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1. INTRODUCTION & MOTIVATION

In [2], the author proves existence-uniquness of co-harmonic functions in the viscosity sense
for a large class of Grushin-type spaces. Specifically, for each point p in the class of Grushin-

type spaces, the tangent space at p = (x1, %2, . .., ;) is defined by vector fields of the form
0 0
Qi(p)()xi =Qi(z1, .. -,2131'—1)87%7

where )1 = 1 and for each 2 < i < n the functions (); are polynomials determined only by
the first i — 1 coordinates of p. In [8], the authors obtain existence and uniqueness results for
oo-harmonic functions in the viscosity sense in spaces whose tangent space at each point p is

defined by 5% forl <i<m < nand

0 0

J(p)a—xj = a($1,...,xm)a—xj

for m +1 < j < n, where ¢ is a C? function satisfying certain assumptions on its zeroes. In the
current article, our objective is to expand upon and generalize both results to a broader class of

Grushin-type spaces. In particular, we seek to show that the Dirichlet problem
Acow=0 inQ
(DP) { w=g on 0f)

will possess unique viscosity solutions when posed in bounded domains 2 in Grushin-type

spaces whose tangent spaces are determined by
0
Pk(Zh s 7xk—1)87xk7

where py, is an arbitrary function subject to mild technical assumptions.
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The layout of the paper will be as follows. In Section 2, we will explore details of the
Grushin-type spaces G, pausing to mention previous examples of such spaces and their re-
lation to the current situation, and then introduce notions of distance and calculus. In Section
3, we define notions of viscosity theory for elliptic equations and give results relating Euclidean
elliptic jets to their Grushin counterparts (see Section 3 for definitions). We conclude with Sec-
tion 4, in which we will prove that solutions to (DP) exist and are unique. The uniqueness
of solutions requires us to produce useful estimates via a maximum principle; we then utilize
these estimates to prove a comparison principle for sub- and supersolutions of (DP).

2. GRUSHIN-TYPE SPACES

To construct the Lie Algebras which are of interest to this paper, let n > 2 be given and,
fixing any p = (z1,...,2,) € R", consider the frame X := {X;, Xs,...,X,,} consisting of the
vector fields

0
2.1 X _
(2.1) 1(p) dz
(that is, we decree p; = 1) and
0 0 .
(2.2) Xj(p) = pj(p)iaxj = pj(w1, 20, ... ’”jj‘l)iaxj (2<j<n).

We will assume that for every 2 < j:

(A) Each function p; is Euclidean C? (denoted C2_, for what follows).
(B) The set of zeroes for each p; is given by Z; x R" 79+ where Z; is a discrete subset of
R/~
The papers [2, 5] considered the stationary co-Laplace equation in these spaces under the addi-
tional assumption that each p; is a polynomial; in [8], the co-Laplacian was studied in the case
that p1,...,pm = 1 for some m < n and that p; = o for all m < j, where o € Csud(]Rm). The
fundamental solution to the p-Laplace equation was explored in [9] when the functions p; = pi,

for all 2 < j, k are chosen to be monomials in z;; a similar study was made in [3], with
p;(p) = C<Z($z - 01)2) )
i=1

where 1 < m < jand for ¢, k, a; € R with ¢ # 0. (Note we will require k£ > 4.)

The Lie Algebra g := span X may be endowed with a singular inner-product (-, -) that makes
X orthonormal. We then consider the space G which is the image of g under the exponential
map, and we denote points of G also by the n-tuples p = (z1,...,z,). One consequence of
this definition is that these spaces are not groups: Indeed, dim g at p is n when every p; # 0;
otherwise, dim g < n.

