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Trigonometric derived rate of convergence of various smooth
singular integral operators
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ABSTRACT. In this article, we continue the study of approximation of various smooth singular integral operators.
This time the foundation of our research is a trigonometric Taylor’s formula. We establish the convergence of our
operators to the unit operator with rates via Jackson type inequalities engaging the first modulus of continuity. Of
interest here is a residual appearing term. Note that our operators are not positive. Our results are pointwise and
uniform. The studied operators here are of the following types: Gauss-Weierstrass, Poisson-Cauchy and trigonometric.
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trigonometric Taylor formula.
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1. INTRODUCTION

We are motivated by [2, 3, chapters 10-14], and [1, 4]. We use a trigonometric new Taylor
formula from [1], see also [4]. Here, we consider some very general operators, the smooth
Gauss-Weierstrass, Poisson-Cauchy and trigonometric singular integral operators over the real
line and we study further their convergencnce properties quantitatively. We establish related
inequalities involving the first modulus of continuity with respect to uniform norm and the
estimates are pointwise and uniform. We demonstrate detailed proofs.

2. RESULTS

By [1, 4], for f € C? (R) and a, z € R, we have by trigonometric Taylor formula

2.1) f(@) = f(a) = f (a)sin(z — a) + 2f" (a) sin? (‘"” 3 “)

+ /w [(f" @)+ f (1) = (f" (a) + f (a)] sin (z — 1) dt.

Forr € Nand n € Zt, we set

ay = r

(—1)"~7 < " >j", j=1,..m
-3 (—1§”' ( P )y j=0,

Jj=1
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that is

Cy (R) denotes the space of uniformly continuous functions on R, and C (R) denotes the
space of bounded continuous functions on R. Here we consider both f, f” € Cyy (R) U Cg (R).
Denote by

w1 (f,0):= sup |f(z)—f(y)|, §d>0,
z,yeR
|z—y|<s

the first modulus of continuity of f.
I) We define the smooth Gauss-Weierstrass singular integral operators ([5]). Let f € C? (R),
we define for z € R, £ > 0 the Lebesgue integral

Wre (f;2) \ﬁ/ (Za]f x—l—yt) dt

We assume that W,.¢ (f; ) € R for all z € R. We will use also that

W%dfw)=vég§:aj(/ f(r+ﬁﬁzfﬁ>,
i=0 o0

2
notice by —= [ e~ T dt = 1 that W,.¢ (;z) = ¢, ¢ is constant and

Wire (fi2) — \/j (ZO&]/ [ (x4 jt) — f(x))e_idt).

We set
22) o (2) = Wee (fio) — f @) — 7 ()3 ay (1—le ) TeR;
7=0

j=0,1,..,r € N.
IT) We define the smooth Poisson-Cauchy singular integral operators ([5]). Leta € N, 8 > ;-
and f € C? (R). We define for x € R, ¢ > 0 the Lebesgue integral

O‘Jf (x4 jt)
My (f32) / t2a 52(1) e e

where the constant is defined as

_ D(Baget
I(55) T (8- 356)
We assume that M, ¢ (f;z) € R for all z € R. We will use also that

My (f:2) WZ%(/ (i) 1€2a) dt).

7=0
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We notice by W 7 dt = 1 that M, ¢ (¢; z) = ¢, ¢ constant and

1
Mye (f;x) — (Z%/ flx+gt) = f(z )]Wdt>-

We set

J&t
(2.3) Az () := Mg (fi2) — f(x) —4f" (2)

P /Mm

T (34 1+ t20)°

204

E>0,z€R; 8> %,aeN;j:Ql,...,reN.
III) We define the smooth trigonometric singular integral operators ([5]) as follows. Let
£€>0,feC?(R),z R, B e€N; weset

1 sin (5> .
Tre (fiz) o= )\/ (Zagf +Jt) (tg) dt,
AN .
- (““ff)) e ()"

