g(i)7 g€ Cl0,1], =z €][0,00).
1+z
Moreover, for each f € Ch.oo(I), || fllooc = |P(f)]lco-

Now, we will study convergence in the spaces C} o [0, c0). The following result is known.

Theorem 4.4 ([3] and [4]). A sequence {M,} of positive linear operators, M,, : Cp oo[0,00) —
Ch,0[0, 00), is an approximation process if and only if || f; — M, (f;)|| — 0, for i = 0, 1,2, where

2

(4.12) fo@) =1, fi(z)= ﬁ and. fy(z) = (11735)2

We will follows the ideas given in [3] and [4], but we need other text functions. Let us
remember known facts.

Recall that three functions hg, h1, he € C[0, 1] are a Chebyshev system of order three in [0, 1],
if any linear combination Agho+A1h1 +A2he, with [Ag|+|A1]+|A2| > 0, has at most two different
zeros (see [2, p. 100]).

Lemma 4.1. The functions fo(x) = 1, f1(x) = /x and fo(x) = x are a Chebyshev system of order
three in [0, 1].

Proof. Assume that the function 6(z) = a + by/z + cxz (where at least one coefficient is different
from zero) has at least three different zeros in [0, 1], say z¢,z1 and x2. Then, the polynomial
P(z) = a + bz + cx? satisfies P(\/Tg) = P(\/z1) = P(,/Z2) = 0, but this is not possible. O

Theorem 4.5 ([9], p. 49). Let ho, hq,he € C|0,1] be a Chebyshev system of order three in [0, 1]. If
{M,} is a sequence of linear positive operators, M,, : C[0,1] — C[0,1] and

lim |hi — My, (h)]ls = 0, i€{0,1,2},
then
Jim lg = My (g)[loe = 0
for every g € C[0, 1].

Theorem 4.6. If the sequence {L,}, Ly, : Cpoo(I) = Cp oo(I), is given by (1.2), then the following
assertions are equivalent:
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(i) {Ly} is an approximation process.
(ii) Fori=0,1,2, || fi — Lo (f:)|| = 0, where

(4.13) folz) =1, fi(z) = \/IC% and  fa(z) = 7 i .
(iii) Fori=0,1,2, ||h; — L, (h;)|| — 0, where
(4.14) ho(z) =1, hy(z) = : f/} and hy(z) = h3(x).

Proof. The assertions (i) = (ii) and (i) = (iii) are simple because each the functions f; and h; are
continuous bounded functions with finite limits as © — oc.
(ii) = (i). For each g € C[0, 1], we define a function G(g) € Cj (), by setting

G(g,z) = g(z/(1 + x)).
Notice lim,_, G(g,00) = ¢(1). If L, is given by (1.2) and g € C0, 1], define M,,(g,1) = g(1)
and, fory € [0, 1),

Ma(g,) = Ln(Glo), 1)

From Theorem 3.2, we know that

?}131’11 Mn(gvy) = rh—{go Ly, (G(g),x) = lim G(g)(l‘) = g(l) = Mn(gv 1)'

Tr—r00

Therefore M,, : C[0,1] — C0, 1] and it is a positive linear operator. For y € [0, 1], set go(y) = 1,
91(y) = /v and g2(y) = y. Since {go, g1, g2} is a Chebyshev system in [0, 1] (see Lemma 4.1), in
order to use Theorem 4.5, we will verify that

lim [|M,(g:) — gillc =0, i€ {0,1,2}.
n—oo

To prove this, we consider (ii). If go = eo, then G(go) = fo, but || L,,(e0) — eol| = 0. If y € [0, 1)
and z = y/(1 — y), then

G(g1,Ynk) = \/% = [1(Yn,k)
and
file) = L - MUY g o),

CVitz J1+y/(0-y)
With analogous arguments, we verify that

G(92:Yn.k) = f2(Yn.) and fa(x) = g2(y).
Therefore, fori =1and i =2,ify € [0,1) and z = y/(1 — y), then

Mu(gi:9) = 0i(y) = Ln (Go1), 1) = 90(y) = Lnlfio2) = ).