The natural metric to impose upon G is the Carnot-Carathéodory (or CC) metric

1
2.3) doc (pq) = inf / I ®)ldt,
~el’ 0

where T is the collection of all curves ~ satisfying (i) v(0) = p,v(1) = g and (ii) 7' € g. Because
some vector fields X; and their derivatives may vanish at a point, Chow’s Theorem (see, for
example, [10]) may not apply. However, since X, is always nonzero, points of G can always
be connected by concatenating curves and so I # () and dcc (-, -) is an honest metric. We may
therefore define balls in G by

B(po,r) :={p€G: doc (po,p) <r}.
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Given a smooth function w : O — R where O C G is open, the gradient of w in G is defined

by
Vew = (X1w,..., X,w)

and the second derivative matrix (D?u) " is the symmetric 7 x n matrix whose entries are given
by
1
[(DZ’LU)*]M = 5 (Xngw + Xngw) .
We also have notions of regularity:

Definition 2.1. A function u : O — R is said to be C%(O) if Xyu is continuous for each 1 < k < n.
The function u is CZ(O) if X¢Xyu is continuous for each 1 < k, ¢ < n.

The function spaces L*, L}, whr, WO1 * and I/Vli’cr for1 < r < o over G mimic their Eu-
clidean counterparts.

3. VISCOSITY THEORY FOR ELLIPTIC EQUATIONS

Throughout this article, we will have need of multiple operators; we will define them in the
current section for the sake of convenience. First we have the p-Laplacian which, for smooth
functions w, is given by

Apw = —div (|| Ve w|[P* Vg w)
=— <| Ve w|P 2 tr(D*w)* + (p — 2)|| Vg w|[P~* <(D2w)* Ve w, Vg w>)

for 1 < p < oco. The formal limit of the p-Laplacian as p — oo is the oco-Laplacian
Asw := — ((D*w)* Vg w, Vg w).

We also define Jensen’s Auxiliary functions (see [13]) for G: Given some ¢ € R, these are the
operators
FE (p7 Vg w, (DQw)* ) := min { | Vo w(p)||? — €%, A w(p)}
and
G° (p, Vg w, (DQw)* ) := max {52 — || Vg w(p)||2, Ao w(p)} .
These last two operators may also be thought of as functions mapping G x g x ™ into R, and
so we represent any of the above generically by the function# : G x g x S™ — R.
The elliptic equations which we wish to solve are of the form

(3.4) Huw(p) = H(p, Ve w, (D*w)") =0,

where it should be noted that # in each of the four cases above exhibits a property which [12]
calls proper: Specifically, for each pair of matrices X < Y in S"and allp € G,n € g, we will
have

H(p,n,Y) < H(p.n, X).

Fixing any py € O C G for an open set O, and a function v : O — R, we may now intro-
duce two collections of functions necessary to viscosity theory: The “touching above functions”
T A(u, po) consisting of all ¢ € CZ(0O) satisfying

0 = ¢(po) — u(po) < ¢(p) — u(p) near po;
and the “touching below functions” 7 B(u, py) consisting of all ¢» € CZ(0) such that

0 = u(po) — ¥ (po) < u(p) — ¢(p) near po.
As in [8], we then may define viscosity (sub-/super-)solutions.
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Definition 3.2. Let Q € G be given. A function v € USC(RQ) is a viscosity subsolution of Equation
(3.4) if for each py € Y and every ¢ € T A(u, po) the inequality

Ho(po) <0

is satisfied. Functions v € LSC(Q) are said to be viscosity supersolutions of (3.4) if for each py € Q and
every ¢ € TB(v,po), we have

Hp(po) > 0.

Functions w € C(Q) are called viscosity solutions of (3.4) if they are both a viscosity sub- and superso-
Lution.

Remark 3.1. In the case that H = Ao, we shall use the term oco-(sub-/super-)harmonic to refer to the
viscosity (sub-/super-)solutions of (3.4).

Remark 3.2. In the case that H = A, care needs to be taken in the p < 2 case due to the singularity
which occurs when || Vg w|| = 0; however, since our aim is to use viscosity solutions of the p-Laplacian
to produce an oo-harmonic function, we only concern ourselves with the case p > 2.