(by [6, p. 210, item 1033])

where

= 2¢~%r ﬁ/)’i —kwil .
prnet — k(B +Fk)!
Denote ;
281
A1 =27 (= B )" B zzl ]]M7
that is
A=\ €728

We suppose that T, ¢ (f;z) € Rforallz € R. Clearly, again it is

28
Sll’l
e -

and 7). ¢ (¢; x) = ¢, c is constant. We set

Q4)  Au(2)i=Toc (fi2) — f () — 4f" ( 12%/ “in ( )(si?tyﬁdt

where{ >0,z € R; 5 € N—{1,2};5=0,1,...,7 € N. Next, we present uniform approximation
results regarding the smooth singular operators Wie, My ¢ and T, ¢.

Theorem 2.1. It holds

(2.5) Az ()| < [|Az]l < w1 (f”+f,§)Z|aj|j2 { + ‘é\\?] =:Ay; £€>0, z€R
j=0
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And ||Ag|l o = 0,as& — 0. If " (x) = 0, then |W,¢ (f,x) — f(x)| < Agand Wi.¢ (f,x) — f (2),
as & — 0.

Proof. By (2.1), we get that

F(@+jt) = f (2) = f (2) sin (jt) + 2f" () sin? (J;)

x+jt
+ / [(f" (s) + f(s)) = (f" (x) + f (x))] sin (x + jt — s) ds,
or better

[+ t)— £ (2) = f (@) sin(jt) + 2f" (x) sin® (];>

+/0j [(f" (@ +2) + f(z+2) = (f (2) + f (2))] sin (jt — 2) dz.

Furthermore, it holds

Z% (a430) = £ @] = 7' (@) X agsin (i) 421" (0) 3y in (5 )
Jj=0

Jj=0

£3ay [0 w2 D) - (@) + T @)sin Gt - 2) d
— 0

or better
.

> oy [f (x+4t) — f ()]

J=0

=" (2) > aysin (i) + 21" (2) Y oy sin? <j2t>
j=0

7=0

+Z%J / (2 + jw) + £ (@ + jw)) — (" (2) + £ (2))] sinj (t — w) dw.
Call

Zaﬂ / (2 + jw) + f (@ + jw) — (" (@) + f (2))]sin j (¢ —w) duw,
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V¢ e R. Then, fort >0,
\RI<ZI%IJ/ |(f" (x + jw) + f (z + jw)) = (f" (x) + f (2))] |sinj (t — w)| dw
7=0

<Zlaj|g/ wi (" + f.jw) j (= w)dw (€ >0)
:;)mm?/ (f”+f, 535 )( w) dw

- 2 i Jw d
< i| g " 14+ — -
<Dl w10 [ ( n g)u ) duw

—wn (4 1,03 gl '/O'<t—w>dw+g/o'w2-1<t—w>2‘ldw

=0
T [ 2
—a (LY eyl | L2

j=0

r '_2 3
=w1 (f"+ £, lajl5° t+jt} :

=0

Hence (¢ > 0)
Bl <o (7 4+ 1,6) Jz;am[ it
Letnow t < 0, then
7 sgmm [ 107 @)+ 7 ) = (6 @)+ F @] sin (= )
simm/ouf” (o jw) + (2 + ) — (" &) + F (@) Jsin ¢ — w)| duw
<Z|a]|3/ wi (f"+ f,—jw) j (w — ) dw
—jz_jomju/t o (174 £.-0t ) w = o)
— <f"+f,s>i|aj|f/0 (1- 1) w-nau

wi (f"+ £,€) Z|O<J|] [/O(wt)dw+é/t0(0w)21(wt)21dw

7=0
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- 020 1
= (1O Dl [(w; : t+§6(_t)3]
. |2 (-t)°
=i (f +f,£>;0|aj|.7 PR
We found that (¢ < 0)
IRl < <f“+f,5>jioaj|j2 S+ (‘6?3].

