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Weighted approximation by generalized Baskakov operators
reproducing affine functions

JORGE BUSTAMANTE*

ABSTRACT. Some extension of the Baskakov operators are introduced. The new operators reproduce affine func-
tions. The rate of convergence of the associated approximation process is obtained in polynomial type weighted spaces.
A Voronovskaja type result is included.
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1. INTRODUCTION

Fora >0, |t|< 1and n € N, let us consider the expansion

k
(11) 1 — t Zpk a k' R pk’a(n) = A <Ij> (n)iak_i7
where (n)o = 1, and fori € N,

(1.2) (n)i=nn+1)---(n+i—1).

If we take t = z/(z + 1), then

eaz/(achl)(l + l,)n _ pk,]z'(’ﬂ) (1 —'ﬂi m)k'

k=0
For a > 0, Mihesan [4] defined

Bi(/. ) ZWsk (%),

where
o (@) = e—ax/(z+1) Pra(n)z” 5

k(1 4 z)ntk
These operators have been studied by several authors, for instance see [1, 2, 5, 6]. Since py o =
(n)y (case a = 0), the Mihesan operators BY agree with the classical Baskakov operators. The
Mihesan operators preserve constant functions, but do not reproduce affine functions. That is

the reason why in this work we introduce a new construction. In what follows, for n > 1 set

kpr—1,a(n+1)

1.3 oo =20 and e =
( ) Y ,0 Y k pk,a(n)
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for k € N. For n > 1, we define the positive linear operators C( f, ) by the equation
Crlfix) =D flya ) Wi (@),
k=0

whenever the series converges. Sometimes, we also use the notation BZ(f(¢),x) instead of
B2(f,x). We prove in Proposition 4.2 that this operator reproduces affine functions. In this
paper, we present some approximation properties of the operators C? in a weighted space
C4[0, 00) defined as follows:

For a fixed real ¢ > 0,

Co,10,00) = {1 € C10,00) : |Ifllg, < oo}
where
0q(x) = 1/(1 + x)*
for x > 0 and
1fllog = sup [o(x) f ()]
z>0

The work is organized as follows: In Section 2, we collect several known results. In Section 3,
some properties of the nodes yj, ; and the coefficients of C}; are given. Section 4 is devoted to
verify that the operators Cy; are well defined in the weighted space Cp, [0, c0) and to estimate
the norm of the operators. The proofs of our main results depend on some properties of the

moments of the operators proved in Section 5. An upper estimate for the rate of convergence
to zero of [|C7(f) — fllg, is given in Section 6.

2. KNOWN RESULTS
Lemma 2.1 ([1]). Ifa > 0and n,k € N, then
Pk.a(n) = apr—1.a(n) + npr—1,a(n +1).
Lemma 2.2 ([4]). Ifa > 0,n > land x > 0, then

. B " B ax
(2.4) Bn(lvw) =1, Bn(t7x) _‘r+m
and
a _ ¢ (x) a o’z
(2.5) By((t—x)*,z) = n (1 T n(1+ )2 + n(l+ x)3)

Lemma 2.3 ([2]). If a > 0, there exists a constant C such that for each n > 1 and x > 0, one has

) J
29) Bi—ab0y <02l jepazay
Moreover
af(s 6 (1 +a)p*(x) 1
2.7) 0< Bi((t—a)f,w) < s (:17+n)

Theorem 2.1 ([1]). If a > 0and q > 0 are real numbers, there exists a constant M,(a) such that

B +1)7x)
M,(q) = sup sup —



32 Jorge Bustamante

Proposition 2.1 ([1]). Ifa > 0, r € [0, 1], there exists a constant C such that for each integer n > 1
and each x > 0,

1 n \" 1
By n) < (1) g
'N(14t)" n—1/ (1+ax)
Remark 2.1. It is known a similar result for a = 0. We can use the arguments in [1] to verify that, if
a > 0and r € [0,2] there exists a constant C' = C/(a, r) such that for n > 2,

| C
28 B”((l + t)r’x> = (14x)

Lemma 2.4 ([3], Proposition 3.3). Assumer > 0, m,p € Rand m —r +1 > 0. Then > 0 and

t >0, one has
t
t— )™
/ %(1 + u)Pds

3. PROPERTIES OF THE NODES AND THE COEFFICIENTS OF C}

|t —a |mHL

=1

m((l-i-x)p-‘v-(l—l-t)p).