The notion of viscosity (sub-/super-)solutions may be equivalently restated. For a given
function u : O — R, we may define the upper jet

J>Fu(po) = {(VG d(po), (D*¢)" (po)) : ¢ € TA (U(Po))}

and lower jet
T2 u(po) = { (Ve t(po). (D) (po)) : ¥ € TB (u(po)) } = — I (=u)(po).

By 7 u(po) we will denote the collection of all (1, X) € R™ xS™ such that there exists (px) C G
and (nx, X) € J?T u(px) which satisfy (pg, u(pr), 7k, Xx) — (po,u(po),n, X) as k — oc; a

similar definition is made for 7' u(po).

Definition 3.3. Let Q € G be given. A function u € USC(RQ) is a viscosity subsolution of Equation
(3.4) if for every pg € €,

H(p()?naX) S 0

forall (n,X) € 7 u(po). A function v € LSC(R) is a viscosity supersolution of (3.4) if —v is a
viscosity subsolution of (3.4), and a viscosity solution of (3.4) is a function w € C() which is both a
viscosity sub- and supersolution of (3.4).

The advantage of this second definition is that we can easily state the following result which,
for a given function v : O — R and py € O, relates the Euclidean upper jet Ji’lzu(po) to
J?T u(po). The proof in [2] relies upon producing Grushin second-order Taylor Polynomials for
C2 functions and then utilizing the twisting terms and factors in these polynomials to deduce
the twisting necessary for jet entries (cf. [6, Corollary 3.2]). The proof is not significantly altered
by replacing the vector fields considered in [2] with our frame X.

Lemma 3.1 (Elliptic G Twisting Lemma). Let O C G be open, let v : O — R, and let py € O.
Suppose that (n, X) € Jfl;:qu(po): Then

(35) (A(po) - m, A(po) - X - AT(po) + M (1,p0)) € J** u(po),
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where

1, k=1=¢
(3.6) (APo))ye = prlp), 2<k={(<n

0, otherwise
and

3 e, L <k
(37) (M. po))ge =\ 1 Lok Pe, k<t
0, otherwise.

Given the properties of the collections J** u(pg) and J?~ u(py), a similar relationship holds
for J2 - u(po) and J>~ u(po).

eucl

4. EXISTENCE & UNIQUENESS OF co-HARMONIC FUNCTIONS

Consider the Dirichlet problems

Few =01in
(48) { w =g on 9N’

Gfw =01in Q
(*9) { w =g on 0N’
and

Asw =01in Q
(DP) { w =g on 0§’

where € G is a domain and we always assume that g € C(912). We will use the Problems
(4.8) and (4.9) to show that Problem (DP) possess a unique solution. Our first task is to extend
our notion of viscosity solutions to Dirichlet problems.

Definition 4.4. Let H : G x R™ x 8™ — R represent one of the operators, Ay, Ao, F¢, 01 G° (€ € R);
suppose that ), g are as above and that we are given the Dirichlet problem

Hw =0 in
{ w =g on N

A viscosity subsolution u to such a problem is a viscosity subsolution to the equation Hu = 0 which
also satisfies u < g on 0. We define a viscosity supersolution v to the Dirichlet problem similarly. The
function w is a viscosity solution to the Dirichlet problem if it is both a viscosity sub- and supersolution
of the problem.

From here, we proceed as follows: We prove that each of the Problems (4.8), (4.9), and (DP)
possesses a viscosity solution; with existence proven, we show that Problems (4.8) and (4.9)
support comparison principles which verify that solutions to these two problems are unique;
and finally, we exploit relationships between the Problems (4.8), (4.9), and (DP) to show that
the solution to (DP) is unique.
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Existence of solutions to the three Dirichlet problems above is standard and, following the
approach of [7, Theorem 4.1], we condense the results supporting this finding into one theorem.
As in [7], the proof follows the layout of [1, Section 4].

