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Inequalities for the normalized determinant of positive
operators in Hilbert spaces via Tominaga and Furuichi results

SILVESTRU SEVER DRAGOMIR*

ABSTRACT. For positive invertible operators A on a Hilbert space H and a fixed unit vector z € H, define the
normalized determinant by A;(A) := exp (In Az, z). In this paper, we prove among others that, if 0 < mI < A <
MI, then

31— A |A— L (m+ M)
M\ 2!~ m—m 3 A(A M
1<exp(InsS|(— )< — Mu—c( ) s
m —(Az,z) (Az,x)—m mﬁ
m~ M-m M M-m

forz € H, ||z|| = 1, where S (-) is Specht’s ratio.
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1. INTRODUCTION

Let B(H) be the space of all bounded linear operators on a Hilbert space H and I stands for
the identity operator on H. An operator A in B(H) is said to be positive (in symbol, A > 0) if
(Az,z) > 0forall z € H. In particular, A > 0 means that A is positive and invertible. For a pair
A, B of self-adjoint operators the order relation A > B means as usual that A — B is positive.

In 1998, Fujii et al. [3, 4], introduced the normalized determinant A, (A) for positive invert-
ible operators A on a Hilbert space H and a fixed unit vector z € H, namely ||z| = 1, defined
by A;(A) := exp (In Az, z) and discussed it as a continuous geometric mean and observed
some inequalities around the determinant from this point of view. Some of the fundamental
properties of normalized determinant are as follows, [3].

For each unit vector = € H, see also [6] or [7], we have:

(i) continuity: the map A — A, (A) is norm continuous;
(ii) bounds: <A*1x,x>71 < AL(A) < (Az,);
(iii) continuous mean: (APz,z)"'? | A,(A) for p | 0 and (APz, z)'/? 1 A, (A) for p 1 0;
(iv) power equality: A, (A') = A,(A)! for all t > 0;
(v) homogeneity: A, (tA) =tA,(A) and A, (t]) =t forallt > 0;
(vi) monotonicity: 0 < A < B implies A,(A) < Az(B);
(vii) multiplicativity: A, (AB) = A, (A)A,(B) for commuting A and B;
(viii) Ky Fan type inequality: A,((1 — o) A+ aB) > A, (A)'7*A,(B)* for0 < a < 1.
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We define the logarithmic mean of two positive numbers a, b by

lng:ilna’ b# a
L{(a,b) := .

a, b=a

In [3] the authors obtained the following additive reverse inequality for the operator A which
satisfy the condition 0 < mI < A < M1, where m and M are positive numbers,

(1.1) 0 < (Az,2) — Ay(A) < L(m, M) [lnL(m,M) n Ml“]\";* min M
-m
for all z € H, ||z|| = 1. The famous Young inequality for scalars says that if a,b > 0 and
v € [0,1], then
(1.2) a7y < (1—v)a+uvb

with equality if and only if a = b. The inequality (1.2) is also called v-weighted arithmetic-

geometric mean inequality. We recall that Specht’s ratio is defined by [8]
B, he(0,1)U(1,00)
(1.3) S(h) = e (n7T)

1, h=1

It is well known that lim;_,1 S (k) = 1and S(h) = S (+) > 1for h > 0, h # 1. The function
is decreasing on (0,1) and increasing on (1,00). In [4], the authors obtained the following
multiplicative reverse inequality as well

sl es(2)

for0 <mlI <A< MIandx € H, ||z|| =1.Since 0 < M~1T < A=! < m~'], then by (1.4) for

A~ we get
= e = (i) =5 () 7) =5 ()

which is equivalent to

(1.5) 1< % <S <M)

- (A, @) m

forz € H, ||z|| = 1. The following inequality provides a refinement and a multiplicative reverse
for Young’s inequality

(1.6) (alf”bl’ §) S ((%)7) al vy < 1-v)ya+vb< S (%) al vy,

where a, b > 0, v € [0,1] and » = min {1l —v,v}. The second inequality in (1.6) is due to
Tominaga [9] while the first one is due to Furuichi [5].
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2. MAIN RESULTS

Our first main result is as follows:

Theorem 2.1. If 0 < ml < A < M1 for positive numbers m and M, then

M\ 21w A= 3 (m |
(2.7) 1 <exp <lnS <(> ) o:,x>
m

Az(A)

—_ M—(Az,x) (Az,z)—m
m~ M-m [N M-m

cs(2)

Proof. Assume that ¢ € [m, M] and consider v = £=2 € [0,1]. Then

forx € H, ||z|| = 1.

in {1 ) 1 1 1 t—m 1
mn{l-—vrv}==-—|lv—=|==—|—— — =
’ 2 2 2 M-m 2
1 1 1

_2_M—m’t_2(m+M) :

—t t—m
1-— M = M=t

1-v)ym+v M—mm+ —

and

1— M_t t—m
myTV MY = mM=—m M M—m .