Consequently, for ¢t € R, we obtain
RIS e (77 +£,6) Zmu[ LD

So, we have

(2.6) Zaj (x+jt) = f (@)] = £/ (2) Y _ aysin (jt) — 21" () Y a;sin® (j2t>:R(t).
j=0

j=0
We call
Ay (z) :=Wye (f,2) — f(z) = [ () j;oaj\/% (/_O:c sin (jt) efdt)
2.7) —2f" (x) Z;:aj\/% (/_Z sin? (‘7; efdt)

\/j/ ()efgdt.
/ Ye~ 3 dt
L

L (f"+£.9) Zlagla[ +|t|]] <t

Hence, we get that

| N

ﬁ\

IN

ﬁ\

f”+f£Z|aJ|Jr/ [ +‘|} i

" . 2 ] o 42
— i (f +f,s>Z|aj|f [2\/7?/ st [ sdt}

1 (" + 1.6) ZI%IJ [W/ t?e” dt+3§\ﬁ/ t*e” Edt}

7=0
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c e raSie [V [ (LY 0 a( )
36V/TE Jo (VE) ¢ )Zd@f)]

T - 3 —1 fe%e]
= " |4 2 *Z2d j(\/g) g 3 7Z2d
w (f +f,£);|aj|a / s LS [Tt

S

- w 1" - ol 7£ ]\/El
2 [€
| 4

p - . JVe
V(16 ) layl 5 —
;, Tl ey }

We have proved that

Ao (z)] S wi (f"+ € ZI%J[ g\\;] £>0,zcR,

Notice that A, (x) — 0, as & — 0. Next, we simplify the left hand side of (2.7). We observe that:
clearly, it is

/ sin (jt) ef%dt:O,j:O,l,...,r.
Furthermore, we have that
/_OO sin? <]2t> efgdt = 2/0 sin? (j;) eiédt
o ((IVEY E ()t 1 JVE
=2/¢ Sln2<<>>e ve) d — =izand — =: 8
\/ 0 2 \/E ( 2 1)
= 2\/5/ sin? (61 z) e dx

_\f N lf1<eﬁf_1>

R

B @) D W (for)— f )= 1" ()Y (1 - f) — As(a).

Consequently, we derive

The theorem is proved. O

We derive the following.
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Corollary 2.1 (to Theorem 2.1). Additionally, assume f" € Cg (R). It follows (£ > 0, x € R)

Wi ()~ o <o (" + £.6) Z| ol [§ + 2%
+ 11" o (Z o] (1 — e_jff)> — 0, as & — 0.
=0
Proof. By (2.5) and (2.2). O

We continue with the following result.

Theorem 2.2. It holds

wi (" +1,6¢€
~ 2L (35) T (8~ 25)

v Erb ()2 ()]

§>0,2 € R and B > 2, o € N. Notice that ||As|., — 0, as & — 0. If f"(x) = 0, then
|Mye (f,x) — f(2)] < Asand My¢ (f,z) = f(x),as £ = 0.

Proof. The proof is the same as the proof of Theorem 2.1 from start till equation (2.6). We call

Az ()] < [|Asll

T

By (a) o= Myg (£.) = £ () = £/ (2) 2 oW </_m i (1>5dt>

= t2a + 5204

. - o Jt 1
(2.9) —2f (x);oajw (/_OO sin2 (2> Wdt)

> 1
:W/_OOR(t) Wdt.