Moreover, if a = 0, then

k
a —
yn,k - n
and we recover the Baskakov operators.
Lemma 3.5. Ifa > 0and k € Ny, then
k k ak

k
0< = —y%, <= — = .
I n(n+a)
Proof. For k = 0 the inequalities are trivial, because y;; , = 0.
(A) For k > 1, it follows from Lemma 2.1 that
1 1
0<pr-1an+1)= ﬁ(pk:,a(n) —api—1,a(n)) < Epk,a(n)-
Therefore
kpr—1,4(n+1)
pk,a(n)
(B) It follows from (1.1) and (1.2) that for £ € Nand k£ > 1,

=l ‘
DPk—1,a(n) = a1t 4 ; ( ; )(?”L)iak_l_z

k—1

1 k—1 .
=d"14n - ( ) >(n +1);aF 71
i

n 7
i=1 +

<

k
yf«f,k = n

kE—1 ;
< k-1 n k—1—i
a” "+ T E ( ; )(n +1);a

< Pr—1,a(n+1).
Taking into account Lemma 2.1, for k¥ € N with £ > 1, we obtain
Pr,a(n) = apr—1,a(n) +npp_1,4(n +1)
< apr—1,a(n+1) +npr_1,.a(n+1)
=n+a)pr-1a(n+1)
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and
k < kpkfl,a(n + 1)
n+a Dk, (1)

__.a
- yn,k‘

In the case & = 1 one has

It = T a(n)  nta
We have proved that
k a k k ak
0<—-— Yn,k < == =
n ’ n nt+a nn+a)
O
Lemma 3.6. Ifa > 0and k € N, then
yz,kws,k( ) =aWy n+1,k— 1( )
Proof. If k > 1,
—a kpr—1.a(n+1) ppa(n)zF1
@ wWe — p—ax/(z+1) ) ,
yn,k n,k(m) € x pkya(n) kl(l m I)n+k
— xefaw/(a%l»l) pkfl,a(n + 1)(Ek71
(k — D)I(1 + g)ntith-1
= aWiiq -1 ().
O

4. THE NORM OF THE OPERATORS IN WEIGHTED SPACES
Proposition 4.2. Ifa > 0, for all n > 1, one has
Co(l,z)=1 and Cat,x) =

Proof. Tt is clear that C¢(1,z) = BZ(1,z) = 1 (see (2.4)). On the other hand, it follows from
Lemma 3.6 that

oo
(e, Zynk (x)zzy'zk _SUZ k1 (

k=1
_CCZ k(@) =2 Ch(l,z) =
O

The following result can be proven in different ways. For instance, it is a consequence of [1,
Corollary 3.2].

Lemma4.7. Ifa > 0and m € N, forall n > 1 and = > 0 the series

@9) Bam.o) =5 (5) ' Weste)

converges.
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Corollary 4.1. Ifa > 0and m € N, for all n > 1 and = > 0 the series

(4.10) Cht™ @) = 3 (¥ Wi i (@)
k=0
converges.
Proof. It is a simple consequence of Lemma 3.5 and Lemma 4.7. O

Theorem 2.1 has an extension to the case of the operators C;..

Theorem 4.2. If a > 0 and q > —2 are real numbers, for each integer n > 2, C2((1 + t)%,z) €
C, |0, 00). Moreover, there exists a constant N,(a) such that for each integer n > 2,

ICR((L+ D)7, )llog < Ng(a).

Proof. 1f ¢ > 0, from Lemma 3.5, we know that

kN4
(L+ya < (1+2)
’ n
Hence, the results follows as a consequence of Theorem 2.1. Notice that
ko k(1
k kita)
n n+a
Hence, (see Lemma 3.5)

kA +a) _
n—+a

k
1+—<1+a+
n

Therefore, if ¢ € [-2,0),

LA R S CER I
(1+5) —(1+a)q( +4i)

It can be written as

(I +yns)? <
and the result follows from (2.8). O

Remark 4.2. Notice that, in Theorem 4.2, the condition n > 2 is only needed in the case ¢ < 0. But we
need some negative parameters q in the proof of the main result (Theorem 6.4).