Moreover
Mp(gi,1) = 9i(1) = 0.
If (ii) holds, we have proved that || M, (g;) — gillecc = |Ln(fi) — fil = 0asn — oo.
From Theorem 4.5, we know that {},,} is a approximation process in C[0, 1] and it is suffi-
cient to verify that {L,,} is a approximation process in Cp o (I). If fact, if f € Cy oo(I) we set
F(f,1) =lim, 1 f(y/(1 —y)) and, for y € [0, 1),
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then F(f) € C[0,1] and || M,,(F(f)) — F(f)|lcc — 0,as n — oo. But, for y € [0,1),

Mo(F(f),9) = La(GIF(F). 7).

L—y
and
Yn,k
CEDnr) = FO (132) = 1 (3 %0 ) = f ),
7 1-yn k

and, if x = y/(1 —y), F(f,y) = f(z). Hence
HMn(F(f)) - F(f)”oo = HLn(f) - f”

This proves the result.
(iif) = (i). The proof is similar to the case (ii) = (i), but we use another change of variables.
For each g € C[0, 1], we define a function H(g) € Cy o (1), by setting

H(g,x) = g(Va/(1+ V).
Notice lim,_,, G(g,0) = ¢(1). If L, is given by (1.2) and g € C|0, 1], define M (g,1) = g(1)
and, for y € [0,1),

M;(g,y) = Ln (H(g), %)

From Theorem 3.2, we know that

lim M (g.y) = lim Ly, (H(g).x) = lim H(g)(x) = g(1) = M;(g.1).

Tr—r00

Therefore M} : C[0,1] — C[0,1] and it is a positive linear operator. For y € [0, 1], set go(y) = 1,
g91(y) = y and g2(y) = y*. Since {go, 91,92} is a Chebyshev system in [0, 1], in order to use
Theorem 4.5, we will verify that

114)111 ||M7l(gl) - gl”OO = 07 i€ {07 172}

To prove this, we consider (iii). If go = ep, then G(go) = fo, but ||L,,(eg) — eol| = 0. If y € [0, 1)
and = = (y/(1 — y))?, then

Vv Yn,k

H(g1,ynk) = Y= = f1(Yn.k)
and
_ Vr o y/(-y)

With analogous arguments, we verify that

H(g2,ynk) = fo(ynk)  and  foz) = ga2(y).
Therefore, fori = 1and i = 2,if y € [0,1) and z = (y/(1 — y))?, then

My (9i,y) — gi(y) = Ln (H(gi)a %) —9i(y) = Ln(fi,x) — fi().

Moreover
My, (gi,1) — gi(1) = 0.
If (iii) holds, we have proved that | M} (¢9;) — gillco = | Ln(fi) — fil| = 0 asn — oo.
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From Theorem 4.5, we know that {}/*} is a approximation process in C|0, 1] and it is suffi-
cient to verify that {L, } is a approximation process in Cj oo (I). In fact, if f € Cy oo(I), we set
F(f,1) =limy1 f(y*/(1 —y)?) and fory € [0, 1),

2

Y
F(f,y) = f(m)
then F'(f) € C[0,1] and || M} (F(f)) — F(f)|lcc — 0, as n — oo. But, fory € [0,1),

* _ v
M (F(f)oy) = Dn (H(F (D) 72 ).

1
and ,
kum%w=Fum1f%;):ﬂu@“%ihngwmx

-
and if x = y2/(1 — y)?, F(f,y) = f(x). Hence

IMn(E(f)) = F(Plloe = [1£n(f) = FII
This proves the result. O

5. APPROXIMATION PROCESS

In this section, we present sufficient conditions in order that {L,, } be an approximation pro-
cess in Cy,  (I). It is sufficient to verify (ii) or (iii) in Theorem 4.6.

Proposition 5.4. Assume that condition (1.4) holds. If f1(x) and fa(x) are given as in (4.13), then

K
L,(] filer) — fi(z) |, x) < and Ly(| faler) — fo(x) |,x) < ,
(| filer) = fa(z) [, 2) < B0 (| f2ler) = fa(z) |, 2) < 500

where K is the constant in Proposition 2.2.