Hence, we get

|A

3
<Ww |R dt
t2a+§2a5
P R 1
<W/ ”—i—, o 2[—}—7&} ——dt
L (f fg)jom 5+ 6| | sy

2 .
o (" + 1,6) Zmuw/ [g+;€|t|3] e

t2a+§2a)
" 1
= (fT AL Z'%'J [ et L ey ‘”1
} 1 W1
— E - = dt+ I —d
=w1 (f + /€ e 0|a3|] [ t2(x £2a)5 b 3¢ Jo t(t2a+€2a)ﬂ t]
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T 2
_ " A2 —2af ¢2 > E ; (t>

%>2a+1

e [ )

e | (g e e
(67 +)

_ " : a2 3—2ap3 > i d M 3—2ap OOL

(41,93 losl [W& L w5

(by [7, p. 397, formula 595])

S s e [FEIT (= (2)) | T R)T (52
ST el ﬁ[ s s )1

=0

— 1" j: LT (8) agPef-lgd=2af T (%) r (5 - (%)) jT (%) r (ﬂ — %)
el +f’£)j 0|aj|j F(zi) ( _21,1) l : 20T (B) ) * ol (B) ]
f” +/8) Z & 3 3\, Jp(2 2
oo )T m) <3 (8)r (=)
We have proved that

AR D) H O]

£€>0,2€R;and 8 > 2, a € N. Notice that Az (z) — 0, as & — 0. Next we simplify the left
hand side of (2.9). We observe that: clearly, it is

*° 1
sin (jt) ————dt =0, =0,1, ...,
/—oo (t2a + £2a)ﬁ

Furthermore, we have that

W/ sin® (]t) ;ﬁdt

oo 2 (t2a+£2a)

=W2 / sin? (ﬂ> ;dt
0 2 (t2a + €2a)

e () et ) et
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—oag [T 1
B
r (B) a€2aB71 1—2af e SiIl2 ("Yx)
=9 Ssn” ()
HEnTT L el
201 (B) ® sin? (yx)
= d
F(zla)F(ﬁ—;a)/o (@2 1)
2al (B) © dr
7], p. 397, £ la 595
STEITO-D h ey OV 37 formin 59
_ 20T (B) I'(S)T(B-5)
P(3a)T(B-35)  20T(B)
for # > 5, o € N. Therefore it holds (j = 0,1, ...,7)

W[ () e
oo 2 (t2a+€20¢)6

where 8 > -5, o € N. Consequently, we get that

o T [e%e] Sil’l2 %t
5102 Mt (1)~ 1) = 48" 0) e O Yoo @i;%ﬁ
20 2a/ =0

=1

= AB( )
§>0,zeR; B> 5 ,a € N. The theorem is proved.
We give the followmg
Corollary 2.2 (to Theorem 2.2). Additionally, assume " € Cg (R). It follows (£ > 0, z € R)

" 2
1M (1) - mm_gfﬂﬁé?ﬁ)
2a

BRI C )

w sin? (%1
- FT EZIA/ )

+4 —————Zdt =0, as§ — 0,

£>0,8> 5, acN.
Proof. By (2.8) and (2.3), we notice that

s1n<]£)‘<j£t VteR,.

Hence, we get
sin (‘7§> ]th vVteR,.

Consequently, it holds

/W“*<€Qﬁ<j%2/w AR S8 N €9 A Gl €9)
0 o

(1_|_t2a)f6 - 4 1_|_t2a)6 8 aF(ﬁ)
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The last main result comes next.

Theorem 2.3. It holds

8@ < A, < LD
Lo L [r ) T e (L k203
x{;)'“” [ S25 - 3)! (;(_1)k(ﬂ—k)!(ﬁ+k)!>
i —@8) (<~ (1R R I 2k) Y
(210 "3 <(2ﬂ ol (,; CEBHCER A

€>0,z€Rand f e N—{1,2}.
Notice that || A4, — 0,as & = 0. If f" (x) =0, then |T,.¢ (f,x) — f (z)| < Agand T, (f,x) —
f(z),as&—0.