Theorem 4.3. If a > 0, ¢ > 0 are real numbers, n > 1,and f € Cy,[0,00), then C(f) € Cg,[0,0)
and

1CR(Nllog < Na(@)If gy

where Ny(a) is the constant in Theorem 4.2.
Proof. If f € Cp,[0,00) and x > 0, it follows from Theorem 4.2 that

24(2)|Co(f, 2)| < 0q(@) | fllq Cr((1 + D)%, )
< Ny(a) I £llgq-
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5. ESTIMATES FOR SOME MOMENTS

Proposition 5.3. Ifa > 0,n > 1and x > 0, then

CZ((t—x _xzynk—i-l et R(@) — a?

<(+a) 902755”).

Proof. Taking into account Proposition 4.2 and Lemma 3.6, one has

Ch((t - 2)*,2) = CR((t — x)(t — ), )
=Ch(t(t —x),x) —2Ch((t —x),x)
=Co(t(t —x),x)

oo
— a a 2
=T Z y?L,k+1WTL+1,k(x) — .
k=0

On the other hand, using Lemma 3.5 and (2.4), we obtain

OSCﬁ((t—x _xzynk+1 +1k( z) — a?

k+1
<£L'Z n+1k() $2

<E+x — 22

n n+1k

T n+1
=—-+tx By (tx) - a?
I (n—i—l)( azx ) 9
“n T Utarnare/) "
- (n+1)x2+ az? _ 2
n n (n+1)(1+42)
_ac—l—xQ axr?
oo n(l+x)

2z azx
_e )(1+ 2)

n (1+x)

(1+a)p?(x)
< " .

35
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Proposition 5.4. If a > 0, there exists a constant C such that for n > 1 and x > 0, one has

Co((t = o) 2) < 0D,

n2
3
a 3 <)0 (I)
Ca(—af,2) < 0 2520,
6 4
a 6 ¢°(z) | 1+ 2)p*(z) 1
Cal(t—2) ,x)gC( n3 * n3 (x—’_ﬁ))
Proof. If k € Ng and = > 0, then
“ “ k k
|yn7k_‘x‘: yn,k_g—"_ﬁ_l“
ak k
§j+ *—m‘
n n
ark ax k
N
ar
SF-‘F(I—FG)‘*—J;‘

S s -0 W) <20+ 0 Y (G + (B -2) Ywew
k=0 k=0
4
=21+ a)* (5 + Bal(t - 2), )
<Q¢@

With similar arguments, we obtain

g(yz,k - ﬂc)6Wf:,k(J:) <25(1 +a)" g (%Z + (% — x)6> g’k(x)

= 25(1 + )" (%Z + Bo((t — x)G,x))

<C%w%@+}l+@wﬂ@(m+%»’

n3 n3

where we use (2.7). Moreover
Ch(lt = 2) < /Ca(lt — a2, 2)y/Ca(lt — 2], 2)

3
¢ ()
<C n3/2

The proof is over.
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For the proof of the Voronovskaja type result we need other computations. Set

[e.9]

k 2
Fa() =Y (5 = yis) Wii(a):
k=0
Proposition 5.5. Ifa > 0,n > 1and x > 0, then
2
O3t~ )%, 2) = Fi(e)  By((t — )%, ) + 22 )

Proof. 1t is easy to prove that
2
P@ (A o) = (F o % Ny
n (de"k(x)) o (n * n(l+ x))Wnk(x)
Taking into account Proposition 4.2, (2.4), and (2.5), the assertion follows from the equations

Ch((t = 2)*, @) = Fyi(x) = B((t — 2), )