Proof. From Proposition 2.2, we obtain

Vel +2) — v/al T )l x)

Lu(|f1(e1) = fi(@)], %) = L < Arsire

IN

! Ln< [* e .T)
T+ (Ver(l+z)+ /21 +er))

1 2
< m L,((ex —x)?, )

< 1 Kz < K
T Vavi+azB(n) T \/Bn)

On the other hand
el —
Lullfaler) = o)) = L3y o)
1

1—|—$ 1—|—€1

K
p L.((ey —x)%,2) < Ok

IN

(1

+
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Proposition 5.5. Assume that conditions (1.5) and (2.9) hold. If ho(z), hi1(z) and ho(zx) are given as
in (4.14), there exists a constant C' such that, for each n € Nand x € I one has

C
VB(n)
Proof. It is clear that L,,(fo(e1) — fo(z),z) = 0. From Proposition 2.3, we obtain

[Vei(l+2) — a(l+ el x)
(I+Vz) (14 er) 7

|Ln(hi(el)7l‘) - hl(x)| <

La(lha(ex) = (@], 2) = Lu

1 |z — e

1+ \/EL"(\/el(l +2) +z(1+ 61),x>
L,((e; —x)?, )
Va(l+x)

< 2C ( z_ NG ) <c 1
=V VE) \B() By = /Bl
On the other hand, taking into account that, for =,y € I, one has

Vay < (1+ V) (1 + vy),

for x > 0, we obtain

La(lfaler) = fol@)l.2) = Lu

() - () )

1+ 1+ /er
_I (\x(1+2\/a+el)—el(1+2\/§+m)\ x)
! (1+v@)2(1+ er)? ’
7 (\m—eﬁ?x/ﬁl(f—\/a)ﬂ x)
! 1+ Vo)1 +e)?
1 |V — \/e1)]
< wrgapbe e abo (G )
D el 2 e —e]
< ey vm il —al >+(1+ﬁ)Ln(ﬁ+\/a, )
3 e
vaLn(@—el) ;)
Cl T \/E 02
< 7 v B * V) S vhe

O

Theorem 5.7. (i) If condition (1.4) holds, then the sequence of operators {L,} is an approximation
process in Cp o ().
(ii) If conditions (1.5) and (2.9) hold, then the sequence of operators {L,,} is an approximation process
n Cb,oo (I)

Proof. (i) From Theorem 3.2, we know that L, : Cy oo(I) = Choo(I). Taking into account
Theorem 4.6, we will verify that conditions (4.12) hold.

Since L, (eg) = ey, it is sufficient to prove the assertion for each e;, i € {1,2}. Butit was done
in Proposition 5.4.

(ii) The proof follows analogously, but we use Proposition 5.5. O
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6. MAIN RESULTS
We need some properties of functions in Cj, o ().

Proposition 6.6. (i) If f € Cpoo(I), ¢1 : [0,00) — [0,1) is given by ¢(x) = 2 /(1 + x) and ¢~ is
the inverse function, then f o ¢~ is uniformly continuous in [0, 1).
(i) If f € Choo(I), ¢1 : [0,00) — [0,1) is given by ¢(z) = /z/(1 + \/x) and ¢~ is the inverse
function, then f o ¢~ is uniformly continuous in [0, 1).
Proof. Let A = lim,_, f(z). Notice that ¢~ 1(y) = y/(1 — y), y € [0,1). If we define g(1) = A
and g(y) = (fo ¢~ 1) (y) fory € [0,1), the g € C[0,1] and it is a uniformly continuous function.

The other assertion can be proved analogously. O
If p(x) = /(1 + ) or ¢(x) = vx /(1 + Vz), for f € Cp o (I), following Holhos [8], define
(6.15) wO(f,t) = sup (@) = f@D)]-

z,y€[0,00),|p(x) —d(t)|<t
Proposition 6.7. If f € Cy, oo (1) and ¢(z) = z/(1 + z) or p(z) = /z /(1 + \/x), then
lim w?(f,6,) =0
n— oo
for any sequence {6,,} of positive numbers satisfying lim,,_,  a, = 0.

Proof. 1f was proved in [8] that the assertion is true if f o ¢! is uniformly continuous, but this
property was verified in Proposition 6.6. O

The next result is due to Holhos, but we present in a convenient form for our purpose.

Proposition 6.8 ([8]). Assume that ¢(z) = x/(1+z) or ¢(x) = /x/(1+/x). Let A, : Cpo(I) —
Ch,00(I) be a sequence of positive linear operators preserving constant functions. If the sequence {ay},

(6.16) G = S An(|p(e1) — ¢()],2)

is bounded, lim,, o, a, = 0, and f o ¢~ is uniformly continuous, then
lim [A,(f) = fl=0 and  [A.(f) = fI| < 20°(f, an).
n—oo

Theorem 6.8. Assume that condition (1.4) holds. If ¢(x) = /(1 + x), there exists a constant C such
that, for each n € N and every f € Cy, oo (I), one has

IE0(F) = 1l £ O (£, =),

where w?(f, t) is given by (6.15). In particular, || L, (f) — f|| = 0,as n — o<.