Proof. The proof is the same as the proof of Theorem 2.1 from start till equation (2.6). We call

. t 28
By (@) i=Toe (fra) zaw /OO sin (jt) (t(f)) dt

— 00

r 5 L4 2
(2.11) —2f" () Zaj/\_l /_O; sin? (g) <bmt(5> ) dt

=0

e [ =0)

Hence, we get

n(8))"
; sin ( &
<AT / 1(f"+ 1,8 Z|047|j { g€|t|3]]< t&) dt
(e 28
g )
r 1 e (N N AR
st () s [ (20)

=0
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r sin (&
=w1 (f//+f7§)2|aj|j2 55)

=0

A—l/ootQ
0

A~ 1g3-28 /OO (
0

e
() < >.]

(¢
)\1532;3/000362( -

t

=wr (f"+ £,6) Y laj| 52

=0

Mf & /ooo<

=wr (f"+ 1,6 lay] 52
j=0
(by [6, p. 210, item 1033]

t

§

t

§

)

28
) dt + A

)

28 S\ —1 o)
A .
> d:z:+]7§3725/ x3<
3 0

George A. Anastassiou

-1 sin (

t

)

. t
J 3

oy

))wd(

3¢

t

0

(¢
‘)

sinx

T

)]

r r [3 1 26 B kQﬁ 3
_ " a2 —1¢2
N —@8) (&K kk% FIn (2k)
Tt (8(2/3—4)! <kz_1 (B—K)(B+k)!
/3 1 25 kw 3

3)!

(f”+f, {Zl |2[“
i 2

(

We have proved that

|Ay (z)] < 70”/ ), {

[
")

(28 -
1)° 7" k26 ~41n (2

—(28)! (& (-
2 (B—k)! (B+F)

8(28 — 4)!

j
+3

T

ﬁ125
8(26 —3)! (

=)

R)L(B+ k)

=1

}

Z|O‘J|]

k2ﬁ 3
(ﬁ+/~c)>
1)~ ’“W 4 1n (2k)

[
+;(

>

1

!

N(B+E)

jii

£>0,z € Ryand B € N — {1,2} . Notice that A4 (z) — 0, as & — 0. Next, we simplify the left

hand side of (2.11). We observe that: clearly, it is

/ Z sin (jt) (bn(

t

e

)"
) dt=0,7=0,1,..,r
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Furthermore, we have that

0o in (L 2
At /_Oosm (J;) (Smt(g)> dt
S ; sin(5> * :
et [ sz((a;);)( ) o(L) Gmrama =
3

oo ; 28
:2)\fl/ sin? (yz) (su;m) dx

0

00 . 23
<o\! / (Smw) dz  (by [6, p. 210, item 1033])
0 X

B E26-1

:2)\1—17r(f1)ﬁ5 <Z (,1)1@ (ﬂ—k‘)‘(ﬁ—&—k)') =1,forfeN.

k=1
Therefore it holds (j = 0,1, ...,7)

28
[e%e) . sin L
xl/ sin? (g) ( t(f)) dt <1,

where § € N. Consequently, we get that

B () 20 Ty (fr) — £ (@) — 4" (a 12% [ s () (Sit“)wdt—mm,

where £ > 0,2z € R; 8 € N— {1,2}. The theorem is proved. O

We finish with the following.
Corollary 2.3 (to Theorem 2.3). Additionally, assume f"” € Cg (R). It follows (£ > 0, z € R)

w1 (f/l+f7£)§2
A1

o5 |7 (=) (28)! ok k203
{ZW [ 525 —3)! (;( b (ﬁ—k)!(6+k)!>
il —@8) (& (1) kP41 (2k)
+3(8(26—4)! <Z B—k)I(B+ )l M}
. 28
A ,\112|aj|/ sin? <t> (Sl?t> dt -0, as& — 0,

where { >0, 8 € N—{1,2}.
Proof. By (2.10) and (2.4), and from

sin (ft) J 5 15 2 vieR,,

”TT,& (f) - f”oo <
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we obtain that

242 B— 1 B 28—3
CJiE (m(=1)7(28)! k
=2 | Tsesoy) Zl R ) Y asEo
0
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