= (yz’k—*-i-*—x) 'r?,k( )—Fﬁ(x)—BZ((t—x)Q,x)
k=0
0o . i k )
=23 (st = 1) (5~ ) Wiato
%) u k k ar " Qa1 e . )
_2162_0(yn,kn>(nxn(l+x)> n,k( )+n(1+$)kz_o(yn’kz+x) nk(x)
202(z) d k 2ax
= - a _ a a _ Ba B
n dx kZ:o Yn.k n) nilz) + n(l+x) (Cn(t — @, 2) n(t—z,7))
2¢%(z) d 20xB&(t — x, )
= —(Cnlt— B2(t — n
i (Cn( z,x) a( x,x)) T 7)
2¢°(x) d 20xBe(t — x, )
= — 7Ba n
n dx n(t =2, 7) n(l+ x)
20%(z) d  ax 2a2 22

n den(l+az) n2(l+a)?
. 2a¢%(x) B 2a1p? ()
- on2(1+2)2 n2(l+x)3

2¢%(z a a’x
T SOn( : (n(l T2 T aa +g;)3>

2% (z) a a’x 2% (z)
T T (1+n(1+x)2+n(l+x)3)+ n

= 2BY((t — )2, ) + 2@2(5”).

Proposition 5.6. Ifa > 0,n > 1and x > 0, then

2
0 < F%(z) < (2a* + 3a® + a4)g0T(2$).
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Proof. It follows from Lemma 3.5, (2.5) and (2.4) that

> k2 = a2k?
a _ a <
(y"’k n) n(T) < kz n?

k=0 =0
a® =k 2 .
= ﬁ (ﬁ -+ I) Wn,k('r)
k=0
a . 2a%z _, a?
_ ﬁg@z x) (1 n a n a2x ) 2a°c  ax n ﬁxg
n?> n n(l+z)2 n(l+2x)3 n? n(l+z) n?
a?p?(x) (1 a a’x 2ax
 n? {5+n2(1+x)2+n2(1—|—x)3+n(1+x)2+(1+x)}
2
p°(z)
(2+3a+a”) 3
(|
Corollary 5.2. Ifa > 0,n > land x > 0, then
2 2
L4 ;;E) —C(t—2)% 2)| < (a+ 3a® + 3a® + a*) wn(f) .
Proof. Taking into account Proposition 5.5, (2.5) and Proposition 5.6, we obtain
2 2 252
E) e a0 = |Z0 - Fro)+ B - o) - 220
n n n
2
a a - (x)
= |Ba((t — ), 2) - Fo(a) - L
2 2 2
() a a’x p*(z)
= 1 — F(z) —
n ( +n(1+a:)2+n(1+x)3> n(@) n
2 2
v (z) a a*x
n? ((1+x)2 - (1+x)3) n (@)
2
< (a+3a®+ 3a® + a4)L(2x).
(]

Proposition 5.7. If a,q > 0, there exists a constant C(a) (depending only on a), such that if n > 1
and f € ng [0,00), then

Proof. Taking into account Corollary 5.2, there exists a constant C'(a) (depending only on «)
such that for any z > 0,

0o@)f@) (£ cat - 2.)| < L9 g, 002 @) )

n
C(a
< “D 2,

This yields the result. U

2
\ Flog-

f(-)(“ojf') - H
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6. THE RATE OF CONVERGENCE
For f € Cp,[0,00) and t > 0, set
(6.11) K(f)o, = _inf (I =gllg, +t (I*"lg,)
“" geDlg,) o o
where

D(oq) = {g € Cp,[0,00) : g,¢" € AC10c[0,00), ¢*g" € Cp, [O,oo)}.

Theorem 6.4. Assume a,q > 0 are real numbers. There exists a constant C = C/(a, q) such that for
n>2and f € CQq [0, 00), one has

IC20) = fla, < CK(£7) -

q
where K(f,t)o, is defined in (6.11).

Proof. If x,t > 0 and g € D(g,), we will use the representation

t

ot) = g(z) + ¢ (@)(t — 2) + / §"(3)(t — s)ds.

x

It follows from Lemma 2.4,

[ =] <1920, | [ =
/t (t ; s) (1+ s)q—lds’
(t—x)?

= 1©*9" o,

< ll¥*g"llo, (L +2) "+ 1 +1)7h).