Proof. If {a,} is defined as in (6.16) and we prove that a,, — 0, as n — oo, we can derive the
result from Proposition 6.8, because we verified in Proposition 6.6 that f o ¢~ is uniformly
continuous. Since ¢(x) = fa(x), where f; is the function in Theorem 4.6, it follows from Propo-
sition 5.4 that, if condition (1.4) holds, then

K
B(n)

an <

Therefore

ILn(f) = fIl < 20°(f, an)-
It was proved in [8] that, if §, A > 0, then

w?(f,A8) < (14 Nw?(F,9).
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Hence, we can replace a,, by its estimate and extract the constant K as in the statement of the
Theorem. O

Theorem 6.9 can be proved as Theorem 6.8. In fact, the function ¢(z) = /z/(1 + /x) agree
with hy in equation (4.14) and instead of Proposition 5.4, we can use Proposition 5.5, if condi-
tions (1.5) and (2.9) hold.

Theorem 6.9. Assume that conditions (1.5) and (2.9) hold. If ¢(x) = /z/(1 + \/x), there exists a
constant C such that, for each n € N and every f € Cy (1), one has

IEah) = 11 < 0 (1, ),

where w?(f, t) is given by (6.15).

The next result shows how to construct some families of operators for which our approach
can be applied.

Theorem 6.10. Let {by} be a decreasing sequence of positive real numbers, and assume there exists a
constant A such that, for i € {1, 2} and every k € N, one has

A
(6.17) br—1 —bp—14s < Eblv

Define

Cn(f’ JZ) =

k 00 k
kT k . brn

i f(ﬁ>ack, with  gnp(x) = g e z".
k=0

1 oo
gn(T) kz::()

If 9(x) = x/(1 + x), then there exists a constant C such that, for each f € Cy (I) and every n € N,
one has

1
ICa(f) = fll < Co? (£, =),
where w?(f, t) is given by (6.15).

Proof. Notice

> nkbk _ > nkbk n bk —bk
:Z(kil)'xk 1=n27k!+1mk:n27;1! k—i—ngn( )s

k=1 : k=0 k=0
and
o0 bk
2 —
9512)(33)=n22 F=n Z + 4 nPgn ().
k=0
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because {b;} decreases. Taking into account (6.17), we obtain

o bi — bjepi o bk — bryi o bk — biyi
(1 +nx) Z Tﬂ(nm)k = Z Tﬂ(nx)k + Z TJ”(rza,‘)]“+1

k=0 ’ k=0 ’ k=0
b — i gy blti
_ k k+ o)+ Z k— (1 k+ 1 (na)t
k=0
00 bk
gzk—(na@ —|—Azk' nx)® < (14 A)gn(x)
k=0 k=1
Therefore
@) 1+ A
nig,(x) ~1+nz
Thus, conditions (1.4) holds for i = 1 and ¢ = 2 and the announced result follows from Theorem
6.8. O

7. EXAMPLES

First Example. In this example, we apply the results of the previous section to Szdsz-Schurer

operators.
For a fixed p > 0, Schurer introduced the operators
k
—(n+p)z (Tl + p) ﬁ k
(7.18) nalf2) = Z—k! 7(5)a"

k=0

This operator have been studied by several authors (see [10, 11, 15, 16]). The case p = 0 gives
place to Szdsz-Mirakyan operators.
In this work, we study the more general version

(719) Ln,p(f7 .’L‘) _ e—(ﬂ(n)—i—p)w i (6(”)]{:"" p)k f(ﬂ(kn) )g(;k7

where 5(n) > 1 and 3(n) — oo, as n — co. The operator L, , has the form (1.2) with
ang = (B(n) +p)*  and  g,(z) = PP

Notice that

(4) i
gn_(x) (B(n) +p)
7.20 anp, =a,k(B(n)+p) and I,;(z)= — = - .
( ) k+1 k( ( ) ) ( ) Bi(n)gn(:r) ﬁz(n)
In particular, the functions I,, 1 (z) is uniformly bounded (condition (2.9)).