Theorem 4.1 (Existence of co-Harmonic Functions). The following are true:

(A) Lete e Randp > 2. Ifu, € C(Q2) N Wlé’cp(Q) is a weak (sub-/super)solution to the p-Laplace
problem

(4.10) { Ayw=0 inQ

w=g ondd ’

then uy is a viscosity (sub-/super)solution to (4.10).
(B) Let uy, be as before. Then, possibly passing to a subsequence of (uy)p>2, there exists some
Uso € C(Q) NW,2°() so that

loc
Up — Uoo Uniformly in Q

asp — oo.
(C) The function u from the previous item is a viscosity solution of one of (4.8), (4.9), or (DP),
the choice of problem depending only upon e:
(i) Ife > 0O, then us is a viscosity solution to Problem (4.8).
(if) Ife < 0, then us is a viscosity solution to Problem (4.9).
(iii) Ife = 0, then u is a viscosity solution to Problem (DP).

It only remains to prove comparison principles and to employ the relationships between
viscosity solutions of (4.8), (4.9), and (DP). To simplify our presentation, we divide our work
between the Subsections 4.1 and 4.2.

Remark 4.3. Theorem 4.1 was recently proved for general sub-Riemannian spaces in more generality
in [11].

4.1. Estimates for co-Subharmonic & co-Superharmonic Functions. To start, we require a
penalty function which is suited to match the geometry of our family of Grushin-type spaces:

1 n
Oryrn(0,0) = p7(p,q) = 3 ;Tk(xk —y)?

Utilizing the Iterated Maximum Principle of [2] and its corollaries, it was shown in [8] that, if
u € USC(Q2) and v € LSC(f2) possess the property

sup(u — v) = u(pg) — v(po) >0

peEQ

at some py = (29,...,2%) € ©, then denoting 7 := (71,...,7,) where 7, > 0 there exist

(pz,q2) C Q x Q so that

lim --- lim (u(pz) —v(gz) — ¢z(p, q)) =u(po) — v(po)

(411) - Ty —>00 ' T1—00 '

lim --- lim ¢z(p,q) = lim  pz(p,q) =0

Tn —>00 T1—>00 Tl,..‘,Tn*)OO
and, writing p- = (27,...,27) and ¢z = (v],...,97),
o : _ 0 0 .7 7

Doy = T;}E}loo . ﬂ]gnoop; =(2], . T Ty s Tyy)
(4.12) . . o . - -

Grpyry = Hm - lim gz =(27, ..., 20, Ypy1s -5 Yp)

Tk —> 00 T1—>00
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for each 1 < k£ < n. Additionally, these limits will hold true even if the order of the iterated
limits is changed (although the sequence (pz, ¢z) may change). The Iterated Maximum Princi-
ple and the results above are not dependent upon the frame X; hence we may utilize Equations
(4.11) and (4.12) freely in the lemma below.

Lemma 4.2 (cf. [8, Lemma 4.4]). Let u,v, o7 and (pz, g) be as above. Assume that at least one of the
functions u, v is locally G-Lipschitz. Then:

(A) There exist (nt,Xz) € T ulps) and (n=,Y7) € T v(gs).
(B) Define (poq)y, to be the point whose k-th coordinate coincides with q and whose other coordinates
coincide with p, in other words,

(pOQ)k = (xla ooy Th—1yYks Tht1y - - - 71'77,)'
Then for each index 1 < k <mn,
(4.13) |2 — yr| < dec(pr, (pr © ¢7)i) as T, — .

In particular, 7y, |z, — y,| = O(1) as 7, — oo.
(C) The vector estimate

(4.14) [[InE11? = [In=1?| = o(1) as 7, — oo forall k <n
holds.
(D) The matrix estimate
(4.15) (Xz-nt nt) — (Ve nz.,nz)=o0(1) as 7, — oo forall k < n
holds.

Proof. The proof of the first two items proceeds precisely as in [8]. We will instead focus on the
crucial differences in our proof of Items (C) and (D) arising from the frame X.

Item (O).