Taking into account Proposition 5.3, Holder inequality, Theorem 4.2 and Proposition 5.4, we

obtain
n(/: g"(s)(t — s)ds,ac)‘

<H<p29”|\gq
- x
H<P2 ”H

(a+aytenlt—o)%a) + Calt —2)* A+ )7 2))

( (1 4+ 2)T 1‘” +/Ca((1+ )22, 2)\/Ca(t — 2)3, ))

2 //
1
gcgllw ”Qq(x( 2 (14 a)
xT n

q-lL@))

2 1
=

<C!
? ”Qq( )

Since

Ctto2) ~ o) = B3~ 2) + 2 [ ")t~ )i, 2)
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from the previous estimate, one has

/: g (s)(t — s)ds‘,z)

2 1
<o, 12l
n

04(@)|Ci(g.2) = 9(@)| < 2yl@)Ci(

Therefore, taking into account Theorem 4.3, for any g € D(p),
ICR(f) = fllog < If —9gllo, +IICR(f —g ng +1CR(9) = gllo,

< (L4 Nal)If = gllog + *Ilwg "llog-
Hence, the assertion follows from standard arguments. O

In order to simplify the arguments, in the next result we only consider the case ¢ > 1.

Theorem 6.5. Assume a > 0and q > 1. There exists a constant C such that if n > 1, g € C30, 00)
and g, p%g", 0*g" € Cy, [0, 0), then

///||

2 " 2 1 3
+
-0 (Hso log + 1l°9" Il o N le°g

2 1
Y9
lexo - o- 22 < : 7,
9q

2n

Proof. For g € C?[0, ), we use the Taylor expansion

() = 9(e) + g @)t~ 2) + 50" @2+ 5 [ 9" (6)e— o)

to obtain the representation

t
Cilg.) - @ilg.2) = 5Ca( [ 9" ()t - 9ds.)
with
1
Qn(g,z) = g(z) + 59"(»"5)05(@ —z)% ).
We should estimate

c;-;([g"'(s)(t Z]/ msy(Z s)2ds

(A) Suppose 0 < (n+ a)z < 1. In this case, we consider the inequality

(] JTECICRD PR TENE RPN i) el G g mi e

For &k = 0 one has

Wﬁo(x)/o md& = W,‘io(x)/o s(1+s)7 ds
2?(1 +2)971
S e
<At

= Tl2
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On the other hand, if ¢ > 1, then

Yok (k/n — )2 o a I (k/n — 5)?
Z 20 [ i = e [ G

< Ci(1 4 x)?

)

n2
where the second inequality was proved in [2]. Therefore, for 0 < (n +a)z < 1

a a Cy
2q(2)|C3(9,2) = Qu(g, ¥)| < — —211°" 0,

(B) Assume that (n + a)z > 1. In this case, we consider the inequality

S [ oG alwee <169l | () e

Since 1/(n + a) < z, it follows from Proposition 5.4,

cal(t—a)fo) < 0 DL (L L)

n3 n

6
<c,? (393) .
n
Thus, we can use Lemma 2.4 and Theorem 4.2 to obtain

24(7) |Cr(9,2) — Qu(g, @

1
<50, (]/ as] )
1 3 /// 1+8)q 3/2
:§@q( ( 53/2 ds ,x)
1 (1+ a:)q—f‘/2 (14t)a=3/2
S (P (S L
" Ba(lt — af’,a)
:§||<P39W|\Qq< 3 (@) 3/2 \/Ca t—ux)8 \/ca (1 +1t)29-3, 1)
1 0g(7) ¥¥(x) -
3 m q 3/2
<Cs %0 oy (37 + 2 T (1 + )" )
g™
<G mm
We have proved that
||<p39///H

a o & 0
1Cr(g,) — Qn(g)HQq > ﬁH‘fgW”Qq + CGTQ(Z

Taking into account Proposition 5.7, we obtain

©*g" @ >
a a a " a
ez o~ 52 s||cn<g>—Qn(g)HQq+5 o( - cue - ,->)\
Oq Oq
2 I |‘L)03glll||9 2 N1
||<P log +CGW ﬁ”‘ﬁ 9"llog
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Corollary 6.3. Assume a > 0and ¢ > 1. If g € C*[0,00) and g, 0*g", g € C,,[0,0), then
2 1

n(Cilg) - g) - £

=0.
2

9q

lim
n— oo
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