By using the inequality (1.6), we deduce

M-t t—m M %_Mim|t_%(m+M)| M-t t—m
(28) mM—m N M—m < S <) mM—m N M—m
m

<5 (M> i,
m

for t € [m, M]. By taking the log in (2.8), we get

M —t t—m
2.9 1 In M
(29) M—?”I”an_|—M—mn
M 3= a7 |t 3 (m+M)| M —t t—m
< -
_1n5<(m> +M7mlnm+M7mlnM
<Int

M M-t t—m
<1 — | In M
< nS(m>+M_m nm+M_m n
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fort € [m,M].If0 < mI < A < MI, then by using the continuous functional calculus for
self-adjoint operators, we get from (2.9) that

MI—A A—ml
1 In M
M i M—-m
M\ 2w A ] MI-—A A—mI
< - —
_ln5’<(m> +1an7m+lnMM7m
<InA
M MI-A A—ml
<l — ) I+lnm—— +InM
< n5<m> + nm-—r— +In T
which is equivalent to
M — (Ax, z) (Az,x) —m
PR M R
- |[A- L (m+M)1|
§<lnS<(M> )x,m>
m
M — (Ax,x) (Az,z) —m
hm—————4+ I M ————
inm M—-—m i M —m

M — (Ax, z) n (Az,x) —m

In M
M—m M—-—m n

<(lnAz,z) <InS (M> +Ilnm
m

for z € H, ||z|| = 1. This inequality can also be written as

(2.10) In (mM;ﬁ;,m M<Afif>r3m)
A—L(m+M)I|

A\ -
<In (exp <1nS (()
m
M—(Ax,x) (Az,z)fm)

M—(Az,x) (Aw,z>7'm)
M
<{InAz,z) <InS|— +ln(m M-m MTM-m
m

+1n(m M—m N~ M-m

for z € H, ||z|| = 1. If we take the exponential in (2.10), then we get

l7__1 _1
M 2l A 2(m+M)I| M—(Az,z) (Az,z)—m
S exp InS — T, T m~ M-m )N M-m
m

M M—(Az,z) (Az,z)—m
<exp(lnAz,z) < S () m~ M-m N M-m
m

M—(Az,z) (Az,z)—m
m~ M-m N M-m

and the inequality (2.7) is proved. O

Remark 2.1. From (1.4) and (2.7), we derive the following inequalities in terms of Specht’s ratio

M—(Az,z) (Az,z)—m

m~ M-m N M-m (Ax,m) M M—(Az,z) (Az,z)—m
(2.11) < <AL (A) LS () m~ M—-m M~ M-m
S () S () m

forz € H, ||z] = 1.
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Corollary 2.1. With the assumption of Theorem 2.1, we get

PR TRV I
(2.12) 1 <exp <lnS <(m> ) x,x>

7n717<A71:L',1'> <A71::;,:L'>7M71

M mI-M-1T . m—I_pm-1

Az (A4)

IN

forx € H, ||z|]| = 1.

Proof. If we write the inequality for A~! that satisfies the condition 0 < M~ < A™' <m™'1,

then
-1\ F e AT = s (M T |
1<exp(InS <> T, T
M1
AL (AT
< m—1_(A—1s2) (A—Tawz) -1
e e I e e Ve
m—1
namely
M\ e AT s (M
1<exp(InS () T, T
m
A (AT
S m~—l—(A-1lz,2) (A-laa)—Mm—1
M~~~ wmTi-M—1T gy m—l-oMm—1
()
m
or

M\ 2wt (AT s (M e m )|
1<exp(InS (> T,x
m

A (4)]

m=1-(aA=lsz) (A=laz)-m—1\ ~1
M m—I-mM—1 i m-1-m—1

gs(%)

which is equivalent to the desired result (2.12). ]
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Corollary 2.2. If0 < mlI < A, B < M1 for positive numbers m and M, then

S
(2.13) () ( )<< AtB g, x)
. _ < E
S (%) S (%)
1
S/ A.((1—t)A+tB)dt
0
M M M A
= () m—M@(A,B,mM,x),
m In (77)
where
NI E
e (B—A)z,3) #0
@(A,B,m,M,x) = M—m