Owing to [12, Theorem 3.2] and Lemma 3.1 (The Elliptic G Twisting Lemma), we have that

nt =A(pz) - Dewa(p)p7(p7: ¢7)
Nz =A(qz) - —Deud(q)p(P7; q7)

Direct calculation shows
0 0
Tm@?(pﬁq;) = ez} —yp) = —@W(Pﬁ qz),

so we conclude that

R
i Te(Tp — yp)pe(pz), 2<k
and
= { TCET AT
i Te(2], — yp)oe(az), 2<k

This leads us to:

(4.16) Mnd 1% = lInz 1] = 7k — ui)? ok (p7) — Pr(a7)] -
k=2
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Fixing any 2 < k < n, observe that by Equation (4.12) we must have

lim - lm 72 (xf — ui)? |k (p7) — pi(a7)| = ok (Y, .. 2l 1) — pr(al, ... 2f )]
Tk—1—00 T1—00

<7 (2], — yp)?

0.

Applying the above to Inequality (4.16) and utilizing the terminology of Equation (4.12),
T1—>00

n
lim |0t (1> = Iz 11°] =D w5 — vi)? |0k (or) = pic(am)|
k=3

T2—>00 T1— 00

n
lim lim ’Hn;HQ - Hn;HQ‘ :ZTIE(‘Z‘;@- - yg)Z ‘pi(pﬁfz) - pi(qﬁﬂ'z)’
k=4

Jtim e T (= oz 7] =70 = )2 05 (0 maa) = PG )|
tim e i [nf 2 ] =r2en - )2 R Gats o aho)) = 2, ahy)|
=0.
From this, the limit
im --- li 12 = Iz |I?] =
im s lim ([l )* = fInz (2] = 0

is clear.

Item (D).

We begin by decomposing the left-hand side of the Estimate (4.15) into two terms:
(Xeondond) = (Veonznz) =h+ 1

where, invoking [12, Theorem 3.2] and the Elliptic G Twisting Lemma once again, we have
defined

I := <(A(p?) - X AT(W-)) '77:5,77;> - <(A(qF) Yz AT(Q?—)) '77;7775>
(recall that X -, Y= are a result of [12, Theorem 3.2]), and
I := (M (Deya(p)p7(p7: a7), p7) - 12,02 ) — (M(Deyai(q)07(P7,47), 47) - 7 117 ) -
Writing € := A(pz) - eand & := A(gr) - & to represent twisting according to Lemma 3.1,

<(C-¢ Q).

Here, ¢ := nj{ @®n= € R*" and C is a 2n x 2n matrix resulting from [12, Theorem 3.2] which can
be represented in block form as
B -B
(5 %)

T +25TE, k=t
[Blke '_{ 0, k£ 0

I

(4.17)

where we define
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and ¢ > 0 is an arbitrary parameter resulting from the theorem of [12]. The definition of C and
B and Inequality (4.17) together yield

I < <B S(nF —nz), (nE —77;)>
(4.18) - 2 2 2 2 2/ 7 712
=) (7 +267;) - (Pk(l’?) - Pk(fﬁ)) T (T —yR)”

k=2

Since the terms on the right-hand side of (4.18) contain no factors 7y for £ < k — 1,

. . 2 7 7
(4.19) lim --- lim (7 + 2(57’,?) . (pi(p;—) — pi(q;)) T,f(xk — yk)2 =0.

Tk—1—>00 T1—00

Equation (4.19), work similar to what was employed in Item (C), and Inequality (4.18) therefore
show that

(4.20) lim - lim I; =0.

Ty, —>00 T1—00

It remains to show that I, tends to 0 as 7, — oo for all 1 < k < n. Recalling the definition of
the matrix M (-, -) from Equation (3.7), we may calculate directly the first entry in both of the
inner-products defining I,. Writing M, and M , to refer to the matrices resulting from M(-,-)

evaluated at (Deya(p)07(p7, 47), 7) s (Deuai(q)97(P7, 47), g7) respectively:

1~ (O FA\2 _
22((%1%) (p7) - 70 (x5 — i) h=1
h—1
421) (M, nfli=4 1%2(0 L
@20 L= O () )l — ) el )
=1 ¢
15~ (2 9 7 72
+§ Z Tpéph (p7) - 17 (x5 —yz) h>2
¢=ht1
and
1 dpe 7
330 (5200 () r2taf — h-1
1=
h—1
422 M, 5zl =14 15 (9 e e
42 Mozl = ) ST (2 an) el = 7)o~ )
=1
1 . T T
3 Z <3prh> (g7) -T2 (xg —yp)? h>2
(=ht1
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Owing to Equations (4.21) and (4.22) and the observation that M-, -) is symmetric, we may
calculate I5 as follows:

h=2 (=
n—1 n
1 Ipe
+= =peph ) (p2) - (@] — uh) - (@] — yP)?
2 Or
h=2{¢=h+1
1q~(9p 7T LT
52 (500 ar) e~ o mlel = )
=2
n h—1
1 Opn
52 (et ) ar) el o) el o)
h=2 (=1
n—1 n
1 Op
55 Y (k) () malef ) 2 GaT o
h=2{¢=h+1

The sums above may be combined as follows.

2 = ZTe —yi)? (el —yi)- ((gz pe > (p7) — <g§1 Pe> (%))

n h—1

@29+ Sl o) wfel o) ((Geet) o) (Gtoet) @0)
+:§é§lm(xi o) wttaf P ((Smet) (o) - (500t ar)).

Denote the terminal factor in each of the three sums of (4.23) evaluated at (p, ¢) €  x Q by

Ti(p,q) = <2Zpe> (p) — <2Zpe> (9)
Shelpra) = (ggiphp?) (p) — (ggiphp?) (9)
Stv.a) = (oot ) )~ (gecont) @

respectively, in order of their appearance in (4.23). Recalling 71, (], — y}) = O(1) as 7, — oo for
every k < n, we invoke Equation (4.12) to conclude:

e Forl <k</(-1,

424) lim - lim (2] —y7)* (el = o)) Te(praz) ~ 727 =90 To(Prio o G-

— 00 T1—
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e For/ <k<h-1,

(425) lim --- lim Th(xh yh)z'Tf(xj_yj)'Sflbé(pFaQ’F)NT}%(x;z?_y}i)Q'Sflbé(pﬁ,mﬂ'k7%’1,---;‘%)'

Tl —> 00 T1—0Q

e Forh <k</(-1,

(426) lim - lim TZ( ?—y?)2~7h(xz—yﬁ)-5ﬁe(p;,q;) NTg(x?_y;)2.S%LE(pTl:“wTk7quwn;Tk:)'
Tl —> 00 T1—00
Since py, depends only upon z1, ..., z5_1,

To(Pry,...rpsQr1sm) =0 whenk=/¢-1
S}y Gryrm) =0 whenk=h—1

Si%é(pﬁ,nwﬂc»q7’1>~-~,‘l’k) =0 whenk=/-1

Iterated limits of > are now calculated from Equations (4.24), (4.25), and (4.26):

lim 20, ~ Y 2@} —yi)? To(pr,, qn)

T1—00 =3
n
+ZT2('1:;—L yh 'Sflbl(p7'1aq7'1)
n h 1
+3 > meleg — i) Tk = yi)* - She(pr )
h=3 (=2
n—1 n
+Z Z Th($;_yh) TZ( _yZ)2'S}2L€(pT1aQT1)’
h=2/{¢=h+1
n
Jim Tim 21, ~ ZTE 7= 90)? To(pryras 1 ma)
+ZTh Shl(p‘rl 725 47y, 72)

+ZT}%(3"; - y;)Q : Si112(pT1>T27qT1,T2)

n h—1

+ZZTZ _yé ( ‘Z—y;)Q'Sil(pleTquleTz)
h 4€ 3
+ZTZ l‘[ S2Z(p7'177'27QT177'2)