If p = 0 (Szdsz-Mirakyan operators) then I, ;(z) = 1, and we can apply Proposition 2.1.
Taking into Proposition 2.1, we know that

9n (@) pn) +p
Lyyler,z)—x=z|—"———1)=2(——F—1).
slena) ==+ @ =1 == gy )
If p > 0, since the expression in brackets depends not on x and it is different from zero, the

behaviour of the operators L, , is different from the Szdsz-Mirakyan operators. On the other
hand

Jn’l(l')

_ 2
B(n) 2ed,q(x)+ o

Ln,p((el - er)z,x) = Jn,Q(x) +
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Jn71(1')
B(n)

=2 (Ina2(z) — 21,1 + 1) +

2 P N2, Bn)+p
=T + .
%WQ #2(n)
Hence condition (1.5) is satisfied and Theorem 6.9 can be applied. We think that Theorem 7.11

is the first result where uniform estimates for the Schurer operators in the space Cj, (I) are
given.

Theorem 7.11. Assume p > 0 and ¢(z) = Jx/(1 + \/x). If L, , is given by (7.19), there exists a
constant C such that for each n € N and every f € Cy o(I), one has

IEaslf) = 111 £ 0 (1, =),

where w?(f,t) is given by (6.15).
Second Example. For 0 < v < 1and p > 0, set

- (n+p)Wk n Tz
9n(T) = Gnyp(x) = Z Txk = elntp)le,

k=0
and define

oo

k
(7.21) By (f,2) = . E:(n+py,f(k)xh

gny () k=0 k! ny

In this case a,, x = (n + p)’* and 5(n) = n?. Moreover
gn(x) = (n+p)gn(x)  and  gn(x) = (n+p)*7g.(2).
Hence
__gal®) _ (n+p)” _
(7.22) Ini(z) = Bnygn@ — and I,o(x) =
Let us verify that condition (1.5) holds.

(n+p)*7
n2y

Lemma 7.2. If0 <~ < landp > 0, for each n € N, one has

2
p
n2(w) = 2 () +1] < 4 2
where I, 1(x) and I, o(x) are given as in (7.22).

Proof. By the mean value theorem, if 0 < v < 1and y > 1, there exists 6 € (1, y) such that

vg;j)<vw—1%

Taking into the previous inequality, we obtain

(n+p)* ,(n+p)
7’LQ’Y nYy

¥ 2 2
::(01+p) 71> gff(01+p)—1)
ny n
2 2
_ 2D 2 P
= —nQS’yi’nQ’y.

0<y’—1=

[Ino(x) —2I,1(z)+ 1] =

+1‘
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Since I,,1(z) < (1 + p)?, we can apply Theorem 6.9 (with 5(n) = n?).

Theorem 7.12. Assume 0 < v < 1,p > 0, and {B,, 5} is given by (7.21). If p(z) = /z/(1 + /),
there exists a constant C such that, for each n € N and every f € Cy, o (I), one has

C
1Buy(F) = £l < 26 (£, =5
where w?(f, t) is given by (6.15).

Third Example. For a fixed j € N, each n € N, and every « > 0 set

g k
enj(x) = L
! = (k+j)!
For f € Cy,o0(I), define
1 = nF EN &
(7.23) Cnalh )= oy L T ()

We will apply Theorem 6.10 by considering the decreasing sequence
1

E+1)---(k+3)

In Lemma 7.3, we verify that condition (6.17) holds.

k € Np.

(7.24) Vi =7

Lemma 7.3. For each fixed i € {1,2} and every k € Ny, one has
ij
Ukj = Vktij < m%ﬂ,j,

where vy, ; is given by (7.24).
Proof. If i =1 and k € Ny,

1 1
Pk TR T e 1) (k+g) (k+2) - (ktj+1)
J J
7.25 - _ )
7.25) (k+1)--(k+j+1) (k+1) "
Ifi =2,
Vi,j — Vk+2,j = Vk,j — Vi+1,5 + Vk+1,j — Vk+2,5
J J 2j

< AT — < -

STt ) T ) S ) e
because the sequence decreases. O

Theorem 7.13. Fix j € Nand let C,, ; be defined by (7.23). If ¢(x) = x/(1 + x), then there exists a
constant C such that, for each f € Cy oo (I) and every n € N, one has

€)= 1l < Cw(1. =),

where w?(f, t) is given by (6.15).
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