MODERN MATHEMATICAL METHODS M M M I

1(2023), No. 1, pp. 22-29
https://modernmathmeth.com/ I MODERN MATHEMATICAL METHODS

Research Article

Perov’s theorem applied to systems of equations

GABRIELA MOTRONEA®, DIANA OTROCOL*®, AND IOAN RASA

ABSTRACT. In this paper, we consider systems of equations having a linear part and also a nonlinear part. We give
sufficient conditions which imply the existence and uniqueness of solutions to the system. Using Perov’s theorem, our
results extend some results in the literature. An application using the iterative method, numerical experiments and
graphics illustrate the main result.
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1. INTRODUCTION

Consider the matrix

ail a2 A1m
A= ,
Am1 Am?2 ot Qmm
where a;j>0, 1,7 =1,...,m. Let f; : [0,00) = [0,00),7 = 1, ..., m be Lipschitz functions, i.e.,
(1.1) |fi(z) = fi(y)| < U]z —yl, 2,y € [0,00),

where | > 0 is a given constant. Systems of equations of the form

ayj;  Qaiz2 0 Qim Z1 fl(xl)
(1.2) : oo : =
Aml Am2 - QOmm Tm fm(-rm)

were investigated in several papers (see [1]-[9], [13]-[15] and the references therein). The exis-
tence and the uniqueness of a solution (z1,...,2,,) € [0,00)™ were established using, among
other results, Brouwer’s theorem and the iterative monotonic convergence method. Such sys-
tems appear frequently in applications.

Several real-world problems can be attacked using systems with the above characteristics.
The corresponding mathematical models involve also second order Dirichlet problems, Dirich-
let problems for partial difference equations, equations with periodic solutions, numerical so-
lutions for differential equations, all of them with important applications to economics. Details
can be found in the papers mentioned in our bibliography and in the references therein. In this

Received: 10.10.2023; Accepted: 27.11.2023; Published Online: 15.12.2023
*Corresponding author: Diana Otrocol; diana.otrocol@math.utcluj.ro

22


https://orcid.org/0009-0000-0432-2144
https://orcid.org/0000-0001-5926-7760
https://orcid.org/0000-0002-5206-030X

Perov’s theorem applied to systems of equations 23

paper, we consider systems of the form

a11 a2 -+ G1m f1($1) 1
(1.3) : oL : =
Am1  Am2 o Qmm fm (xm) Tm

In order to study the existence and the uniqueness of a solution we use Perov’s theorem.

2. PEROV’S THEOREM

Let (X, d) be a metric space and A : X — X an operator. In this paper, we use the terminolo-
gies and notations from [12]. For the convenience of the reader, we shall recall some of them.
Denote by AY := Idx, A' := A, A" := Ao A", n € N, the iterate operators of the operator A
and by F4 := {z € X| A(z) = z} the fixed point set of A.

Definition 2.1. A : X — X is called a Picard operator (briefly PO) if: Fy = {x*} and A™(x) — z*
asn — oo, forall x € X.

Definition 2.2. A : X — X is said to be a weakly Picard operator (briefly WPO) if the sequence
(A™(x))nen converges for all x € X and the limit (which may depend on x) is a fixed point of A.

Definition 2.3. A matrix Q € M,,xm ([0,00)) is called a matrix convergent to zero iff Q% — 0 as
k — oo.

As concerns matrices which are convergent to zero, we mention the following equivalent
characterizations:

Theorem 2.1 ([11]). Let Q € My, xm ([0, 00)). The following statements are equivalent:

(i) Q is a matrix convergent to zero;

(i) QFx — 0ask — oo, Vo € R™;
(iii) I, — Q is non-singularand (I, — Q) ' =L +Q+ Q*+ -+ ;
(iv) I, — Q is non-singular and (I, — Q)™ has nonnegative elements;
(V) A€ C, det(Q — Al,) = 0imply |A| < 1;
(vi) there exists at least one subordinate matrix norm such that |Q| < 1.

The matrices convergent to zero were used by Perov [10] to generalize the contraction prin-
ciple in the case of generalized metric spaces with the metric taking values in the positive cone
of R™.

Definition 2.4 ([10]). Let (X, d) be a complete generalized metric space with d : X x X — [0, 00)™
and A : X — X. The operator A is called a Q)-contraction if there exists a matrix Q € M, xm ([0, 00))
such that:

(i) Q is a matrix convergent to zero;

(ii) d(A(z), A(y)) < Qd(z,y), Vz,y € X.
Theorem 2.2 (Perov’s theorem). Let (X, d) be a complete generalized metric space withd : X x X —
[0,00)™ and A : X — X be a Q-contraction. Then,

(i) A isa Picard operator, Fy = Fan = {z*}, Vn € N¥%;
(i) d(A™(z),2*) < (Im — Q)"'Q"d(w, A(x)),Vz € X.
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3. MAIN RESULTS

Consider again the matrix A with a;; > 0,4,5 = 1,...,m and the functions f; :

[0,00),7 =1, ..., m satisfying the Lipschitz condition (1.1). Denote

T fi(z1)

x = , Glx)=A :

Tom fm(wm)
Then = € [0,00)™, G(z) € [0,00)™. The system (1.3) can be written as
3.4) G(z) = z.
For z,y € [0,00)™, let
lz1 — w1
d(z,y) = :

[Zm = Ym|

Then, d is a generalized metric and [0, c0)™ is a complete generalized metric space.