+Z Z Th yh ( Z_yZ)2'S}QLZ(p7'1ﬂ'27QT17Tz)7

h=3/=h+1
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lim lim lim 21, E 72 — 2. .
g3 50 T3 50 T 50 2 E ye f(pT17T2,T3vQT1>T2,Ts)
+ E 7—h Shl(pT1,T27T37QT17szT3)
T~ )2 Shal )
h yh h2\Pri,72,735 A7y 72,73

+ Z Ti%(x;; - y;)2 : Si1L3(pT1,Tzﬂ'37qT1,‘F2,T3)

n h—1

+ZZW 7y€ 2( h 79;)2 ’SilLé(pﬁmiTsathT‘zﬂ's)

h=5 (=4
n

+ZT€2("L‘? - y;)2 ’ S%f(p7'177'277'37q7'177'2,7'3)

+Z7—l _yé 'S??l(pﬁ,mﬂ's?%'lﬂ'zﬁa)
+Z Z Th ( _yl) 'S}%Z(pﬁ,ﬁﬁs’QT177'277'3)7
h=4 {=h+1
lim - lim 21, ~ Ti(:ﬂi—yi)2-T (pn, Tne2s s Taea)

Tn—2—>00 T1—00

7_" 7' E
+T ’I’L - n p7—17 5Tn—27 q7—17-~;7—n72)'

The the iterated limits presented above, partlcularly the final limit, imply that

lim lim --- lim 2[, =0,
Tn—1—200 Tp—2—>00 T1—>00
hence
lim --- lim Iy =0.
Tn —>00 T1—>00
This and the iterated limit (4.20) together prove Item (D). |

4.2. Comparison Principles. Lemma 4.2 can now be used to prove a comparison principle for
the operators 7° and G° defined in Section 3.

Theorem 4.2. Assume that u. is the viscosity solution to (4.8) proven to exist by Theorem 4.1; assume
also that v is a viscosity subsolution to Problem (4.8). Then v < un, on L.

Proof. Suppose to the contrary and recall that, since u«, is both a viscosity sub- and supersolu-
tion to (4.8), we will have v < g < uy on 02 by our definitions. It must be that

4.27) sgp(v — Uso) = V(po) — Uso(po) > 0.

[1, Lemma 5.1] and [1, Theorem 5.3] permit us to assume that there exists (-) > 0 so that
Fuos(p) = p(p) > 0.
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Taking the difference of Fu., and F°v on the sequence (pz, gz) C Q x €,
0 < plgr) <Fuos(gr) — Fv(pz)
(4.28) =min {||n; || - %, — (Ve -0z, nz )} —min {|Inf]* — &2, — (X -nf, i)}
<max { ||z [I> = [nF 1%, (Xz - nfnE) — (V= nz.m5 )}

Since us € C(2) N Wli’coo (©), the assumptions of Lemma 4.2 are satisfied — so we may apply it,
[1, Lemma 5.1], and [1, Theorem 5.3] and notice

(4.29) p(az) = p(po) >0
and
asTi,...,T, — 0o. We arrive at a contradiction by applying (4.28), (4.29), and (4.30). O

In the same manner, we can prove a similar result for the operator G°.

Corollary 4.1. Assume that u is the viscosity solution to (4.9) proven to exist by Theorem 4.1; assume
also that v is a viscosity supersolution to Problem (4.9). Then us, < v on Q.

The following properties of of solutions to (4.8) and (4.9) are evident from the definition of
the operators F° and G*:

o If u is a viscosity solution to Problem (4.8), then it is a viscosity supersolution to Problem
(DP) — that is, u is co-superharmonic.

o If u is a viscosity solution to Problem (4.9), then it is a viscosity subsolution to Problem
(DP) — that is, u is co-subharmonic.

We now state a lemma which relates solutions of (4.8) and (4.9). In light of the comparisons
above, the uniqueness of the co-harmonic function u, follows as a corollary.

Lemma 4.3 (cf. [1, Lemma 5.6]). Let u® and u. represent the solutions to Problems (4.8) and (4.9)
respectively. Given § > 0, there exists € > 0 so that

ue < uf <wug+0.
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