1, (B=A)z,z)y=0

forze H, ||z = 1.
Proof. From (2.11), we get

M—([(1—t)A+tBlz,z) (1= t)A+tB]:r z)—m
M

m M—m M—m
S ()
1-t)A+1tB
() - 12.2) o A1 1) A+ 1B)
S ()
<S (M) mAl—([(l—tlAﬂTtB]z,z) M([u_t)/-};fim,m)_m
m
for ¢t € [0, 1] . If we take the integral over ¢ € [0, 1], then we get
(2 14) fol mM (1 At)j:-tB]z L) M <[(1—t)AJii]Lm,m)—m gt
: M
S (%)
<A+Bx’ :1:)
Si
S ()
1
g/ A ((1—t)A+tB)dt
0
<s (M) /1 mz»p([(l;)ﬁy}s]w,x) M (A=) A+iB]e.0) —m QL.
m 0
Observe that

(I(1-t)A+tBlz.)

1 1 dd=t)AriBiz,z)
M—([(1—t)A+tB]z,x) ([(1—t)A+tBlz,z)—m M M—m
/ m M—m M M—m dt =m frer M1 T / () dt
0 0

m
(B A)z,z)

lnz 1 -m
=m e mMM T=m (M) Y / <M> " dt
m 0 m

(B A)T z)

1 t4
- —m M -
:mﬁ17¢1LM1\1/1—nL / () dt.
0 m
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Since for a > 0, a # 1 and b € R, we have
1 b
a’ —1
a*®dx =
0 blna
then, for (B — A) z,x) # 0
—Az,x (B-A)z,z)
Ly e (M)“ D >_1
/ <m> W= oAty (a1
0 M—-—m 1 ( m
and by (2.14), we derive (2.13). (]

3. RELATED RESULTS

We also have this theorem.

Theorem 3.2. With the assumption of Theorem 2.1, we have that

1 1 In M+1nm
M E_lnkf—lnm|<1nAz7r>_72 |
(3.15) 1<S (()

m

In M —(ln Az,x) (In Az,z)—Inm
< In M—Inm m+ In M—Inm M

- Az (A)

<s(2)

Proof. Assume thatm!="M" = exp s, thens = (1 — v)Inm+vIn M € [lnm,In M], which gives
that

forx € H, ||z|]| = 1.

~ s—Inm
V= InM—Inm’
Also,
1 s—Inm 1
ind{1 — — |27
min { vv} 2 InM —Inm 2’
1 1 InM +Inm
T2 InM-—-Inm 5 2 '
From (2.7), we get
In M+Inm
2

M %_lanlnm‘S_
exps < S ( ) exp s
m

InM —s s—1Inm
- lnM—lnmm InM —1Inm

<S8 (M> exp s,
m
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M F A - 871nM;lnm|
m

In M—s s—lnm
lnIM—lnm,m + lnM—lan

exp s

namely

<

oo (2

forselnm,InM].If0<m<A<Mandx € H, |z| =1, thenlnm < (In Az, z) < In M and
for s = (In Az, z), we deduce

M %7W
s(()
m

In M—(ln Az,z) (In Az,z)—Inm
InM—Inm m+ In M—Inm M

exp (In Az, z)

(In Az,z)—In JW«anm |>

<

<s (%),

which is equivalent to (3.15). d

Corollary 3.3. With the assumption of Theorem 2.1, we get

- Eetee
(3.16) 1<S <(>
m

Ar(A)

In m+In M
(In Az,z)— = >

> —1
(In Az,z)—Inm 4 r_1 InM—(lnAzz) 1
( InM—Inm M + InM—Inm m

cs(2)

Proof. 1f we write the inequality (3.15) for A~! that satisfies the condition 0 < M~ < A7 <
m ™11, then we obtain

1 1

1IN 2 ham-T-mm—1

m

<8 < )
M—l

forx € H, ||z|]| = 1.

—1 —1
<111A—1I7w>_lnnz «;ln M ‘

1nm’17<lnA’1x,x> 1 <1nA’1x,z>7ln]W*1 _q
< Inm—1—InM-1 M + nm-1_InpM—-1
- A (A7

m—l
os(m).
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namely
L — i | (In Az z) — lompin M|
()
m
In Az,xz)—Inm 5 r— In M—(ln Az,x _
< : lnM—>lnm M 1+ 1n1\/[<—lnm >m !
- A (AT
<5 (%)
m
for z € H, ||z|| = 1. This proves (3.16). O

As further research, the author plan to investigate the applications of other inequalities like
the ones from [1] and [2].
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