Theorem 3.3. Suppose that the matrix Q := A is convergent to zero. Then G : [0,00)™ — [0, 00)™
is a Q-contraction. Moreover, G is a Picard operator, Fg = Fgn = {x*}, «* is the unique solution to

the system (3.4) and
d(G"(2),2") < (In = Q)™ Q"d(z, G(x)), = € [0,00)".
Proof. Let z,y € [0,00)™. Then

lar1 (fi(x1) — fi(yr)) + -+ arm (Fn(Tm) — fin(Ym))|
UG (). G(y)) = ;
lam1 (f1(z1) = f1(1)) + -+ G (oo (@) = i (Ym)|

anl |z —y1| + -+ a1l [T — Yl

IN

amil |T1 —y1] + - oo + Gmml [T — Y
where < is understood componentwise. It follows that
|1 — w1
d(G(x),G(y)) < 1A : 7
Zm = Y|

and finally,
d(G(x), G(y)) < Qd(z,y), x,y € [0,00)™.

This shows that G is a @-contraction. We finish the proof by using Perov’s theorem.

Now let us consider the system of equations

T = f1 (anxl + ...+ A1mTm —|—p1)
3.5) :

T = fm (amlxl + ..t A Tm +pm)



Perov’s theorem applied to systems of equations 25

where, as before, a;; > 0, p; >0, i,j =1,...,m. Letz € [0,00)™ and

filenz + ...+ aimTm +p1)
H(z):=
fm (amlxl + .o T AT +pm)

Then the system (3.5) can be written as
(3.6) H(x)==.
With the same distance d as before, we can state:

Theorem 3.4. If Q := lA is a matrix convergent to zero, then H : [0,00)™ — [0,00)™ is a Q-
contraction. H is also a Picard operator, Fyy = Fyn = {x*} and x* is the unique solution to (3.6). For
each x € [0,00)™, we have

d(H™(z),2%) < (Im — Q)" Q"d(z, H(z)), n > 1.
Proof. For z,y € [0,00)™, we have

d(H(z), H(y))
|fi (@121 + ...+ aim@m +p1) — fi(@1y1 + .-+ G1mYm + 1)

|fm (amlxl + .o+ AT + pm) - fm (amlyl + ...t aGmmYm +pm)|

anl|zy —yi|+ ..+ el [Tm — Y|

< :
amil|zr —y1| + oo+ Gl [T — Y|
|1 — v
=IlA = lAd(z,y) = Qd(x,y).
|Zm = Yl
Therefore H is a Q-contraction and the rest of the proof follows from Perov’s theorem. O

Remark 3.1. In the above considerations, we need () := I A to be a matrix convergent to zero. Given the
matrix A, let pa, .. ., i, be its eigenvalues and let M := max {|pa],. .., |tm|}. Let 0 <1 < M. Then
the eigenvalues of Q are ly, ..., Uy, and |[lp;| < 1, j = 1,...,m. This means that Q is a matrix
convergent to zero.

4. APPLICATIONS

Consider the system of equations

1 2
3 log(z1 + 2) + 3 log(zo +3) = a1
4.7)

3 2
R log(zy +2) + R log(za + 3) = 29
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where z1, 3 > 0. Then, m = 2, fi(t) = log(t + 2), f2(t) = log(t + 3), t > 0. Since f(t) <

3, i=1,2,t >0, we can take | = 5. Moreover, the system is of the form (3) with
12
3 3
A =
3 2
5 5
and A has the eigenvalues 1 = 1, po = —%. Consequently, the matrix
11
6 3
3 1
10 5

has eigenvalues 1 and

_2
157

( il ) , the operator G has the form
2

according to Theorem 2.1, @) is convergent to zero. With 2 =

1 2
3 3 | [ log(z:+2)
G(z) = , T1,22 > 0.
302 log(w2 + 3)
5 5
According to Theorem 3.3, G is a Q-contraction and its unique fixed point z* is the unique

solution of the system (4.7). Let

(0)
o (o) a0

be given. Let 2(V) = G(2(?), 23 = G(zV),.... Then 2" = G"*(2() and
d(z™, 2*) = d(G" (2, 2*) < (I, — Q) ' Q"d(G(z),z®) — 0.

n— oo

In our case,

4\n 4\
1 1 9+10(—15)" 10-10(-1%)
@ =m A =19
: 4\n 4\n
9-9(—7)" 10+9(—7%)
and this gives an estimate of the rate of convergence in
i (M) %) =
nh_)rr;od(x ,x*) =0.
From z(**D = G(z(™), n > 0, we have
;L(l D~ 3 log(x(1 )+ 2) 4+ 3 log(wé )+ 3)

(4.8)
3 2
x(Q"H) = log(x(ln) +2)+ 5 log(x(Q") +3)

Choosing different values for x§°> and xéo), we get in Figure 1, Figure 2 and Figure 3 the itera-
tions and the representation of solutions.
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Iterations

T1
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0.1

25

Evolution graphic solutions

0.1
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1.3089932

1.2835545 2t
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1.3805765

1.3156634

1.3808495

Solutions

1.3157766

1.3808939

1.315795 |
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1.3809022

05 |
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= =
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1.3809024
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FIGURE 1. Graphical illustration ofthe iteratesfor x§°>=o.1, xéo):O.l.
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FIGURE 2. Graphical illustration of the iterates for x§°) =5, gcgo) =1.
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FIGURE 3. Graphical illustration of the iterates for x§°> =1, xéo) =1
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5. CONCLUSIONS AND FURTHER WORK

Our paper is devoted to a specific family of algebraic systems, having significant applica-
tions to real-world problems. Several papers from the literature are concerned with finding
approximate solutions to them. Our approach is based on the Perov’s theorem. This allows to
estimate componentwise the rate of convergence.

We intend to return to this topic in order to compare our results with other existent ones and
to find new applications.
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